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Spectroscopy of the Solid State: Some of the Transition Elements*t 
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(Received August 3, 1953) 


The 3P;,4 emission curves of nickel, manganese, and iron have been obtained by using a vacuum recording 
spectrograph. A plausible interpretation of a number of features of the experimental bands is discussed. 


EXPERIMENTAL DATA 


E have obtained the 3P;, (valence to M2,) 

emission curves of nickel, manganese, and iron, 
using the spectrograph previously described.* A 
representative nickel emission band is shown in Fig. 1. 
It was recorded at a bombarding potential of 500 volts 
and a target current of 4 ma. The range shown is from 
50 counts to 200 counts per second. Unfortunately, the 
long wavelength side of the emission band is near a 
region of anomalous background. This irregularity 
(Fig. 2) is the second order of irregularities in the 
background extending from approximately 100A to 
120A that was observed by Skinner.‘ Skinner has 
shown the source of these anomalies to be connected 
with the absorption and dispersion of the 2 electrons 
of silicon in SiOz, the main constituent of the glass of 
the grating. A comparison of the nickel emission band 
and the continuous spectrum makes it clear that the 
anomaly in the background is only appreciable at 
wavelengths larger than 209A. As a result, we may 
assume the background radiation is at the level in- 
dicated on the experimental curve. Figure 3 illustrates 
the manner in which satellite intensity increases as the 
bombarding potential is increased. To obtain these 
curves the target current was carefully adjusted to make 


* This work was supported in part by the Signal Corps, the 
Air Materiel Command, and the U. S. Office of Noval Research. 

t The work reported here is based in part on a thesis submitted 
by E. M. Gyorgy to the Department of Physics, Massachusetts 
Institute of Technology, June, 1953, in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy 

1E. M. Gyorgy and G. G. Harvey, Phys. Rev. 87, 861 (1952). 

198)" Harvey, Gyorgy, and Kingston, Rev. Sci. Instr. 23, 
8 (1952 

*R. H. Kingston, Phys. Rev. 84, 944 (1951). 

*H. W. B. Skinner, Trans. Roy. Soc. (London) A239, 95 (1940). 


the background emission of the three curves equal. 
The curves were observed, using the 200 counts-per- 
second scale of the counting-rate meter and a bombard- 
ing potential of 500, 600, and 700 volts. The respective 
target currents used were 4ma, 3ma, and 2.5 ma. 
The absolute intensity of the emission bands cannot be 
related to the target current and bombarding voltage, 
since the position of the focus of the electron beam on 
the target is not exactly reproducible. The kinks in the 
3P,,; edges are due to the response time of the counting- 
rate meter and are not real.' The manganese emission 
band shown in Fig. 4 was recorded at a bombarding 
potential of 600 volts and a target current of 6 ma. The 
low intensity made it necessary to use the 100 counts- 
per-second scale of the counting-rate meter, the larger 
response time corresponding to the 100 counts-per- 
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Fic. 1. Band emission curve of nickel. E,»= 500 volts, 7,>=4 ma. 
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Fic. 2. Background radiation. 


second scale, and the more rapid contamination of the 
sample made it impossible to obtain curves that were 
reproducible with the accuracy obtained for copper, 
nickel, and chromium.! 

It was impossible to obtain a satisfactory iron emis- 
sion band, The intensity and the ratio of intensity to 
background are low. The very rapid contamination of 
the sample made it imperative to record the curves 
rapidly. However, since the observed curves show more 
structure than previously obtained, it is probably 
worthwhile to consider them. The curve shown in Fig. 
5 was recorded, using the 100 counts-per-second scale 
and 6-ma 700 volts bombarding 
potential, 


target current at 

The experimental curves are modified to represent the 
distribution of the s-type and d-type electrons by the 
method given by Skinner.* The background of the 
experimental curves is eliminated. Then, to minimize 
the effect of average the observed 
intensities. The average intensity with the ordinate 
divided by a factor proportional to the fourth power 
of the absolute energy is plotted as a function of energy. 
Ihis curve is the superposition of the modified 3P, 
and 397, emission bands. The structure introduced by 
the response time of the counting-rate meter is, of 


fluctuations, we 


course, neglected. The distribution curve obtained for 
nickel is shown in Fig. 6. The modified experimental 
curve (dotted) shown in Fig. 1 has been added for 
comparison. In order to disentangle the 3P; and 3P, 
bands, the relative intensities of these bands must be 


known. We may find the correct intensity ratio if we 


Sea 100— = 


— +--+ 


‘ 











700 Sit] 


(VOLTS) 
E, (VOL 


Fic. 3. Emission edges of nickel. (The background level is 
indicated for each curve.) 
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note that the shape of the experimental curve on the 
long wavelength side of the 3P; emission edge is not 
altered as the satellite intensity is increased. In fact, 
the majority of the experimental curves used to obtain 
the average intensity, from which the modified distribu- 
tion curve given in Fig. 6 is derived, was taken at 600 
volts bombarding voltage. These curves showed the 
expected larger relative satellite intensity (Fig. 3). 

On the basis of these observations we may then 
assume that the shape of the emission curve would be 
unchanged if the satellite intensity could be reduced to 
zero. In other words, to find the correct ratio of the 
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;. 4. Band emission curve of manganese. 
Ey= 0600 volts, 7,>=6 ma. 
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WAVE LENGTH IN A 
Fis. 5, Band emission curve of iron. Z,= 700 volts, 7,=6 ma. 


3P; to the 3P,; intensity, the 3P, emission edge must 
be measured from the level of the background. The two 
bands can then be separated as indicated. The doubtful 
low-energy parts of the curves are dotted. The experi- 
mental observations concerning the shape of the other 
emission bands that were studied, and the intensity of 
the satellite emission, the those of 
nickel. Consequently, we may separate the iron, and 
the manganese curves, as shown in Fig. 7 and Fig. 8. 
The modified experimental curves (dotted) have been 
added. Considering the low accuracy of the experi- 


were Same as 


mental iron emission bands, we would not expect the 
details of the distribution curve to be meaningful. In 
fact, below 50 volts the method of separation caused 
the separated curves to be somewhat oscillatory. For 





SPECTROSCOPY OF 
the sake of clarity we have drawn a smooth curve, but 
in no case was the ordinate changed by more than 10 
percent. 

The experimental results are summarized in Table I. 
It should be emphasized that the deviations given are 
a reasonable limit on the error and are not the probable 
error. The reasonable limit is determined by considering 
possible inaccuracies in the calibration of the spectro- 
graph and the inherent low accuracy of the long wave- 
length side of the experimental curves. 


DISCUSSION 


The density of states having d-like symmetry around 
the individual atoms of the lattice is presumably higher 
than the density of states having s-like symmetry. 
Also, at least for hydrogen-like wave functions, the 3d, 
3p transition has a greater probability than the 4s, 
3p transition. Hence, we might expect that the observed 
emission band represents only the five d bands. How- 
ever, the experimental emission edges of copper,’ which 
has a completely occupied d band, are as sharp as those 
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Fic. 6. Electron distribution in nickel 


observed for nickel, which has a partly filled d band. If 
the experimental emission curves represent only the d 
band, we would not expect the characteristic sharp edge 
at the high-energy side of the copper band. This is one 
of the observations that suggest that s-like states 
contribute an appreciable part to the experimental 
bands. In fact, if we assume that transitions from the 
s-p band to the 3P;,; level have a greater probability 
than transitions from the five d bands, we are able to 
give a self-consistent interpretation of a number of 
features of the experimental bands. The copper d and 
s-p bands would then be roughly represented as shown 
in Fig. 9. (Part of the s-p band is indicated by the 
dashed line.) We may note that this curve portrays, 
except for the relative height of the s-p and d bands, the 
general features predicted for the energy bands of 
copper; that is, a narrow, filled d band protruding in 
the middle of a wider valence band. It should be 
stressed that the only reason for postulating that the 
transition probabilities are such as to make the inte- 
grated intensity of the d band less than that of the 
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Fig. 7. Electron distribution in manganese 


s-p band is that this postulate leads to the most plaus- 
ible conclusions to put forward at the present time. 
The width of the conduction bands of the metals of 
the first two periods of the periodic table are given 
quite accurately by the Sommerfeld free-electron 
approximation.‘ On the basis of the calculations of the 
copper s-p band by Slater* and Krutter,6 we may 
expect the same to be true for the transition elements 
because according to these calculations the electrons 
in the s-p band behive approximately as free electrons, 
except in the immediate neighborhood of the nuclei of 
the ions. In Table II we compare the width of the 
observed emission bands with the width of the s-p 
band calculated for free electrons. With the assumption 
that the half of the d band associated with positive 
electron spin is filled, the number of electrons per atom 
in the s-p band of nickel, iron, and copper may be 
obtained from magnetic measurements. The agreement 
for copper and nickel is good and helps to substantiate 
the representation of the s-p band shown in Fig. 9, The 
agreement for iron is not as satisfactory, but the dis- 
crepancy could be explained by assuming that the 
free-electron approximation is not applicable without 
modification to electrons in the s-p band of iron or that 
the number of conduction electrons obtained from the 
magnetic measurements is incorrect. In fact, Seitz,’ to 
account for the cohesive energy of iron, suggests that 
half the d band of iron is not filled, and that con- 
sequently the number of conduction, or “‘free,’’ electrons 
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Fic. 8. Electron distribution in iron. 
5 J. C. Slater, Phys. Rev. 49, 537 (1936). 
6*H. M. Krutter, Phys. Rev. 48, 664 (1935). 
7F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 430. 
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Tae I, Summary of experimental results (all energies in ev). 











3Py emission 3P5, 

separation 
0.64-0.1 
0.6+0.1 
0.9+0.1 


Bandwidth 


5.8+1.0 
3.74+1.0 
§.8+0.5 


52.34-0.2 
66.74-0.2 





is larger than 0.22. Since the number of “free’’ electrons 
is not known for chromium! and manganese, we can 
only state here that interpreting the observed band- 
widths of these metals as the width of the s-p band 
does not lead to any unreasonable conclusions. 

Now, in the light of the preceding discussion we 
might expect the analysis given by Jones, Mott, and 
Skinner® to be applicable to the s-p band of copper. 
Following their procedure we expand yy, the wave 
function of the electron in the s-p band, in the neighbor- 
hood of the nuclei in the form 


Vi = A,(Rk)Wast ay (kay, 


where ¥, and ¥4, are the free-atomic wave functions 
and k is the wave vector. In the case of an energy band 
derived from an atomic s-state and an atomic p-state 
of slightly higher energy they find that 


ay(k)*= (k/Ky)?, 


where k= K, at the edge of the first Brillouin zone. If 
we denote the number of electrons per unit energy 
range by dN/dE, we may regard 


a,(k)*dN/dE and a,(k)*dN/dE 


as the numbers of s and p type electrons, respectively, 
corresponding to k in the s-p band. Then we have 


(dN /dE),=a,(k)*dN /dE=(1—(k/Ky)*\dN/dE. 


The approximate value of K, is given by 0x =4/3rK;', 
where 2 is the volume of the zone. We replace k’ and 
aN/dE by the corresponding expressions given by the 
free-electron approximation to obtain (dN /dE), as a 
function of energy. To compare this calculated curve 
with the observed s-p emission band, we must normalize 
the latter to represent the same number of electrons 
per atom as the calculated curve. A simple calculation 
shows that in the case of a half-filled band the calculated 
curve contains about #? electrons. The agreement 
between the two curves (Fig. 9) is remarkably good, 
considering the crudeness of the assumptions involved. 
If the postulated separation of the s-p and d bands is 


TABLE II, Bandwidths (all energies in ev). 





Number of 
free electrons 
Fe 3. 6 0.22 
Ni 5. 5.3 0.6 
Cu Al 1.0 


Free 
electron 


Observed 











* Jones, Mott, and Skinner, Phys. Rev. 45, 379 (1934). 
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correct, the width of the copper d band is approximately 
3 volts. It must be remembered, however, that although 
the analysis described here helps to give qualitatively 
the general features of the conduction band, it is 
definitely incorrect in many details. For example, 
the electronic specific heat of copper predicted by the 
free-electron distribution is 0.6X10~“RT compared to 
the experimental value of 0.89X10~*RT,? where R is 
the gas constant. 

Since the s-p band calculated for copper fits the 
experimental data, we would expect that a similar 





Fic. 9. The electron distribution of copper, showing the 
postulated s-p and d bands. 


calculation would give the s-p band of nickel. In this 
case, a comparison of the observed and calculated curves 
is not possible because there is no natural way to adjust 
the vertical scale of the observed electron distribution. 
Fitting the calculated curve to the low-energy part of 
the nickel curve would not be satisfactory because the 
exact shape of this part of the curve is in doubt. How- 
ever, since the crystal structures of copper and nickel 
are the same, the energy bands for the two metals 
should be similar. Except, of course, the d band of 
nickel is not filled, and the smaller nuclear charge and 
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Fic. 10. The electron distribution of copper and nickel, 
showing the postulated s-p and d bands. 


smaller lattice spacing might be expected to broaden 
the bands. We can attempt to separate the nickel d and 
s-p bands by analogy to copper, as shown in Fig. 10. 
This procedure would give an experimental width of 
the d band of approximately 3.6 ev. If we normalize 
the postulated nickel d band to represent 9.4 electrons, 
we can obtain a numerical value for the density of 
electrons at the Fermi edge. We then obtain 8.5 
X10~“RT for the electronic specific heat, which is in 
good agreement with the measured value 8.7210 


9 J. A. Kok and W. H. Keesom, Physica 3, 1035 (1936). 
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RT.” The contribution of the s-p band to the density 
of electrons at the Fermi edge has been neglected, 
since it is an order of magnitude smaller than the 
contribution of the d band. These results are, of course, 
only qualitative, since we have also neglected any 
possible admixture of p-type electrons in the d band 
and any variation of the transition probability; but 
they show that the shape of the postulated d band is 
consistent with the observed electronic specific heat. 
The s-p bands of iron, chromium, and manganese 
might also be expected to be similar to the one calculated 
for copper, even though the crystal structure of these 
metals is different. As in the case of nickel, there is no 
unique way to adjust the vertical scale of the observed 
curves. Furthermore, a comparison with the copper 
emission curve can no longer be expected to be valid. 
Therefore, we arbitrarily adjust the observed manganese 
curve to fit the calculated s-p band at 2.5 ev (Fig. 11). 
This procedure results in fair agreement of the low- 
energy parts of the observed and calculated curves. 
With less justification, the parabolic rise of the cal- 
culated curve is fitted to the bottom of the observed 
chromium band (Fig. 12). Although these separations 
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Fic. 11. The electron distribution of manganese, showing 
the postulated s-p and d bands. 


of the observed electron distributions into the d and 
s-p bands are somewhat arbitrary, they form a basis for 
a discussion of the energy bands. The manganese curve 
has the expected behavior: a narrow unfilled d band and 
a wider conduction band. The d band is about 3.0 ev 
wide. The unfilled d band of manganese would indicate 
a large electronic specific heat, but certainly not as 
large as the observed value of 21X10~‘RT," which is 
2.5 times larger than that of nickel. The calculated s-p 
band of chromium obviously is not correct, since it 


© W. H. Keesom and C. W. Clark, Physica 2, 513 (1935). 
" Elson, Grayson-Smith, and Wilhelm, Can. J. Research 18, 
82 (1940). 


/ “>. 
et CALCULATED Ti, 


S- LIKE 


l | | | j l | } l 





Fic. 12. The electron distribution of chromium, showing 
the postulated s-p and d bands. 


requires that the d band be filled. However, the low- 
electronic specific heat of chromium indicates that the 
general features of the separation of the s-p and d bands 
may be correct. The measured value of the electronic 
specific heat of chromium is 1.9 10~*RT,” only about 
two times larger than that expected from the s-p band 
alone. The postulated d band, which appears to drop 
to a low intensity at the emission edge, is consistent 
with the expected low density of states at the Fermi 
edge. The low-energy limit of the chromium band is not 
clearly marked, except perhaps by the inflection in the 
band, 3.4ev below the emission edge. The latter 
interpretation does not fit the calculated s-p band 
shown, but since the separation of the d and s-p bands 
of chromium has less justification than the postulated 
separations discussed for the other metals, we shall 
not pursue this topic further. We shall not attempt to 
separate the iron s-p and d bands, since the accuracy of 
the experimental curves is too low to give us much 
confidence in the results. However, a comparison of 
the iron curve and the nickel curve shows that we 
might say that the d band of iron is about 2.2 ev wide. 
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Antiferromagnetism of Manganese 


LyLe Patrick* 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received October 22, 1953) 


Measurements of resistance and thermoelectric power of Mn show anomalies near the Néel temperature. 
A thermocouple of degassed Mn and nondegassed Mn gives evidence of a Mn transition at 100°K. 


HULL and Wilkinson’ have reported a transition 

in Mn from an antiferromagnetic to a paramagnetic 
state at 100°K. This temperature is known as the 
Néel temperature. One would expect changes in the 
electrical properties in the neighborhood of this transi- 
tion, but no measurements of resistance or thermo- 
electric power have been reported for this temperature 
range. Because a-Mn is brittle, it cannot be obtained 
in wire form, and precise electrical measurements are 
difficult, but it is possible to soft-solder Cu wires to 
electrolytic chips, and this permits rough measurements 
to be made. Chemical analysis of the electrolytic chips 
showed a purity of over 99.9 percent, and the samples 
were degassed by heating for 3 hours at 450°C in a 
vacuum. 

The measurements showed a_ broad resistance 
minimum at about 90°K, and at liquid nitrogen temper- 
ature (77°K) the temperature coefficient of resistance 
was still negative. The thermoelectric power of Mn 
against Cu changed sign at about 93°K. When a Mn 
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Fic. 1. Emf plotted against hot junction temperature for a 
thermocouple of degassed Mn vs nondegassed Mn with cold 
junction held at 77°K. 


* Now at Westinghouse Research Laboratories, East Pittsburgh, 
Pennsylvania. 

1C, G. Shull and M. K. Wilkinson, Revs. Modern Phys. 25, 
100 (1953). 


specimen was used which had not been degassed, this 
change of sign occurred at about 85°K. The progressive 
increase of this temperature was also observed on a 
single specimen as the specimen was subjected to 
successively higher degassing temperatures between 
100° and 300°C. The lower reversal of sign of the 
thermoelectric power of the nondegassed specimen 
suggests that it may have a lower Néel temperature. 
Potter and Huber? made measurements of the Mn 
lattice parameter as a function of Hy» content, and 
found that the parameter increased as much as 0.2 
percent on absorption of H». With the increased 
lattice parameter one would expect a lower Néel 
temperature, since there is evidence that with a large 
enough increase in lattice parameter Mn would become 
ferromagnetic.’ 

The change of sign of the thermoelectric power in 
the Mn-Cu couple depends on the properties of Cu as 
well as those of Mn, so it cannot be used as an indication 
of the Néel temperature. There is no reason to identify 
the broad resistance minimum with the Néel tempera- 
ture either. However, the use of a thermocouple made 
of degassed Mn and nondegassed Mn seems much 
more promising. The assumption is made that there is a 
thermoelectric power at liquid nitrogen temperature 
because the degassed Mn is in a more highly ordered 
state, being farther from its transition temperature. 
Then with the cold junction held in liquid nitrogen one 
would expect the emf measured on warming the 
other junction to become constant after reaching the 
higher Néel temperature (that of the degassed spec- 
imen). Above this temperature the effective hot junction 
must move along the specimen so that it remains at 
the transition temperature. This behavior is found 
experimentally, as can be seen in Fig. 1, which shows 
that the emf levels off at about 55 microvolts near 
100°K. This temperature is in good agreement with 
that of Shull and Wilkinson, which was also obtained 
with a degassed sample. 

2E. Vernon Potter and Ralph W. Huber, Phys. Rev. 68, 24 
(1945). 

3R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), p. 341. 
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Some Electrical Properties of Germanium Crystals Containing Compensated Impurities* 


VERNON OZAROW 
Department of Chemistry, Pennsylvania State University, State College, Pennsylvania, and 
Electronics Laboratory, General Electric Company, Syracuse, New Yorkt 
(Received September 3, 1953) 


Compensated n-type germanium crystals containing both radioindium and radioantimony were prepared. 
The indium and antimony content was determined by radiochemical procedures. The Hall constant R and 
resistivity p of three compensated samples and one uncompensated sample of room temperature resistivity 
comparable to that of one of the compensated samples were measured in the temperature range 78°K to 
393°K. The Hall mobility « was calculated as R/p and compared with theoretically calculated values of yu. 


ANY of the extrinsic electrical properties of 
germanium are interpreted in terms of the con- 
centration of impurities as determined by measure- 
ments such as resistivity or Hall constant. It is generally 
recognized, however, that these measurements actually 
reflect the excess concentration of one type of impurity 
(donor or acceptor) over that of another (acceptor or 
donor). It is the purpose of this communication to give 
some preliminary results of measurements over the 
temperature range 78°K to 393°K of Hall constant, 
resistivity and Hall mobility obtained from samples of 
known total impurity concentration. Included for com- 
parison is an uncompensated sample of about the same 
room temperature resistivity as one of the compensated 
samples. 
The compensated samples were prepared by doping 
a melt (S-7) of 40-ohm-cm n-type germanium with Sb™ 
and In'* and growing the crystal from this melt. 
Another crystal (S-8) was prepared from the same 
purity material but doped with Sb alone. The concen- 
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and Development Command, USAF Air Materiel Command, 
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+ Present address. 


tration of each of the doping constituents in the result- 
ant m-type crystal was determined by radiochemical 
analysis which gave results with an estimated precision 
of 7 percent. The Hall constant R and resistivity p 
were measured over the indicated temperature range 
using the techniques described by Dunlap.' The mobility 
u was calculated as R/p. The data obtained are shown 
in the accompanying figures. 

Table I is a summary of the values of resistivity p, 
in concentration N4, Sb concentration Np, excess Sb 
concentration (Vp—Na)a (as determined by radio- 
chemical analysis), excess Sb concentration (Vp— Na) 
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Fic. 2. p vs 10°/T as a function of tota] impurity content N;. 
Note: N; values for S-7D and S-8D should be interchanged. 


(as determined from the lowest value of the Hall 
constant? in the extrinsic range), and the total impurity 
concentration V;=Np+WNa. 

In Fig. 1, the values of Hall constant vs temperature 
are shown. It is seen that in the low-temperature range 
there is an increase in slope of these curves with in- 
creasing values of N;. This indicates an apparent 
decrease in the number of carriers, which is not con- 


1W. C. Dunlap, Phys. Rev. 79, 286 (1950). 

2 The factor r in the expression for the Hall constant R=r/ne 
{where m is the concentration of carriers assumed equal to 
(Np—Na)u, and e is their electric charge] was not taken into 
account here. This factor varies from 1.18 to 1.93 depending 
upon the relative amount of Jattice and impurity scattering. This 
factor was also neglected in calculating the Hall mobility R/p. 
See, for instance, V. A. Johnson and K. Lark-Horowitz, Phys. 
Rev. 82, 977 (1951) and H. Jones, Phys. Rev. 81, 149 (1951). 
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TABLE I, Impurity content of the samples. 








p(Q em) Nob (atoms/cm?) 


1.01 9.74 108 
0.58 1.36 10 
0.16 5.56X 10'* 
0.45 “4 


sistent with an impurity activation energy of 0.01 ev.* 
With such a value of the activation energy, it is ex- 
pected that essentially no electrons would drop from 
the conduction band into the donor level. The effect is 
particularly striking when comparing S-7F and S-8D, 
the samples having comparable room temperature 
resistivities. It is probable that this apparent decrease 
in carrier concentration can be explained in terms of 
r’, In general, r has higher values where the ratio of 
impurity to lattice scattering is greater. The higher 
values of r correspond to large NV; and/or lower tem- 
peratures. Preliminary calculations indicate that by 
using the correct values of r the slopes of the curves are 
brought toward a horizontal position. 

In Fig. 2, the values of loge vs 1/T are plotted. The 
effect of Vz is illustrated in the low-temperature range 
by the tendency of the curves to approach a positive 
slope at higher temperatures for the specimens with 
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Fic, 3. Logu vs logT for two specimens having comparable 
room temperature resistivities but different total impurity 
contents. Note: N; values for S-7D and S-8D should be inter- 
changed. 


+E. M. Conwell, Proc, Inst, Radio Engrs. 40, 1327 (1952) 


Na (atoms/cm') 


7.90 10" 
0.88 X 10'* 
3.69 X 10'* 


(N1=Npo+Na) 
atoms/cm’ 
2.05 X 10'5 1.76 108 
3.96 10% 2.24 10° 
2.09 10'* 9.25 10'* 
4.23 10'% 4.23 10" 


(No—-Na)u# 
atoms/cm* 


(No-—Na)a 
atoms/cm! 


1.84 10'* 
4.82 10" 
1.87 x 10'* 


higher N;. Again the difference in behavior between 

S-7F and S-8D at these lower temperatures is quite 
striking. 

In Figs. 3 and 4, logu is plotted against log7. The 

theoretical values of w were calculated according to 
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Fic. 4. Logu vs logT for two samples having different total 
impurity content V;. Note: NV; values for S-7D and S-8D should be 
interchanged. 


Conwell’ using m.s=m/4 for the electron mass. In 
general, it is seen that, as the temperature decreases, 
the mobility tends to approach a positive slope (which 
is characteristic of impurity scattering) most rapidly 
in those specimens where NV is highest. It is interesting 
to note in Fig. 3 that, even at room temperature, the 
effect of N; manifests itself by causing a higher mobility 
in S-8D (uncompensated) than in S-7F (compensated) 
in spite of the slightly higher resistivity of the latter. 
The author is heavily indebted to Dr. W. C. Dunlap, 
of the General Electric Research Laboratory, who gave 
complete cooperation in making available the facilities 
in his laboratory where most of this work was done. 
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Paramagnetic Resonance Absorption of Mn*+ in Single Crystals of CaCO,*t 


F. KENNETH Hurp,{ MENDEL Sacus, AND W. D. HERSHBERGER 
University of California, Los Angeles, California 
(Received August 17, 1953) 


Paramagnetic resonance absorption of Mn** at 9300 Mc/sec has been studied using single crystals of 
CaCO; containing 0.06 wt. percent Mn** ions. The Mn** spectrum consists of 30 well-resolved lines ap- 
proximately 3.5 gauss wide and extending over a range of 1100 gauss with a large dependence upon angular 
orientation between crystal axes and external magnetic field. The theory pertaining to the Mn** resonance 
absorption in the CaCO; crystal is developed and presented. The interpretation of the observed spectra is 
based upon crystalline field effects plus nuclear hyperfine interaction. The spectroscopic g factor is found 
to be essentially isotropic. The hyperfine structure factors A’ and B’ are found to be nearly equal. The fine 
structure constants D’ and d’ are determined. The values assigned are: 


2 = 2.0022, g,=2.0014, A’=8.782X10°% cm™, 
D’=3.75X107 cm“, d’=4.00X10-* cm~!, B’=8.774X 10 cm. 


Small discrepancies between theory and experiment are found, as well as unexpected and unexplained 


line-splittings at certain angular orientations. 


INTRODUCTION 


NVESTIGATION of the effects of crystalline fields 

on paramagnetic resonance absorption spectra con- 
tributes to our knowledge of the solid state by revealing 
certain properties of the crystal and of the paramag- 
netic ion. They theory describing paramagnetic reso- 
nance in crystals is necessarily based upon a single 
crystal model. Several investigators' have observed and 
interpreted spectra in single crystals of alums, Tutton 
salts, and similar materials in which the crystalline 
field is that of the surrounding waters of hydration. 
Single crystals of non-hydrated inorganic compounds 
with suitable substitutional concentration of the para- 
magnetic ions have been unobtainable, and hence 
studies of these materials have previously been limited 
to powdered samples’* which presumably consist of a 
large number of randomly oriented crystals. In the 
resulting spectrum, angular dependent effects are 
average; thus information about anisotropic crystalline 
fields is obscured. The present investigation used single 
CaCO; crystals of the calcite structure with 0.06 wt. 
percent Mn as a substitutional impurity. The calcite 
structure has trigonal symmetry in the nearest neighbors 
(the CO;-~ ions) and cubic symmetry in the next 
nearest neighbors (Ca*+*+). The 9300-Mc/sec paramag- 
netic resonance absorption spectra of the Mnt** ob- 
served in these crystals exhibited a large anisotropy as 
was to be expected for the trigonal field. Since the lines 
have a width of only 3.5 gauss, and their positions were 
determined with an accuracy of one gauss using proton 


*A preliminary account of this work was given by M. Sachs, 
Bull. Am. Phys. Soc. 28, No. 6, 15 (1953). 

t Work supported in part by the U. S. Office of Naval Research. 

t Present address: Visiting Fulbright Professor, Fouad Univer- 
sity, Cairo, Egypt. 

1 See W. Gordy ef al., Microwave Spectroscopy (John Wiley and 
Sons, Inc., New York, 1953) for a comprehensive bibliography to 
July, 1952. 

2 FE. E. Schneider and T. S. England, Physica 17, 221 (1951). 

3W. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
(1952). 


resonance and since the effect of angular orientation on 
line position is large, the present work with calcite 
permits a precise comparison between the predictions 
of theory and experimental observations themselves. 
On the whole, the agreement between theoretical pre- 
dictions and the results of experiment is good ; however, 
smal] deviations greater than the experimental error 
are found, as well as a heretofore unobserved splitting 
of certain lines which depends upon angle. 


THEORY 


The predominant features of the magnetic behavior 
of doubly ionized manganese occurring substitutionally 
in a single crystal of calcium carbonate should be ex- 
plained in terms of the D; point group symmetry‘ of 
the neighboring carbonate radicals and the magnetic 
interaction between the electronic and nuclear moments 
of the manganese ion. 


FINE STRUCTURE 


The fine structure splitting is caused by the crystalline 
field which leaves the magnetic levels doubly degenerate 
and the external magnetic field which lifts this de- 
generacy. The ground state of Mn** is a °S, state, and 
the nuclear spin is 7=5/2. The total number of energy 
levels is (2.S+1)(2/+1)=36. The selection rules for 
paramagnetic resonance absorption are AM=-+1, 
Am=0 (where M and m are the electronic and nuclear 
magnetic quantum numbers respectively); hence the 
total number of transitions is 30. 

The most general expression for the crystalline poten- 
tial at the site of the Manganese nucleus is given by 

o +1 


V=¥ ¥ Arr'Vin(,¢), (1) 


l=) m=—l 


where A,” is the crystal field coefficient, r is the radius 
‘ Eyring, Walter and Kimball, Quantum Chemistry (John Wiley 
and Sons, Inc., New York, 1947). 
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of the magnetic ion, and Yj,(0,g) is a spherical har- 
monic P,”(cos@)e'™*”. 

The calculation of the expectation value of the 
crystalline potential requires integration between 
d wave functions. The product Wa*za transforms 
under rotation like the base vector of the direct product 
D:X Dz of the representations of the rotation group. 
Since the direct product 


4 
D:XD.=>¥ D1, 
L= 

the components of the potential V with />4 will have 
vanishing diagonal matrix elements. The odd / com- 
ponents of the potential V are off diagonal in the orbital 
quantum number /. Since the excited orbitals are very 
far from the ground state, these components of V can 
be neglected. 

Assuming the crystalline potential to be axial, the 
fine structure Hamiltonian Jy, is 


Kiy,=u- H+ V 
=H (yu, sind’ cosy’ +, sin?’ sing’ +, cos6’) 


+ Aor? Po(cos8’)+-Agr’P,4(cos6’), (2) 


where (x’, y’, 2’) refer to the crystalline coordinate 
system and P, is the Legendre polynomial. 

In the case under study, the magnetic energy is much 
larger than the crystalline energy; hence the Hamil- 
tonian (2) must be quantized with respect to the direc- 
tion of magnetization in the crystal (z axis). 

In order to rotate the Hamiltonian (2) from the 
primed to the unprimed frame of reference, use is made 
of the spherical harmonic addition theorem. 


4e +l : ‘ 
8 Py" (cos6) P"(cos0”)eim(e- “ite 
2/+- 1 nu- l 


P,(cos6’) = 
(3) 


where P,” is the normalized associated Legendre poly- 
nomial, @ is the angle between the radial vector and the 
direction of magnetization, and 6’ is the angle between 
the direction of magnetization and the crystalline field 
axis. 

The rotated Hamiltonian (2) is 


42 
Hy, = uel. + (40/5)Aer? ¥ Py™(cosd) 


« P.™(cosd” emo #4. (4/9) A Prt 
+4 si 
ee P " (cosb) Py" (cos0” emo"), (4) 


ma—4 

The eigenvalues of the Hamiltonian (4) will be 
calculated by first and second order perturbation theory. 
The matrix elements of the crystalline terms are dixg- 
onal when m= 0, the matrix elements of the remaining 
terms in the summation are off diagonal, and their eigen- 
values must be calculated by second-order perturbation 
theory. The second-order terms for the third factor in 
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Eq. (4) will be neglected because of the small order of 
magnitude of A,’. The matrix elements of P,”(cos6) 
are evaluated by noting that since they transform under 
rotation like the base vector of the D, representation of 
the rotation group, their matrix elements have the same 
dependence on the magnetic quantum number M as the 
Wigner coefficients Syswa,‘“*).5 Hence, the matrix 
element of the associated Legendre polynomial is the 
product of the Wigner coefficient and a factor which de- 
pends upon the total angular quantum numbers of the 
ion but which is independent of M. Since the amount of 
orbital momentum produced by the crystalline-field 
distortion of the S state is unknown, these constants 
cannot be evaluated but will be left as empirical con- 
stants y and 6. In the cases where the total quantum 
numbers are known (i.e., paramagnetic salts of the 
rare earth ions), these constants can be evaluated by 
the method described by Stevens.® 

The matrix elements of the Legendre polynomials are 


(M| P| M)=7[3M?2—S(S+1)], 
(M| P2'|M+1)=7{(142M)((3/2)(S4M+1) 
x (SM) )}}}, 
(M | P:?| M42) =~y[(3/2)(S4+M+2)(S4M+1) 
X (SM) (SFM —1)]}, 
(M| P| M) =6[35M4—30S(S+1)M2+25M? 
—6S(S+1)+3S2(S+1)*]. 
Making use of Eq. (5), the eigenvalues of the Hamil- 
tonian (4) become 


Ey "= gBHM+ D'[ (M?— (1/3)S(S+1) ] 
XL (3gu?/g") cos’@— 1 


2D” 
———[M(4S(S+1)—1)—8M?] 
gBHo 


(5) 


it : 
<——— sin’ cos’é 


g' 
Dp” 
+ [M (2S(S+1)—1)+2M*] 
2g8Ho 
X (g14/¢) sin'6+d’[35M*— 30S (S+1)M? 


+25M?—6S(S+1)+3S?(S+1)*] 


gu gu" 
-( 35— cos?— 30— cos’*0+3 }, (6) 
g* g° 


where 
D’ = (3/2)yA P(rsa avs d’ = ( 1/8)5A &(rsa* ~~ 
g=([g,,2 cos’@+¢,” sin?0]!, cos0’’= (g,,/g) cosd 


5E. Wigner, Gruppentheorie (Edwards Brothers, Inc., Ann 


Arbor, 1931). 
*K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952). 
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and where @ is the angle between the magnetic field H 
and the crystalline field axis, and g,, and g, are the 
components of the spectroscopic splitting factor parallel 
and perpendicular to the crystalline-field axis, respec- 
tively. The d’ term neglected by Bleaney’ is of sufficient 
magnitude to be required in the interpretation of spectra 
exhibiting large axial crystalline-field effects. 


HYPERFINE STRUCTURE 


The hyperfine splitting is the result of a coupling 
between nuclear and electronic magnetic moments. The 
hyperfine structure Hamiltonian (3Cus,) is 


HRno= ASA +}B(SI_+S_I,), (7) 


where S,=5S,+iS, and J,=J,+il,. S is the effective 
electronic spin, and J is the nuclear spin. 

The eigenvalues of Hy;, are angularly dependent if 
A is not equal to B.’ In the case under study, A is 
approximately equal to B; consequently the angular 
dependence of higher-order perturbation terms will be 
neglected. The eigenvalues of (7) calculated by first-, 
second-, and fourth-order perturbation theory are 


J 


Eumnt!*= K'Mm+———{ M[I (I+1)— m?] 
2g8Ho 
~m{(S(S-+1)—-M?}) 


A’ 


re 
(2g8H»)* 
— M°m?r (I) + M*mé (I) — Mm'*t(S) 


[mia (S) — M®o(1)+ M?*m'r(S) 


+mns(I)— Mni(S)+Mm*% s(1) 
— M*mt;(S)+M*m‘— M‘m*], (8) 
where 


a(x) =x(x+1)[4—3x(x+1) ], 
r(x)=[6x(x+1)—9], &(x)=[3a(x+1)—1], 
nz(y) = (3x? (x+1)?y(y+ 1) — 27 («+1)? 
—4x(x+1)y(y+1)+2x(x+1) ], 
2(y) = [6x(x+ 1) y(y+1)— 11x(~+1)—2y(y+1)+5], 
K'’=(1/g)[A"¢,,2 cos’0+ B”¢,? sin’ }}. 


Combining Eqs. (6) and (8), we obtain the total 
energy eigenvalue: 


Eum=Em*+ Eun", (9a) 


and the transition energy: 


(9b) 


hvo= Emum— Em-i, m- 


Since in paramagnetic resonance absorption experi- 
ments the radiation frequency is kept constant and the 
magnetic field is varied, Eq. 9(b) is solved for H and 


7B. Bleaney, Phil. Mag. 42, 441 (1951). 
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the line position becomes (in units of gauss) : 


gi P 
H=H.—D(2M—1) (= cos’#— 1) 


g 
ry 


+—[4S(S+1)—24M(M—1)—9] 
Ho 


Bugs? 
x—— sin’é cos*6 


2 


Ba 
6M (M— died sin’? 


Dp 
Fy Lassi ) 


0 
— d{140M*— 210M?+[190—60S5(S+1)]M 
+ 30S (S+ 1) — 60} (35 (g,,4/g*) cos“? 
— 30(g,,?/g") cos*0+3)— Km 
4? 


ea A FOE 1)—m?+m(2M—1)] 


0 


A‘ 


ma -{ (4M*—6M?+4M — 1)[ me (I) —m*] 
0 


+ (3M?—3M+1)[ m'— mr (I) —o(I)] 
+ (2M —1)['m*r(S)— me1(S)] 
+m’§5(I)—m*§(S)—n1(S)}, 


where D=D’/g8, d=d'/g8, Ho=hvo/gB, A=A'/gp, 
and B= B’/g8. 


(10) 


INTENSITIES 


The observed transitions may be identified with elec- 
tronic quantum numbers by means of their intensities. 
The intensity of magnetic dipole radiation is propor- 
tional to (J+M)(J—M-+1). Hence the intensities of 
transitions between the Zeeman levels of Mn** occur 
in the ratios (the subscript denotes the upper of the two 
magnetic levels) : 


Ty: Tq: Ty: D4: 14=5:8:9:8:5. (11) 


EXPERIMENTAL METHOD 


The crystals were prepared by cleaving them along 
the natural rhomdehedral cleavage planes of calcite 
to a size approximately 4 mm on a side and mounted 
at the desired orientation with wax onto a }-in. quartz 
rod. The orientation of the crystal with respect to the 
quartz rod was checked by means of optical gainiometer 
measurements and held to a precision of 20 min of arc. 

Two mountings were used, one such that the c-crystal- 
lographic axis (which incidentally is the optic axis) was 
parallel to the axis of the quartz rod and a second with 
the ¢ axis perpendicular to the axis of the quartz rod. 
Inasmuch as the crystalline electric field in calcite is 
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Fic. 1, Direct 9300-Mc/sec absorption curves of Mn++ 0.06 wt. 
yercent in a single crystal of CaCO;. The angle specified is that 
seeona the c-crystallographic axis and the external magnetic 
field, The 0° curve extends from 2732 gauss to 3872 gauss. The 
individual lines are symmetrical. The apparent asymmetry is due 
to the curvilinear coordinate of the Brush recorder. 


predominately axial and lies along the ¢ axis, most of 
the data were obtained with the latter crystal. 

The experimental method was the same as that used 
by Hershberger and Leifer’ in their investigation of 
powdered phosphors except for the method of mounting 
the sample and the method of measurement of the mag- 
netic field. The crystals used in this investigation were 
natural calcite crystals which by chemical analysis were 
found to contain 6.02X10~* wt. percent of Mn. The 
crystals cleaved along natural cleavage planes were 
mounted on a quartz rod which in turn was mounted 
in a holder which formed the end wall of a cylindrical 
resonant cavity operated in the circular electric or TEo1 
mode. The holder placed the quartz rod along the axis 
of the cavity and the sample at the center of the cavity. 
The holder was rotatable and graduated so that the 
crystal could be rotated through known angles. The 
resonant cavity placed in the magnetic field with its 
axis perpendicular to the externally applied magnetic 
field satisfied the condition for resonance, that is, rf 
magnetic field perpendicular to external magnetic field. 

The general features of the detection systems have 
been previously described* and will be reviewed briefly 
to point out some modification with regard to field 
measurement. 

The magnetic field is swept over the 1200-gauss range 
in approximately 10 min and is simultaneously swept 
1 or 2 gauss at a 35-cps rate. The low-speed wide-range 
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sweep is accomplished by varying the set point on an 
electronic regulator supply furnishing power for the 
main magnet coils while separate low inductance coils 
are employed to inject the 35 cps sweep. The band 
width of the detection system is approximately 3 cps. 
Changes in power transmitted through the cavity con- 
taining the sample are amplified by a narrow band 
35-cps amplifier and are then detected and recorded 
using a square law detector and a phase detector fol- 
lowed by a two-channel brush recorder. This method 
of detection yields the derivative of the absorption 
curve but with a loss of its sign for the square law de- 
tector. Signals-to-noise ratios in excess of 1000 were 
obtained for samples of approximately 4 gram and 
6X10~* wt. percent Mn, indicating that less than 10° 
Mn** ions may be detected. 

The large signal-to-noise ratio permitted dc ampli- 
fication of the transmitted power changes, yielding the 
absorption curves directly. Some such curves are shown 
in Fig. 1. 

Magnetic field strength is measured by means of 
proton resonance. The proton resonance signal is 
detected and used as the information signal of a servo 
system which adjusts the proton resonance oscillator, 
keeping it centered on the proper frequency for the 
magnetic field. Hence, as the magnetic field is driven 
slowly through the desired range, the proton resonance 
oscillator follows automatically. The oscillator is hetro- 
dyned with the harmonics of a General Radio Type 
1100-A Secondary frequency standard, which are 
spaced at 100-kc/sec intervals. The hetrodyne signal is 
detected and amplified by a narrow-band low-frequency 
amplifier, such that zero beat gives an impulse to the 
marker pen on the brush recorder. These markers appear 
every 100 kc/sec which corresponds to approximately 
23.5 gauss. The markers can be seen in Fig. 2. Actual 
data were taken from records for which the paper speed 
was greater than that shown in the figure in order to re- 
duce the interpolation error. Linear interpolation is used 
between markers. The stability of the magnetic field and 
the tracking of the servo system are such that the maxi- 
mum uncertainty of a field determination is approxi- 
mately 1 gauss. 


EXPERIMENTAL RESULTS 


It was anticipated that the axial component of the 
crystalline electric field would be parallel the c axis of 
the crystal. To test the correctness of this assumption, 
one crystal was mounted with the c axis parallel (cj) 
to the quartz rod, and data were taken every 10° for a 
total rotation of the crystal of 180°. Thus the c axis 
was kept perpendicular to the external magnetic field 
for all angular orientations. No angular change in the 
line position was noted; hence it was concluded that 
the (large) axial crystalline-electric field had no com- 
ponent perpendicular to the c axis and in fact coincided 
with the c axis. 

A second crystal was mounted with the ¢ axis per- 
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Fic. 2. Experimental records for CaCO;:Mn 0.06 wt. percent. 


ae ee Se at \yurs\ 


ie eee 


+} ha 


(a) 0=0°; (b) 6=57°; (c) 6=90°; (d) powdered; (e) 0=0°. 


Rf =9300 Mc/sec. The slope of the absorption curve is recorded except in the lower 0=0° case where the relationship between the 
slope and direct absorption is shown. The magnetic field markers appear at the top of the records. 


pendicular (c1) to the quartz rod. Rotation for this 
crystal permitted orientation of the axial crystalline 
field with respect to the external magnetic field to any 
desired angle between 0° and 360°. Inasmuch as the 
mount did not allow absolute correlation between the 
c axis and the angular scale, the correlation was ob- 
tained experimentally at 90° by comparison between 
the cy and c. data. A precision of 1° in the angular 
determination was obtained. 

The angular dependence of the line positions is shown 
in Fig. 1 which record absorption directly. Figure 3 
plots the m=+5/2 and m= —5/2 lines for the angles 
at which they may be determined with precision. It will 
be noted from Fig. 1 that many of the lines can be 
neither clearly resolved nor positively identified for 
angles between 0° and 90°. Note both in Figs. 1 and 3 
the splitting of the M=+5/2, +3/2, —1/2, and —3/2 
lines at intermediate orientations between 0°, 90°, and 
180°. Figure 4 shows the angular dependence of the 


central (M=-+1/2) lines to an enlarged scale where 
deviations from the line position at 90° are plotted for 
each of the six central (M=-+-1/2) lines. It is noted 
that the magnitude of the angular dependence is a 
function of the nuclear magnetic quantum number m 
increasing monotonically from m= +5/2 to m= —5/2, 
although the increase does not seem to be linear. The 
evidence of nonlinearity is not conclusive since over- 
lapping of the lines reduces the precision at the angles 
where the shift is the greatest. 

Figure 2 shows the appearance of the spectrum at 0°, 
57°, 90°, and for a sample of the calcite which was 
powdered by grinding to give random crystal orienta- 
tation. At 0° and at 90°, most of the 30 lines are seen 
to be well resolved. For this reason and for the reason 
that the theoretical expression for the line positions 
have maxima or minima in the angular dependent terms 
at these angles, they were chosen for precision measure- 
ments, and the interpretation is based principally upon 
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Fic. 3. Mn** 0.06 wt. percent in CaCO;. The angular dependent line position and splitting for the m==+5/2 lines are shown 
for certain angles between the c-crystallographic axis and the external magnetic field. The rf is 9300 Mc/sec. (a) m=+5/2; (b) 
m 5/2 
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Fic. 4. Mn** 0.06 wt. percent in CaCO;; rf=9300 Mc/sec. The angular dependence of the Jf =-+-1/2 lines is shown in terms of 
deviation from their position at @=90°. The angle @ is the angle between the ¢-crystallographic axis and the external magnetic field. 




















PARAMAGNETIC RESONANCE ABSORPTION OF Mntt 379 


line positions at these two angles. The “powdered” 
curve shows angular dependence of the central M= 
+1/2 lines as a function of m. The m=-+-5/2 line is 
the strong line on the right (low field) and the m= —5/2 
line is on the left. Increased angular dependence from 
m=-+5/2 to m=—5/2 for these randomly oriented 
crystals shows up as a decreased maximum slope and as 
an increased separation between maximum slope points. 
A direct absorption curve for the powdered sample is 
shown in Fig. 5. Figure 5 also shows a direct absorption 
curve to a compressed horizontal scale. The major 
features shown are six major (M@=+1/2) peaks plus 


TABLE I, Resonance absorption lines (in gauss) for CaCO 3: Mn 
0.06 wt. percent, rf=9300 Mc/sec. Line positions are known to 
+1.0 gauss. 





M m @=0° 6=90 
5/2 +5/2 2732.6 3226.2 
+3/2 2826.8 3319.9 
+1/2 2924.2 3415.8 
—1/2 3022.7 3515.0 
—3/2 3125.4 3617.9 
—5/2 3232.0" 3725.0 
3/2 +5/2 2924.2 3157.9 
+3/2 3015.9 3248.8 
+1/2 3109.8 3342.1 
—1/2 3206.9 3439.1 
—3/2 3306.1 3538.6 
—5/2 3410.0" 3640.9 
1/2 +5/2 3080.5 3077.4 
+3/2 3169.9 3166.5 
+1/2 3260.9 3258.1 
—1/2 3354.8 3352.2 
—3/2 3451.3 3447.9 
—5/2 3550.6 3546.7 
—1/2 +5/2 3236.1 3000.4 
+3/2 3322.3 3087.7 
+1/2 3410.0" 3176.8 
—1/2 3503.0 3268.8 
—3/2 3596.9 3362.1 
—5/2 3693.3 3457.9 
—3/2 +5/2 3428.1 2938.2 
+3/2 3510.9 3023.7 
+1/2 3596.9 3111.9 
—1/2 3687.1 3201.1 
—3/2 3778.4 3292.2 


—5/2 3872.4 3385.0 








® Because of superpositions of lines, the accuracy here is +2.5 gauss. 


secondary peaks superposed upon a broad absorption 
curve. The powdered crystal curves also show the 
futility of an attempt to interpret data regarding 
crystalline fields when obtained from powdered samples. 

The line position for each of the 30 lines at 0° and at 
90° is tabulated in Table I. Figure 6 shows a plot of the 
line positions at 0° and 90° with the quantum number 
assignments indicated. 


INTERPRETATION 


In accordance with the customary practice, the lines 
are designated by the quantum numbers of the upper 
energy level involved in the transition corresponding to 
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lic. 5. Spectrum for a sample of CaCO 3: Mn 0.06 wt. percent, 
powdered by grinding. The direct absorption spectrum and its 
slope are shown below. The direct absorption spectrum to a com 
pressed scale is shown above. 


the line. Thus the line associated with the M = +3/2-— 
+5/2, m=+3/2—+3/2 transition is designated M= 
+5/2, m=+3/2. 

The lines intensities fall into three groups as predicted 
by Eq. (11). Further identification of the lines is readily 
accomplished by comparison with the leadiag fine 
structure and hyperfine structure terms of Eq, (10). 

Empirical determination of the parameters of Eq. (10) 
for @=0° yields the values Ho= 3318.6 gauss, D=40.5 
gauss, d= 0.0428 gauss, A = 93.95 gauss, and g = 2.0022 
is given in Table II. Use of these values for the param- 
eters gives agreement between observed and calculated 
line position within the estimated maximum experi- 
mental error of +1.0 gauss. 

The values of the parameters which give the best 


CaCO, Mn 0 06 wt% @+0° 


(a) 


CaCO, Mn 0 06 wi% @+90° 
5 
(b) 


Fic. 6. Line positions and quantum number assignments. @ is 
the angle between the c-crystallographic axis and the external 
magnetic field. Rf =9300 Mc/sec. 
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Taser II. Empirical values of the parameters for Mn** 
in CaCO;.* 








6 =0° gauss 6 =90° gauss 


3319.8+-1.0 
39.740.2 
0,0428+-0,002 


3318.6+1.0 
40.5+4-0.2 
0.0428+4-0.002 
93.954-0.05 
93.90+-0.05 
em X 10* 
37.140.2 
0.0400+-0.0002 


cm”! 10 
37.940.2 
0.0400 +-0.0002 
87.82+0.08 
87.74+0.08 
£1) = 2.00224-0.0006 
£4 = 2.0014+0.0006 











* A discrepancy in the two values of the constant D is noted. The value 
D’ = (37.5 +0.4) X10™* cm™ would give agreement between calculated 
and experimental line positions. 


agreement between experimental and calculated values 
of line positions at 90° are Ho= 3319.8 gauss, D= 39.7 
gauss, d=0.0428 gauss, B=93.90 gauss, gi = 2.0014. 
At this angle some difficulty is experienced in assigning 
best values to the parameters. The values assigned 
yield agreement between experimental and calculated 
line positions to within the maximum experimental 
error for all lines except the M=+5/2, m=+5/2 and 
the M=—5/2, m= —5/2 lines where the discrepancy 
is about four times the experimental error. 

In an attempt to account for discrepancies, the effect 
of higher order terms of a trigonal symmetry, use of a 
small cubic symmetry contribution, and nuclear quad- 
rupole effects have been examined and are found to be 
inadequate. The discrepancies, though small, are con- 
sidered to be significant. 

The angular dependent splitting of the M=+5/2, 
+3/2, —1/2, and —3/2 lines shown in Fig. 3 is unex- 
pected. Crystalline imperfections of the lineage structure 
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type would produce discrete angular dislocations of the 
crystal planes and might occur frequently enough 
throughout the crystal to yield two slightly different 
orientations of the crystal effectively, thereby giving 
rise to two equally intense lines of the angular de- 
pendent spacing observed. The hypothesis, although 
attractive, must be discarded inasmuch as it would 
demand the splittings for the M = +5/2 and —3/2 lines 
to be twice that for the M=+3/2 and —1/2 lines 
whereas the observation is that the M=+5/2, —3/2 
lines are split less than the M=-+-3/2, —1/2 lines. 
The significance of the crystalline-field-splitting 
terms D’ and d’ of Table II is shown in Eq. (6), where 
they are expressed as the products of three factors: 


D/ = (3/2)yA2(rsa?) and «= d’= (1/8)5Ai(rsa*)w. 


The coefficients A,° and A, are the derivatives 
(1/2!)(6?V/d2")o and (1/4!)(64V/dx)o. The terms 
(rsd) and (rza*)y are the mean square and mean fourth 
radii of the 3d shell of Mn**. The terms y and 6 are 
numerical factors dependent upon the total angular 
quantum number of Mn** in the crystal. 

The mean square and mean forth radii can be cal- 
culated and will probably be known to a fair degree of 
accuracy. Experiments designed to determine the coef- 
ficients A,° and A, svill allow a determination of y and 6 
and will therefore enable one to determine the quantity 
of orbital momentum introduced by means of the 
crystalline field distortion of the S state of Mn*. 

The assistance of J. S. Fuller, from whom the crystals 
were obtained, and of Professor R. J. Finkelstein is 
gratefully acknowledged. Special credit is due R. C. 
Mackey who was responsible for the electronic instru- 
mentation. A detailed presentation of the instrumenta- 
tion aspects of the work is in the process of preparation 
by Mr. Mackey and will be published in the future. 
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Magnetic Resonance Phenomena in Ferrites 


FIELDING Brown, Sprague Electric Company, North Adams, Massachusetts 


AND 


Davip Park, Williams College, Williamstown, Massachusetts 
(Received August 13, 1953) 


The resonant frequencies of the rotations of domain magnetization in ferrimagnetic materials are calcu- 
lated by the use of the molecular field approximation, taking into account the effects of anisotropy, external 
field, and differences in magnetization and g values between the two sublattices. Resonance is found to occur 
in two frequency bands: one in a microwave band, which various workers have investigated experimentally, 
and one in the infrared, predicted earlier by Kaplan and Kittel. It is necessary to discuss critically the phys- 
ical nature of the anisotropy field entering the equations; when this is done, an excellent agreement is found 
with the measurements of Yager e/ al. and Healy on single crystals of nickel ferrite. Finally, the relation 
between the theory presented here and experiments on sintered samples of ferrite is discussed. 


INTRODUCTION 


N recent years several experiments have been per- 
formed on ferrites to find resonance phenomena 
analogous to those known to occur in ferromagnetic 
substances.'~? Two bands of resonance frequencies have 
been identified : a radio frequency band, probably corre- 
sponding to oscillations of the Bloch walls of the 
sample,‘ and a microwave band, probably due to domain 
rotations.‘ In addition, the theory of exchange resonance 
predicts a third frequency band in the infrared,® but 
this has not yet been verified experimentally. 

The theory of the Bloch wall resonance is beyond 
the scope of these remarks, but the microwave and the 
predicted infrared resonance should both be due to the 
collective interactions of spins within each domain, and 
should, therefore, both be explainable by the same 
physical considerations. Most of the experiments on the 
microwave resonance, however, were done before the 
theory of ferrimagnetic resonance was worked out in 
detail,*~'* and so the theoretical interpretation of these 
phenomena was given at the time and has since been 
discussed in terms borrowed from the theory of ferro- 
magnetic resonance.” Essentially, it has been argued 
that the resonance is due to the motion of the net mag- 
netization of the domain precessing in an aligning field 
consisting of an equivalent magnetocrystalline anisot- 

1 J. L. Snoek, ig Tech. Rev. 8, 353 (1948); Nature 160, 90 
(1947); Physica 14, 207 (1948); H. G. Beljers and J. L. Snoek, 
Philips Tech. Rev. 11, 313 (1949). 

2 Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 

3C. Kittel, J. phys. radium 12, 292 (1951). 

4G. T. Rado, Revs. Modern Phys. 25, 81 (1953). 

5 Wijn, Gevers, and van der Burgt, Revs. Modern Phys. 25, 
91 (1953). 

6D. W. Healy, Jr., Phys. Rev. 86, 1009 (1952). 

7 Okamura, Torizuka, and Kojima, Phys. Rev. 88, 1425 (1952). 

8 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 760 (1953). 

°F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 

1 R. K. Wangsness, Phys. Rev. 86, 146 (1952). 

1 C, Kittel, Phys. Rev. 82, 565 (1951); T. Nagamiya, Progr. 
Theoret. Phys. (Japan) 6, 342 (1951). 

2 We follow Néel in using the term ferrimagnetic to describe 

henomena characteristic of the magnetic structure of ferrites. 
erromagnetism and antiferromagnetism can both be regarded 
as special cases of ferrimagnetism. 

8, Kittel, Phys. Rev. 73, 155 (1948). 


ropy field, taken to be the same as the anisotropy field 
determined from torque measurements on a saturated 
crystal, plus any externally applied magnetic field. The 
object of this paper is to derive an expression for the 
resonant frequencies to be expected in ferrimagnetic 
materials, to discuss the role played by the equivalent 
anisotropy field, and to compare this theory with 
experiment. 


THEORY 


To derive the equations of motion, we suppose that 
the ferrite possesses two oppositely directed magnetic 
sublattices, of magnetization M, and Mp. In the molecu- 
lar field approximation, each lattice can be regarded as 
subjecting the other to an effective exchange field He 
proportional to its own magnetization: that acting on 
lattice 1 is 

Hei= — AM, (1a) 
and similarly 


Hw= —\AM,. (1b) 


We assume that M, is directed along the positive z axis, 
which we take to be a direction of easy magnetization 
of the ferrimagnetic crystal. The sample is taken as 
spherical, so that demagnetization effects can be neg- 
lected. We assume further that there is an externally 
applied field Ho, along the ¢ axis, an anisotropy field 
H 41, which tends to orient M; in the positive z direction, 
and a field H42 acting on M; in the opposite sense. We 
neglect the effects of damping, but we assume that the 
splitting factor, g, is not necessarily the same for the 
two lattices.* The equations of the motion are of the 
form 


aM/dat=yMX H. 


Defining M, = M,+iM, and similarly for other quanti- 
ties, we find for the precession of lattice 1, 


My= — iy (HuMiy.— AM). (2) 


In this situation, H, acting on each lattice is due 
entirely to the exchange field Hg of the other lattice; 


381 








382 F. BROWN 


in fact, from (1), 


iM, a= Hf .M 2,, HoMe,= A inMi,. 


In the limit of small oscillations, Hm,=Hyx, and 
He.=-—- Hr, so we shall drop the subscript 2 and 
write (2) as 


Mi, == -iayy| (Ho + Hai4 Hi)Miu+H M2, }. 


Similarly, 
Mo, So tary (Ho- H | ae H po)M 2, —HrmM, |, (3) 
where 


a =$¢:, a=hg., and y=e/me. 


The frequency at which such a system will resonate if 
driven is the frequency of free oscillation wo. Setting 
M,, and M,, each proportional to e‘“*' and solving the 
resulting secular equation gives 


— Qwo/y = (aya) Lo+- aH 41 — eH aot py 
— all pot {{(a1— a2) H+ a 
tall 42+ g14+-2HT ge |? 
—4ayaoH pH po}'. (4) 


In the special case of antiferromagnetism we have 
a =~ & H 41> H v= Ha, and Hm=Hm=Hr. Equa- 
tion (4) tnen reduces to wo/7y = Hoe lHa(H4+2H x) }}, 
as given earlier.'! In the ferromagnetic case, a= Hg, =0 
and the above resonance condition gives wo/y=aq 
X(Ho+Ha) in agreement with the theory of ferro- 
magnetic resonance.” 

In most of the applications in which one is interested, 
the square root in (4) can be expanded. Corresponding 
to the upper sign we get 


— Wo /y = aH gy — oH rm 
(a°H i — a2 H 2) Hot (a? mH at+-02H roll a2) 
re 
aH py Pe aol po 


» (5) 


and to the lower, 


Wo ae 


Y aol po — ol py 


( (Hm— Hm) Ho 


+HaHmt+Ham), (6) 


G 
4 


\ 
\ 


\ 


carr 
V 
ey LATTICE 2 


MICROWAVE CASE INFRARED CASE 


Fic. 1. Precessional motion of magnetic lattices in a ferrite for the 
two resonance cases treated. Ho is parallel to axis of cones. 
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where in evaluating the root we have assumed that 
mH 1 <oell pg, and that even the difference between 
these quantities is large compared to Ho, H4,, and H 4p. 

Equation (5) is, except for the corrections due to 
anisotropy and external field, the same as the formula 
of Kaplan and Kittel* for the infrared resonance. The 
resonant frequency (6), on the other hand, is of a 
different order of magnitude, falling in the range of 
microwave phenomena which we discussed earlier, for 
wo is of the order of yH» or yH 4. 

Let us now see what sort of lattice motions take place 
in these two ranges of frequencies. If we substitute (5) 
and (6) back into (3), we find that 


Mo,~(a2/a;)Mi, (infrared), 
and 
Mo,~— (Hei/H g2)My, (microwave). 


These motions are respectively in phase and in opposi- 
tion to each other and are illustrated in Fig. 1. Clearly, 
the microwave motion flexes the bond coupling the two 
lattices very little, in contrast to the infrared motion 
which flexes it to the greatest possible degree. This 
accounts for the large difference between the two fre- 
quency ranges and shows why the frequency of the 
microwave oscillation is roughly independent of the 
quantities 1, which describe the bond. 


DISCUSSION 


We can compare the predictions of Eq. (6) with 
available experimental data. Before doing this, how- 
ever, we must examine the relation of 14; and H 4, as 
they appear in the resonance expression, to the so- 
called equivalent anisotropy field, designated as Ho, 
which has been measured for nickel ferrite from the 
hysteresis loops of single crystals’ and from the varia- 
tion with crystal orientation of the external field 
necessary for ferrimagnetic resonance.?'® 

Ordinarily, H4o is defined in terms of the torque 
required to cause a small angular deviation of the 
magnetization of a specimen away from a direction of 
easy magnetization. The torque is proportional to the 
anisotropy constant and to the angular deviation @ and 
is written as H40M,0, where M,, the saturation mag- 
netization, is M,—M>. But we can express it also in 
terms of 14; and H 4, each of which is assumed to act 
on the magnetization of the corresponding lattice so as 
to tend to align it with the axis of easy magnetization 
(that is, to orient M, in the positive z direction and Mz 
in the negative one). In these terms, the torque is equal 
to (Mi 41+ M2H 42)0. Thus, we have 


M,H i+ MoH 42= Hao(Mi— M2). (7) 
The use of (1) then allows us to write (6) as 


M:—M 


1 
wo = yaa2———— (H 0+ Hp). (8) 


(91 1 — Ay 2 


4 Galt, Matthias, and Remeika, Phys. Rev. 79, 391 (1949). 
































MAGNETIC RESONANCE 

We can now compare the predictions of (8) with that 
of resonance experiments on single crystals of nickel 
ferrite. To do this we shall take M, equal to 865 and 
M, to 600 cgs so that M,= 265. Further g(Ni*+) =2.20 
and g(Fe*+)=2.00, corresponding to a pure inverse 
spinel structure, which gives* a.=1.00 and a,=1.03. 
We may evaluate H4o from the expression for the 
crystal anisotropy energy density, for small angular 
deviations, 


f= phd’, (9) 


where hk, is the first-order anisotropy constant of the 
crystal. Equation (9) follows from a standard expression 
for the anisotropy energy if p=1 for positive k, and 
p= —}3 for negative k as in the present case of ferrites 
in which the (111) direction is an easy direction of mag- 
netization. The torque as given by (9) is 


T = 0f/00= (4/3)ky0. 





IN OERSTEDS 
oxic” 

| 

] 


, 
sx’ 
! 

| 








| 
“TOxTo® “Zon —wrer a——— 


oy2 IN MEGAGYCLES 





Fic. 2. Ferrimagnetic resonance conditions in single crystals 
of nickel ferrite. X—experimenta] data of Yager et al. (see refer- 
ence 2); O—data of Healy; solid line is plot of present theory. 


The anisotropy field Ho is then equal to 
H 40= (4/3) (ki/M,). (10) 


If we insert the previously measured value? of kj= —6.27 
10* ergs/cm*, Eq. (10) gives Hao=315 oersteds. 
A plot of (8) is given in Fig. 2, together with the 
available experimental data. The agreement is excellent, 
considering the probable accuracy of the constants used 
and the apparent variability® of the effective anisotropy 
constant from one crystal specimen to another. Further, 
the slope of the theoretical line in Fig. 2 represents a 
calculated g-value of 2.21, as compared with 2.25 and 
2.19 as measured by Healy and Yager, respectively. 

In addition to the data cited above for resonance in 
single crystals, we may compare the present results 
with the measurements of Okamura ef al.’ on spheres 
cut from sintered nickel ferrite and manganese ferrite. 
Figure 3 shows this comparison, where H4o in each 
case has been taken to give the best fit with the experi- 
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Fic. 3. Ferrimagnetic resonance conditions in sintered ferrites. 
X—experimental data of Okamura ef al.’ in nickel ferrite; 
O—data in manganese ferrite (same author) ; present theoretical 
prediction in each case is represented by solid curve. 


mental points. In the case of sintered nickel ferrite, 
a value of a2=1.00 has been used,'® corresponding to 
our choice of g(Fe**)=2.00, and a; has been adjusted 
to give the correct experimental slope. With M; and M2 
assumed the same as for the single crystals, the data 
yield a g factor for nickel in sintered nickel ferrite 
of 2.07. 

A similar comparison is possible for the data’ in 
sintered manganese ferrite. Again the experimental 
points are shown along with the theoretical curve com- 
puted for 14o=278 oersteds, as given by Okamura, 
under the assumption that a,;=a_.= 1.00, corresponding 
to observation,’® and that g(Fe**+)=g(Mn**)=2.00. 
(In this case the values of M,; and M, do not enter the 
resonance condition.) The agreement is again satis- 
factory. 

CONCLUSIONS 


In view of the agreement with experiment of these 
ideas on the nature of the equivalent anisotropy field 
as applied to resonance in ferrites, it is of interest to 
speculate on the expected resonance frequencies in the 
closely related antiferromagnetic materials. From Eq. 
(7) it is found that H 4, and H 42 are appreciably smaller 
than Ho. In fact, if we take H4;= H 4», it is found that 
H4,;=90 for sintered nickel ferrite. If we assume that 
the anisotropy fields in antiferromagnetic materials are 
of this same order of magnitude, the resonance fre- 
quencies to be expected may be somewhat lower than 
those predicted using a value of H4o~500," thus 
offering the possibility of observing antiferromagnetic 
resonance under less extreme experimental conditions 
than usually anticipated. 

It may further be noticed that the internal field 
observed by Okamura’ of 507 oersteds for sintered 


16, W. Lancaster and W. Gordy, J. Chem. Phys. 19, 1181 
(1951); L. R. Maxwell and T. R. McGuire, Revs. Modern Phys. 
25, 279 (1953). 
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nickel ferrite is significantly larger than that in the 
ferrite single crystals (Fig. 2), i.e., 315 oersteds. The 
difference may be attributed to the presence of internal 
strains and to demagnetization at the grain boundaries 
in the polycrystalline samples, the additional internal 
field of this origin being large enough to overcome the 
effects of the lower apparent magnetocrystalline ani- 
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sotropy fields which must result from the random 
orientation of crystallites away from directions of easy 
magnetization.” 


16 After this work was completed an article by R. Wangsness 
[Phys. Rev. 91, 1085 (1953) ] appeared in which is given a formula 
equivalent to (6) except that it does not contain the distinction 
between the phenomenological anisotropy field and that which 
enters the resonance expression. 
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The Change of Ferromagnetic Curie Points with Hydrostatic Pressure* 


Lyte Partrickt 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received October 19, 1953) 


The effect of pressure on the Curie temperature has been measured for 13 ferromagnetic materials, 
comprising 4 elements (Fe, Co, Ni, Gd), 7 metallic alloys, a ferrite, and a perovskite. Curie points ranged 
from 16°C (Gd) to 1120°C (Co), and pressures up to 9000 atmos. The results are in disagreement with two 
common forms of the interaction curve. The result obtained for Fe is not in agreement with the prediction of 
Kornetzki, based on volume magnetostriction measurements between 20°C and 100°C. 


I, INTRODUCTION 
Importance of Interatomic Distance 


HE effect of pressure is considered to be that re- 
sulting from the change produced in interatomic 
distance, which is known to be an important parameter 
in the strength of magnetic interaction. Slater' first 
pointed out that ferromagnetism occurs only in those 
elements in which there is a large ratio of interatomic 
distance, D, to diameter of unfilled inner shell, d (usually 
a d shell, but in Gd it is the 4/ shell). An accurate calcu- 
lation of the magnetic interaction is still impossible at 
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Fic. 1. Bethe interaction curve. 


* Submitted in partial fulfillment of the requirements for the 
degree of Ph.D. at the University of Chicago. The work was done 
at the laboratory of the Institute for the Study of Metals, Chicago, 
Illinois. 

t Now at Westinghouse Research Laboratories, East Pitts- 
burgh, Pennsylvania. 

1]. C. Slater, Phys. Rev. 36, 57 (1930). 


the present stage of the theory, but the several theo- 
retical approaches all agree on certain qualitative 
features of the interaction curve (i.e., the curve showing 
the strength of the interaction as a function of inter- 
atomic distance). 

Sommerfeld and Bethe’ discussed the type of wave 
function necessary to give a positive exchange integral 
in the Heisenberg theory, and they drew a curve 
(Fig. 1) to show qualitatively the features of this 
positive range. The band theory and Zener’s theory 
both agree that ferromagnetism is not possible for very 
small or very large values of D, but the width of the 
ferromagnetic range is still an unsettled question. The 
salts of ferromagnetic elements, in which D is large, 
are paramagnetic rather than weakly ferromagnetic. 
On the other hand, Zener® has pointed out the im- 
portance of conduction electrons in coupling the d-shell 
spins. The salts may be paramagnetic because of the 
absence of conduction electrons. 


The Forrer Correlation 


Forrert has made a correlation of magnetic inter- 
action with interatomic distance, D, for Mn, Cr, Fe, 
Co, Ni and their compounds in which these elements 
retain their characteristic moments and in which coup- 
ling does not occur through intermediate atoms by the 
superexchange mechanism. He finds that as D increases 
the interaction changes, for each element, from anti- 
ferromagnetic to ferromagnetic and then to paramag- 
netic. The ferromagnetic range is roughly 10 percent 


*A. Sommerfeld and H. A. Bethe, Handbuch der Physik 
(J. Springer, Berlin, 1933), second edition, Vol. 24, No. 2, p. 596. 

3C. Zener, Phys. Rev. 81, 440 (1951). 

*R. Forrer, Ann. Physik 7, 605 (1952). 
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Fic. 2. Bozorth interaction curve. 


of D—perhaps as little as 5 percent in Co. However, 
one must consider Zener’s remarks about conduction 
electrons. The Forrer correlation overlooks the fact 
that the range of D in metals is rather limited. Dilution 
of ferromagnetic elements to increase the average dis- 
tance does not work in metallic alloys because the 
conduction electrons of the added metal apparently 
fill the d band of the ferromagnetic element. The re- 
duction of Curie point in such cases results from a 
reduction of average moment rather than from any 
distance effect. Perhaps the ferromagnetic range would 
be much greater than 10 percent if this range could be 
obtained in metals. 

A narrow ferromagnetic range, as suggested by the 
Forrer correlation, has consequences for the present 
experiment. A pressure of 10 000 atmos, which is avail- 
able in the laboratory for an experiment of this type, 
changes D by only about 0.2 percent, using an average 
value for the compressibility of metals. This means that 
it is impossible to measure any large portion of the 
interaction curve, but the change of Curie point with 
pressure does give the slope at a single point. If in Co 
the Curie temperature rises to 1400°K and falls to zero 
again within a range of 5 percent of D, the average 
rate of rise or fall must be over 10° per 1000 atmos. 
For Fe this figure is about 4°. This means that changes 
of this order of magnitude should be expected if the 
ferromagnetic range is as limited as Forrer suggests. 


Interaction Curves 


The Forrer correlation is an attempt to define the 
ferromagnetic range for single elements. The suggestion 
of Slater that D/d is the significant parameter for ferro- 
magnetic interaction has led to attempts to draw a 
generalized interaction curve to include all ferromag- 
netic elements. The assumption is that D and d are 
the only important parameters in the strength of mag- 
netic interaction; therefore a correlation is attempted, 
using a function of D and d as a “reduced” distance. 
Such attempts must prove futile if other important 
parameters exist (e.g., conductivity). 

Figure 2 shows one such curve, drawn by Bozorth.° 
In this, Curie temperatures are plotted against D/d. 
However, the Curie temperature, on the assumption of 


5 R. M. Bozorth, Bell System Tech. J. 19, 1 (1940). 


a Weiss inner field, is proportional to u*, in which y is 
the atomic moment and WN the Weiss field constant; 
and uw seems to be characteristic of the element, inde- 
pendent of D (the examples given by Forrer show this). 
Hence it would seem to be more logical to plot NV as 
ordinate instead of the Curie temperature, in which 
case Ni, having the highest value of N, is at the top 
of the curve. 

Néel® has plotted N/z against D—d, as shown in 
Fig. 3 (s is the number of nearest neighbors). He in- 
cludes an antiferromagnetic range and has also ex- 
tended the correlation to include interactions between 
different atoms in alloys. Fe, however, can be included 
only if it is assumed that next nearest neighbors are 
responsible for the ferromagnetism, the nearest neigh- 
bors being near the point where the curve crosses the 
axis, and therefore ineffective. He has found further 
evidence to support this curve; and has predicted an 
increase of Curie point with pressure in Fe of 0.79° per 
1000 atmos and decreases in Co and Ni of 4.6° and 
0.13°, respectively. 


Reciprocal Effects 


If a change of volume alters the magnetic interaction, 
there should be a reciprocal! effect in which the change 
of intrinsic magnetization by a high field changes the 
volume of a ferromagnet. This effect has been measured 
as the volume magnetostriction, and more will be said 
of it later. Also, the loss of magnetization as the tem- 
perature is raised has an effect on the volume which 
shows up as an abnormal thermal expansion. This may 
be large enough, as in Invar, to compensate the normal 
thermal expansion over a certain temperature range. 
Both effects have been used to estimate the volume 
dependence of the interaction. 


II. PREVIOUS RESULTS 


There have been several unsuccessful or partly suc- 
cessful attempts to measure the change of Curie point 
with pressure. A short description of each of these will 
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Fic. 3. Néel interaction curve. 











®L. Néel, Le Magnétisme (University of Strasbourg, Strasbourg, 
1939), Vol. 2, p. 65. 
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be given. Following this, a summary will be given of 
estimates of the change to be expected, based on the 
indications obtained from volume magnetostriction data 
and from estimates of the anomalous thermal expansion. 


Measurements Using High Pressure 


In 1931, Adams and Green’ used the method which 
has been adopted for the present experiment ; they used 
the sample as the core of a transformer and, with a 
constant smal] alternating current supplied to the pri- 
mary, they measured the output of the secondary as a 
function of temperature. The drop in output at the 
Curie temperature is very sharp, and although it does 
not define the Curie point in the conventional way, the 
method is very satisfactory for finding a change in 
Curie point. Unfortunately Adams and Green could not 
obtain a stable temperature in their pressure apparatus. 
CO» was used as a pressure fluid, and there were strong 
convection currents set up in it by the internal furnace. 
Their results indicate an uncertainty in temperature of 
about 5°, and this masked all changes. 

Steinberger® did not attempt to measure the change 
of Curie temperature but observed a change from ferro- 
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1G. 4. Schematic diagram of experimental setup. 


magnetic to paramagnetic for a 30Ni 70Fe alloy (weight 
percent) under pressure applied at room temperature. 
The great change was undoubtedly due to a change of 
Curie point, but Steinberger described it in terms of a 
change in permeability. 

Michels ef al.” have made measurements on 
Monel alloys, using the change of slope of the resistance 
vs T curve as an indication of the Curie point. The 
ferromagnetic ordering lowers the resistance of a metal 
and results in a change of slope of the curve R vs T at 
the Curie point. This, however, is not sharp in practise, 
and an extrapolation procedure must be set up to 
detine the Curie temperature. The method requires very 
accurate resistance measurements over large tempera- 
ture intervals and is complicated by the fact that 
resistance also changes with pressure. 

Ebert and Kussman’ used large fields to obtain 
/ vs T curves, using special nonmagnetic pressure 
bombs. The purpose was to define the Curie point in 
the conventional way under pressure; but the great 
experimental difficulties made accuracy impossible, and 


two 


‘L. H. Adams and J. W. Green, Phil. Mag. 12, 361 (1931). 

* R. L. Steinberger, Physics 4, 153 (1933). 

*A. Michels et al., Physica 4, 1007 (1937); A. Michels and 
J. Strijland, Physica 8, 53 (1941). 

 F, Ebert and A. Kussman, Physik. Z. 39, 598 (1938). 
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small changes could not be detected. In the alloy in 
which a large change was to be expected (30Ni 70Fe) the 
I vs T curve drops so slowly that the conventional 
method of defining the Curie point is not very useful. 
They decided that no change of Curie point had been 
observed, but Kornetzki"' later reinterpreted their data 
and concluded that there had been a change of Curie 
point. A criticism of Ebert and Kussman’s methods and 
conclusions has been given by Michels and de Groot.” 


Predictions Based on the Reciprocal Effects 


The predicted changes of Curie point with pressure 
are based on measurements of the thermal expansion 
anomaly or on measurements of volume magnetostric- 
tion. The latter cannot be carried out at high tempera- 
tures; thus they actually indicate the volume depend- 
ence of the magnetic interaction at the temperature at 
which they are carried out. This will be discussed under 
the results on Fe and Fe-Si alloys. 

Slater has used the Clapeyron equation as if the 
transformation from magnetic to nonmagnetic state 
were first order. The equation may be written d0/dp 
=AV/AS, in which @ is the Curie temperature. The 
volume change is estimated from the thermal-expansion 
anomaly, and the disordering entropy may be calcu- 
lated, assuming dipoles with two orientations. Only 
order of magnitude is hoped for. For Ni, Slater has 
estimated an increase of Curie point with pressure of 
0.05° per 1000 atmos. 

If the transition is treated as second order, the corre- 
sponding Ehrenfest relation is d0/dp=3TVAa/AC, in 
which a is the linear coefficient of expansion and C, the 
specific heat. These quantities do not show sharp dis- 
continuities at the Curie point but an extrapolation 
method must be used. For Ni, Michels and de Groot” 
used average values of several determinations of Aa 
and AC, and estimated the increase of Curie point 
with pressure to be 0.35° per 1000 atmos, which is in 
agreement with the result obtained in the present 
experiment. Ni was the only element for which suffi- 
ciently accurate experimental data were available. 

In order to relate volume magnetostriction and 
change of Curie point with pressure, Kornetzki'* has 
used the thermodynamic relation dV/dH),=—dM 
dp), where M is the total moment, and the assumption 
that the magnetization per gram, o, is given by a 
relation of the form o=/(7/@). The relation derived 
from these is 


1060 1 ~ /( Oo 3a ~) 
oni soaps _ peesagtpemanc, * 
06dp TOH OT KOH 
in which w is the fractional change of volume, p the 
density, a the linear thermal expansion coefficient, and 


"M. Kornetzki, Physik. Z. 44, 296 (1943). 

12 A. Michels and S. R. de Groot, Physica 16, 249 (1950). 
J. C. Slater, Phys. Rev. 58, 54 (1940). 

'*M. Kornetzki, Z. Physik 98, 289 (1935) 
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K the compressibility. For Fe, Kornetzki made meas- 
urements of volume magnetostriction between 20°C 
and 100°C and predicted a decrease of Curie point 
with pressure of 5 to 10 deg per 1000 atmos. 


Ill. EXPERIMENTAL PROCEDURE 
Transformer Method 


The experimental method used is similar to that of 
Adams and Green,’ using the magnetic material as the 
core of a transformer, as demonstrated in Fig. 4, which 
shows the necessary equipment except for the pressure 
and furnace systems. The primary and secondary coils 
are wound on opposite arms of the picture frame sample 
so as to have very little direct coupling. The linkage is 
essentially through the sample only, and this fails at 
the Curie temperature. 

A constant 1000-cy current is supplied to the primary, 
and the signal from the secondary is amplified, then 
measured as a function of temperature. The primary 
current was of the order of 0.1 amp, giving a magnet- 
izing field of the order of 1 oersted; and the secondary 
voltage was amplified to about 10 v, then read on the 
vacuum-tube voltmeter. 

The character of the output curve varies greatly from 
sample to sample but usually has the general features 
of Fig. 5. There is an inflection point between A and B 
and a very nearly linear portion in most cases from 90 
percent of maximum output to 10 percent. If the maxi- 
mum output remains the same under pressure, curves 
taken at different pressures are simply translated along 
the temperature axis by the amount of the change of 
Curie point, and this change is well defined even though 
the initial permeability curves are not used to define 
the Curie point itself. If the maximum output should 
change, a scale adjustment would have to be made 
before comparing the curves, and the interpretation 
would not be so simple. Fortunately no change over 
10 percent in the maximum output under pressure ever 
occurred except in the two cases where it was difficult 
to get the sample in the usual form and Fe was used 
to complete the magnetic circuit. The initial perme- 
ability of Fe at room temperature is depressed by 
pressure, as was shown by Steinberger ;* but near the 
Curie point the initial permeability seems to be un- 
affected by pressure. 

The temperature range over which the drop from 90 
percent of maximum output to 10 percent occurs is 
small in the elements (1.5° for Ni, as can be seen in 
Fig. 11); it is small in alloys if the Curie point does not 
depend much on the composition (as in 68 Permalloy) ; 
and it is small if the alloy is very homogeneous (as in 
Alumel, a fully annealed thermocouple wire). On the 
other hand Compensator alloy (70Fe 30Ni) is an ex- 
ample of a sample in which the drop occurs over a wide 
temperature range; nevertheless, the change under 
pressure is a simple translation along the tempera- 
ture axis. 
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Measurements were made with different primary 
currents to verify that changes found were independent 
of the field. To detect irreversible effects, measurements 
were made with falling and with rising temperatures 
and after increases and decreases of pressure. No irre- 
versible changes were found. Measurements were made 
at several pressures; within experimental error any 
changes were linear with pressure. 


Pressure Equipment 


In the application of pressure two separate sets of 
pressure equipment were used. One is designed to use a 
liquid as the pressure fluid, and the other is designed 
to use a gas; these will be referred to as the liquid 
system and the gas system. 

A liquid system has been described by Bridgman." 
It is used for temperatures up to 400°C, and the fact 
that an external furnace is used to heat the entire 
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pressure bomb means that there is good temperature 
stability and a large gradient-free experimental region. 

The gas system is used for higher temperatures (up to 
1120°C). No liquid is known which will not decompose 
or react with other parts of the system at high tem- 
peratures; therefore an inert gas must be used, and 
argon has been found to be satisfactory. Also the 
hardened steel of the bombs softens with consequent 
rupture if it is heated for long periods at high tempera- 
tures. Therefore an internal furnace, insulated from the 
bomb, must be used. A gas system has been described 
by Yoder.'® 

Furnace Design 


For the liquid system the whole bomb is heated ex- 
ternally. With an internal thermocouple it was found 
to be quite satisfactory to make measurements while 
allowing the temperature to drift at a rate of several 
degrees per hour. For Gd the bomb was cooled with dry 
ice, and measurements were made while it warmed up; 
this process took several hours. 





1 P,. W. Bridgman, The Physics of High Pressure (G. Bel 
and Sons, London, 1949). 
16H. Yoder, Trans. Am. Geophys. Union 31, 827 (1950). 
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Fic. 6. Plug with furnace and insulation for gas system. 


A, Lavite cylinder 3 in. high. 
B, Furnace 24 in. high within lavite insulation. 
’, Sample. 
D, Lavite plate, insulating furnace from plug. 
E. Electrically insulated cone at which a wire enters the 
high-pressure region. 
F. Shoulder against which high pressure seal is made. 
G. One of seven insulated wires entering bomb. 
H. External electrical connection. 


The furnace design for the gas system is much more 
critical. Three things must be kept in mind: 


(1) Insulating material should be of the nonporous 
type, so as not to be penetrated by the argon under 
pressure. Lavite was found to be very good. The heat 
loss is more than doubled if ordinary firebrick is used. 

(2) Convection currents in the argon must be cut 
down to avoid high heat loss and to achieve stable tem- 
peratures. For this purpose, Yoder'® used a horizontal 
bomb. With a vertical bomb, the closed top furnace 


A 




















Furnace with inner parts. 
A. Fused quartz tube wound with 0.015 in. Pt wire. 
. Lavite cylinder above sample. 
. Ni ring surrounding sample. 
. Lavite cylinder below sample. 
. Electrically insulated wire from sample to cone. 


shown in Fig. 6 was found to use only half the power of 
one which ran the whole length of the lavite cylinder A ; 
and the temperature stability was greatly increased. 

(3) All space should be filled. This makes it easier to 
reach high pressures and also cuts down the convection 
currents. Lavite was used not only between furnace and 
bomb (A and D in Fig. 6) but also within the fused 
quartz cylinder (B and D in Fig. 7) to fill space on 
both sides of the sample. 

The heat capacity of the furnace is small and the heat 
loss is high under pressure so that it is difficult to hold 
the temperature constant. Two variacs were used to 
control the input voltage; the second, in conjunction 
with a step-down transformer, permitted fine adjust- 
ment (7.5-v full scale) and the temperature could be 
controlled by voltage adjustment so that the rate of 
drift was about 1° in 3 min; this was good enough to 
permit fairly accurate readings of temperature and 
secondary output. 

Sample Design 


In the liquid system the size of sample is limited only 
by the internal dimensions of the bomb itself as this 
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Fic. 8. Sample with windings. 


A. Thermocouple junction between two rings. 
B and C. Primary and secondary windings. 


region is a uniform temperature. In the gas system, 
however, the bomb is cool (about 100°C) so that only 
a small region at the center of the furnace is gradient- 
free, and the sample must be quite small. It consisted 
of two rings of the shape shown in Fig. 8, maximum 
diameter about 4 inch, held together by screws, and 
with the thermocouple wires between them. Total 
thickness is about 1/20 in. Mica rings of the same shape 
above and below provided insulation for the two 
windings, which were about 5 turns each of Chromel 
wire. This wire holds its shape well after being bent, 
and no cement was used. A nickel ring } in. high (C of 
Fig. 7) which just fit into the quartz tube was used to 
surround the sample in order to smooth out the tem- 
perature gradients. This was separated from the sample 
by mica. When this assembly was placed at the hot 
spot of the furnace (C of Fig. 6), the sample was free 
of gradient, as could be verified by the sharp drop of 
secondary output at the Curie point. When the double- 
ring sample was placed in a temperature gradient, the 
drop occurred in two sections with a plateau at the half- 
way point. With no gradient in the sample, the tem- 
perature reading could be considered to be that of the 
sample, as the thermocouple wires then came out from 
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between the rings for about } in. in a gradient-free 
region. 
Temperature Measurement 


For the liquid system it is convenient to have a 
thermocouple within the bomb, so that accurate meas- 
urements may be made while the temperature is drifting 
slowly. For the gas system an internal thermocouple is 
essential because of the large temperature gradients. 

Birch” has investigated the effect of pressure on 
thermal emf, and the Chromel-Alumel couple was 
found to be independent of pressure within 10 micro- 
volts as far as the calibration was carried (580°C and 
4000 atmos). The entire path, including wire in the 
plug and the insulated cone (G and £ in Fig. 6), must 
be of thermocouple wire. This is especially important in 
the gas system, as strong temperature gradients exist in 
just these places. It was found possible to obtain heavy 
Chromel and Alumel wire stock from which the cones 
were machined. However, there is still the problem 
that the complete circuit is made up of three different 
wires (the internal thermocouple, the cone, and the 
wire in the plug) and a perfect match of thermoelectric 
powers.of these wires is impossible, so that a redistribu- 
tion of gradients may look like a change of temperature. 
Such a redistribution does not occur in the liquid system 
when pressure is applied, but in the gas system the 
furnace power requirement doubles under pressure, and 
a redistribution of gradients is certainly to be expected. 
It was found that nearly all of the change in power 
requirement occurred between 1 and 400 atmos, and 
corresponding to this was an apparent Curie-point 
change of 2 or 3 deg. Hence measurements below 1000 
atmos were not used. Measurements on Ni were made 
in both systems, and the results checked completely if 
data above 1000 atmos were used. 

It should be emphasized that the precautionary 
measures are all for the purpose of measuring tempera- 
ture changes under pressure. The Curie temperature 
itself does not enter into the experimental results and 
need not be known very accurately. 

It will be noticed that measurements have been made 
using the thermocouple beyond its calibrated range; 
both temperature and pressure exceed the limits of 
Birch’s calibration. The assumption is made that the 
thermoelectric power continues to be independent of 
pressure, but it would be desirable to have an extension 
of the calibration. 


Pressure Measurements 


Pressure measurements are made by finding the 
change in resistance of a Manganin wire gauge; this is 
the standard method and has been well calibrated.'* 
The uncertainty (of about 0.1 percent) is insignificant 
in this experiment. 





17 F, Birch, Rev. Sci. Instr. 10, 137 (1939). 
18 David Lazarus, Phys. Rev. 76, 545 (1949). 
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Fic. 9. Change of Curie point vs pressure for 8 samples 
measured in the liquid system. 





IV. RESULTS 


The results are given in Figs. 9 and 10 and in Table I. 
Figure 9 shows the change in Curie point vs pressure for 
the 8 samples for which the liquid system was used. 
Consistent results are obtained in each case although 
the change is so small for Monel and Alumel that it is 
about the same order of magnitude as the uncertainty 

















" --— ---———@ 
ca 
4 96 Fe 4 Si 
5|— 8 90 Fel0 Si 
+ 68Ni 32 Fe 
o rp @& Co 
se 
‘t | 
2 
us IK 
5 “++. x 
0} --*%s —* Te 4---— B+ + - ——— 
Zz a & , att - 
= 
_S) 
4 s 
-3}+- 
oa 
A Re ee FERS ONE rr NEY Pe ER oe 
-§ 3 ee 3 5 7 


CHANGE IN PRESSURE ( THOUSANDS OF ATM. } 


Fic. 10. Change of Curie point vs change of pressure for 
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in Birch’s pressure calibration of the thermocouple. 
Figure 10 shows the results for the 5 samples for which 
the gas system was used but plotted in a different way. 
As explained above, the readings for 1 atmos could not 
be used. Also the reproducibility was not as good as in 
the liquid system because of slow changes in the rate 
of heat loss or because of corrosion of the thermocouple 
wires. Hence it was thought that the best results were 
those got by noting the change of Curie point following 
a change of pressure. For this reason the abscissa zero 
represents the initial pressure, whatever that might be. 
For example, if the initial pressure were 4000 atmos, 
a change to 6000 atmos would be recorded as +2000 
atmos and the corresponding Curie-point change noted. 
If the pressure were then reduced from 6000 to 2000 
atmos, the pressure change would be recorded as 
— 4000 atmos. 

It will be noticed that there is considerable scatter of 
the experimental results for all samples for which the gas 
system was used. In all cases the change of Curie point 
is of the same order of magnitude as the experimental 
error. There is also additional uncertainty in the 
thermocouple readings because these high temperatures 
go beyond the range of the thermocoupie calibration for 
the pressure effect. However, the results seem to indi- 
cate that the change is very much smaller than that 
predicted for Fe by Kornetzki or for Co by Néel. 

Table I lists the change per 1000 atmos of all samples 
with an estimate of the experimental error based on the 
scatter in Figs. 9 and 10. This assumes a linear change 
of Curie point with pressure and does not include any 
error resulting from the effect of pressure on the thermo- 
couple. More detailed information on the probable error 
can be obtained from the curves of output vs tempera- 


TABLe I, Change of Curie point with pressure. 


Deg change per 
1000 atmos 
+ indicates 
increase) 


\ppro 
Predicted 


Sample change 


+0.79" 
-~5 to —10” 
—4.6" 
—(),13* 
+0,05¢° 
+0.354 


Fe 0 0.1 
Co O +! 
Ni +0.354-0.02 


Gd - +0.05 
96Fe 45i +0.1 
90Fe 10Si +0,2 
Compensator +0.2 
70Fe 30Ni 

Invar 

64Fe 36Ni 

Permalloy 0.1 
68Ni 32Fe 
Monel 

Alumel 94Ni 
MnjZnjFe.O, 
Lao To oMnO 


+0.1 
+0.1 
+-0.07 40.03 +-0.06° 
+-0.04-+-0.02 

+0.9 +0.04 

+0.6 +0.04 


8 See relerence 6, 
> See reference 11 
© See reference 13. 
4 See reference 12. 
* See reference 9. 
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ture for each sample at different pressures, but these are 
not reproduced here because of space limitations. 


Chemical Analysis of Samples 


The Fe and Co were high purity samples obtained 
from the Institute’s metallurgy section, and the Ni was 
a high purity sample (>99.9 percent) obtained from 
the Bell Telephone Laboratories. The Gd was prepared 
by A. Moskowitz under the direction of Dr. N. H. 
Nachtrieb, and the largest impurity shown by spectro- 
scopic analysis was 0.1 percent Fe. 

No chemical analysis was obtained for the commercial 
alloys Monel, Alumel, Invar, and Permalloy. The per- 
centages shown in Table I are the usual percentages 
for these alloys. 

The FeSi alloys reported as 96Fe 4Si and 90Fe 10Si 
were found to have 3.5 percent and 10.5 percent, re- 
spectively of Si. The ferrite was found to be represented 
approximately by the formula Mn,Zn,Fe,O, (the Mn 
was 3 percent short, and the Zn was 5 percent short). 
The Compensator alloy contained 29.7 percent Ni. 
The formula Lao.75Sro.2sMnO; represents the propor- 
tions which went into the preparation of this sample- 
no analysis was made subsequently. 


Discussion of Results 
Fe and Fe-Si Alloys 


Fe is of special interest because of the decrease of 
Curie point with pressure of 5 to 10 deg per 1000 atmos 
predicted by Kornetzki, using volume magnetostriction 
measurements made between 20°C and 100°C. Smolu- 
chowski'’ has also treated this problem, and he calcu- 
lated the volume dependence of the Weiss constant 
from the same data. His calculations are N—'dN/dw 
= 44.1 at 20°C and N-'dN/dw= 32.2 at 100°C, a marked 
decrease with rising temperature. If one takes the point 
of view that interatomic distance D is the important 
factor and that the decrease of volume dependence with 
temperature is due to thermal expansion, then the con- 
clusion is that the interaction curve rises sharply at the 
room temperature value of D in Fe but has reached the 
top of the curve at 770°C, for which D is about 1 per- 
cent greater—hence no change of Curie point with 
pressure in the present experiment. If this is so, a large 
decrease of Curie temperature could be obtained with a 
pressure of 50 000 atmos, which would reduce the lattice 
constant to its room temperature value. 

Because 50000 atmos is not available, the experi- 
ment was carried out on two Fe-Si alloys. Si reduces the 
lattice parameter of Fe and magnetically appears to 
act as a diluent, leaving the magnetic moment of the 
Fe atom unchanged up to about 5-percent Si by weight. 
The Curie point is lowered, and the combination of 
reduced D and lower Curie point results in a value of D 


% R. Smoluchowski, Phys. Rev. 59, 309 (1941); R. Smolu 
chowski, Phys. Rev. 60, 249 (1941), 
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at the Curie point of the 10-percent Si alloy which is 
very nearly that of pure Fe at 20°C. If interatomic 
distance is the important parameter in magnetic inter- 
action, a large decrease of Curie point with pressure 
should have been observed in the 10-percent Si alloy, 
in view of the volume dependence shown by the 
magnetostriction data. 


Cobalt 


The result for Co (no change with pressure) is in 
contradiction to the prediction of Néel (a decrease of 
4.6° per 1000 atmos). However, the temperature of 
1120°C is far beyond the 580°C to which the pressure 
calibration of the thermocouple was carried; therefore, 
the result cannot be regarded with the same certainty 
as those for the other samples. 


Nickel 

Although here again the result differs from Néel’s 
prediction, there is rough agreement with predictions 
based on the volume magnetostriction and on the 
thermal expansion anomaly. Ni satisfies all the require- 
ments for good experimental accuracy. The Curie 
temperature is low enough so that the liquid system 
may be used, the drop in output occurs within 2°, and 
there is no significant change in permeability under 
pressure. Figure 11 shows the output curves for several 
pressures. 


Gadolinium 


For this element the generalized interaction curves 
must predict an increase with pressure rather than the 
observed decrease. The inner incomplete shell is in this 
case the 4f shell with 7 electrons (a half-filled shell), and 
its small size results in a greater ratio of D/d and a 
greater value of D—d than for any of the transition 
metals Fe, Co, or Ni. 


Compensator Alloy 


This is similar to the alloy which Steinberger re- 
ported as becoming paramagnetic under pressure (at 
room temperature). Kornetzki also predicted a decrease 
of about 5° per 1000 atmos from volume magneto- 
striction measurements, which agrees with the results 
found here. 

Some doubts about the effect of phase change in this 
system had been expressed.” However the changes with 
pressure were found to be instantaneous and reversible 
and proportional to the applied pressure ; hence, a phase 
change cannot be responsible. X-ray powder pictures 
showed that the sample was in the 2-phase region; the 
amount of body-centered (a) phase was estimated to 
be about 5 or 10 percent. 


”R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), p. 726. 
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Fic. 11. Secondary voltage vs temperature for Ni 
at several pressures. 


Invar 


This alloy is close to Compensator in composition 
but is a single phase alloy (f.c.c.). The decrease of 
Curie point with pressure is smaller but of the same 
order of magnitude. The very abnormal thermal ex- 
pansion gives a good indication of the result to be 
expected. 

Permatloy 


This is another Fe-Ni alloy, but one of the composi- 
tion having scarcely any thermal expansion anomaly. 
Hence the negligible change of Curie point with pressure 
was to be expected. 

Monel 


The change here is in agreement with that found by 
Michels et al. 
Lao.75St0.2sMnO; 


For this ceramic-type materia] (perovskite crystal 
structure) Zener*' has proposed a formula relating con- 
ductivity and Curie point. It would therefore be 
interesting to compare change of Curie point with 
change of conductivity under pressure. However, the 
formula applies only in the temperature range in which 
the conductivity is metallic, which would be at low 
temperatures in this case since the material is a semi- 
conductor at room temperature. 


V. CONCLUSIONS 


The generalized interaction curves shown in Figs. 2 
and 3 are not consistent with the results of this experi- 
ment. Apart from the objection to plotting the Curie 
point in Fig. 2 which was mentioned earlier, this curve 
would predict an increase of Curie point for Gd instead 
of a decrease, a large decrease for Fe instead of no 
change, and a larger increase for Ni than was observed. 


21 C. Zener, Phys. Rev. 82, 403 (1951). 
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Néel’s predictions for Fe, Co, and Ni are not con- 
firmed. Figure 3 does not include Gd, but if the same 
rules had been used for placing it on the curve, Fig. 3 
would also predict an increase. In fact, the only element 
for which both curves would predict the same direction 
of the change would be Gd, and the predicted change 
would be wrong. 

The Forrer correlation would lead one to expect much 
larger changes than are observed. This suggests that 
the ferromagnetic range may be much wider than 10 
percent of D in metals and that the conduction elec- 
trons may play a role in the interaction, as outlined by 
Zener. If this is so, it explains the failure of the general- 
ized interaction curves also, as they would then be 
omitting an important parameter. The results on Fe 
and the Fe-Si alloys also tend to show that interatomic 
distance is not an all-important parameter. 

One may still suppose that the interaction curve for 
a single element takes the form of Fig. 1. The fact that 
some large decreases of Curie point with pressure have 
been found but no large increases suggests that there 
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may be a steep rise of the interaction curve as it crosses 
over from the antiferromagnetic region but only a 
gradual fall at large D. This is supported by the fact 
that there are no large values of negative volume mag- 
netostriction reported nor large positive thermal expan- 
sion anomalies. 
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The Influence of Pressure on the Curie Temperature of Iron and Nickel* 
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A comparison is made between Patrick’s measurements of the change of Curie temperature under pressure 
and theory based on a Brillouin function. The agreement is fair. 


HE usual assumption in the molecular-field theory 
of magnetism is that the saturation magnetization 
at absolute zero is independent of volume. An alternate 
procedure'* based on the Brillouin function and on 
experimental volume magnetostriction data gives ex- 
plicit values for V, the volume dependent field constant, 
and for Jo, the volume dependent saturation magnetiza- 
tion at absolute zero. The agreement with experimental 
data such as specific heat and with some magnetocaloric 
effects is satisfactory for coupled pairs of spins (j= 1). 
Up until now there were no data available for com- 
paring the predicted influence of pressure on the Curie 
temperature with experiments. The recent very interest- 
ing results obtained by Patrick* make such a com- 
parison between experiment and theory possible. 
This comparison can be made in several ways depend- 
ing upon which of the necessary extrapolations seems 


* This work was supported by a U. S. Atomic Energy Com- 
mission contract. 
1 R. Smoluchowski, Phys. Rev. 59, 309 (1941). 
* R. Smoluchowski, Phys. Rev. 60, 249 (1941). 
‘L. Patrick, this issue [Phys. Rev. 93, 384 (1954)]. 


to be most reliable. One of them is to use the formula 


106 120N 1 Op 
Pe eke, (1) 
060w N dw Io dw 


in which dw is the relative change of volume dV/V. 
Using, in the right side of (1), the values (for j7=1) 
given in reference 2, one obtains —1.7 at room tem- 
perature for nickel and +21.2 at 100°C for iron. These 
are the highest temperatures for which volume mag- 
netostriction data are available. Since compressibility 
at the Curie points is not known, one has to use room 
temperature values which give for the relative decrease 
of volume at 1000-atmos pressure 0.55X10~ and 0.6 
10~* for nickel and iron, respectively. One obtains 
thus for the change of the Curie temperature of nickel 
the value +0.57 deg and the value — 13.3 deg for iron 
as compared with the observed +-0.35+0.03 and 0+0.2, 
respectively. The comparison for nickel, in view of the 
many assumptions and extrapolations, is fair whereas 
for iron it appears to be off by two orders of magnitude. 
It should be observed, however, that the above calcu- 
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lation actually gives the pressure effect for a density 
corresponding to about room temperature and not for 
the density at the Curie temperature. For nickel the 
variation of N with temperature and with volume is 
very small, and thus an extrapolation to the rather low 
Curie temperature is good. For iron, N changes with 
temperature and with volume one to two order of 
magnitude faster than for nickel, and the extrapolation 
to the rather high Curie temperature is naturally quite 
poor. This can also be seen from the rapid decrease of 
N~™0N/dw with increasing temperature which indicates 
a pressure effect which decreases rapidly with decreasing 
density in spite of a certain parallel increase of com- 
pressibility. Actually the absence of a measurable effect 
for iron is in agreement with a reasonable extrapola- 
tion of the low temperature values as obtained by means 
of formula (1). 

Another way to compare the theory with experiment 
is to calculate explicitly the Curie temperatures using 
the formula 


i+H10N 
0= jl (jgus), (2) 
3g kh 


and substituting the values for J; and N from Tables I 
and II in reference 2. This procedure has the advantage 
that it avoids to a certain extent the difficulties of the 
previous calculation, but, on the other hand, it has the 
obvious drawback that the uncertainty of the absolute 
values of Jo and N is much greater than the rather 
small uncertainty of their volume dependence used in 
Eq. (1). For nickel one obtains the values (at constant 
volume) 6,= 668.6 and 667.6°K for the 0°C and 20°C 
densities as compared with the constant pressure value 
6,=631°K. The total thermal expansion of nickel from 
0 or 20°C up to the Curie temperature is about 28 times 
larger than the change of volume under 1000 atmos, 
and thus one gets an increase of the Curie temperature 
by 1.3°C which is reasonably close to that predicted 


393 


by Eq. (1). For iron, a similar procedure gives a range 
of 6, from 980°K to 1060°K for densities characteristic 
of 20°C to 100°C as compared with the constant pres- 
sure value 6,= 1047°K. The ratio of the volume change 
resulting from thermal expansion up to the Curie tem- 
perature to the volume change resulting from pressure 
is about 55. This gives for the change of the Curie 
point values ranging from —1.2°C to +0.24°C. The 
reversal of the sign of the effect indicates clearly that, 
as expected, the absolute vaiues of 7) and N for iron 
are not accurate enough for the purpose of comparison 
with Patrick’s data and that an agreement with experi- 
ment on this basis would be fortuitous. 

It appears thus that for nickel the agreement between 
theory and experiment is within the limits of the validity 
of the theoretical assumptions. It should be pointed out 
that this agreement is obtained for j=1 whereas the 
alternative assumption 7=4 would lead to a wrong 
sign and an effect fifteen times too big. As is well known, 
this model of coupled spins applies well to saturation 
magnetization of nickel near room temperature and to 
the paramagnetic region.‘ For iron a quantitative com- 
parison encounters serious difficulties although, qualita- 
tively, the theory is in accord with the smallness of the 
observed effect. In this case there is only a slight 
preference for the assumption j= 1. Although this very 
simple model of isolated elementary magnets applies so 
surprisingly well to pure metals, its validity for alloys 
is questionable. These would require a more advanced 
theory based either on the Slater approach® or on other 
treatments in which a more detailed picture of the 
electronic configurations and interactions is used. New 
data on the volume magnetostriction, admittedly diffi- 
cult to measure, at various temperatures would be of 
great value for the theory. 

*R. Becker and W. Déring, Ferromagnetismus (J. Springer, 
Berlin, 1939), 


8 jc. Slater, Phys. Rev. 36, 57 (1930); 49, 537 (1936); 58, 54 
(1940). 
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Paramagnetic Resonance Absorption of Carbazyl and Hydrazyl* 


C. Kixucut,t Brookhaven National Laboratory, Upton, New York and Michigan State College, East Lansing, Michigan 


AND 


V. W. Conen, Brookhaven National Laboratory, Upton, New York 
(Received October 9, 1953) 


The paramagnetic resonance spectra of single crystals of carbazy! and hydrazyl show distinct anisotropies, 
which appear to be associated with the microscopic magnetic susceptibility within the molecule in the 
vicinity of the unpaired electron. This leads to an asymmetry in the absorption line of a polycrystalline 
specimen. The hyperfine structures of the two radicals in a benzene solution show that in carbazyl the 
two N atoms are nonequivalent in that the odd electron spends approximately twice as long in the vicinity 


of one, compared to the other. 


INCE the discovery of the phenomena of paramag- 

netic absorption of free radicals in 1949,' these 
compounds have attracted considerable interest for two 
principal reasons. In the first place, they offer a means 
of making precision magnetic field measurements in 
regions in which nuclear resonance methods cannot be 
used conveniently; in the second place, they offer a 
means of exploring certain aspects of electromagnetic 
interactions in atoms, ions, and molecules, that cannot 
be determined adequately by cther methods. In the 
present report we shall be concerned only with the 
latter aspect. A preliminary report of our investigations 
on the absorption properties of two closely related 
free radicals, a, a-diphenyl-8-picryl hydrazyl and picryl- 
n-amino carbazyl was given earlier.? In the present 
paper, a more detailed report of our results will be 
presented in order to see in what ways molecular 
structure affects the absorption properties of free 
radicals. 


I. THEORY 


The reason for the absorption. of microwaves by free 
radicals arises from the fact that these compounds 
possess unpaired electrons. These electrons are essen- 
tially microscopic magnetic probes, with which the 
magnetic field inside of molecules can be explored. 
When a molecule of a free radical is placed in a steady 
magnetic field, its unpaired electron may assume either 
parallel or antiparallel orientations with respect to the 
applied magnetic field. If, for the moment, the internal 
magnetic field is neglected, the energies associated with 
the parallel and antiparallel orientations are + 48H 
and —4¢8H, respectively, where 8 is the Bohr magneton 
and H the applied magnetic field. If now an oscillating 
magnetic field is applied at right angles to the steady 
field, a large number of electrons will undergo spin re- 


*Work performed at Brookhaven National Laboratory under 
the auspices of the U. S. Atomic Energy Commission. 


t Present address—Naval Research Laboratory, Washing- 
ton, D. C. 

! Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1949). 
C. H. Townes and J. Turkevich, Phys. Rev. 77, 148 (1949). 


? Cohen, Kikuchi, and Turkevich, Phys. Rev. 85, 379 (1952). 


orientation. The condition for this is given by 
hv=AE=E,—E_, 
where £, are the eigenvalues of the operator 


K= g8S-H, (1’) 
v the frequency of the oscillating field, and AE the 
separation of the two magnetic states. The spectroscopic 
splitting factor. or the g factor, is then defined by 


g=hv/BH. (2) 


For free electrons, this value is known to be 2.0023. For 
electrons in molecules, however, there may be a small 
but measurable deviation from the free electron g value. 

In molecules, however, the internal magnetic field is 
not necessarily zero. It is customary, however, to define 
the g value as given by Eq. (2). Since the deviation of 
the g value from that of the free electron may be 
ascribed to internal magnetic fields, the deviation may 
be taken as a measure of the internal magnetic field, i.e., 


g=getAg, (3) 


where g, is the free electron g value. The quantity Ag 
may depend upon a number of different factors, such 
as the nuclear and molecular magnetic fields, the crystal 
orientation, and even the applied magnetic field. To 
take these various possibilities into account we shall 
rewrite the resonance condition, given by Eq. (1’), in 
the form 


where S and H are the electron spin operator and the 
applied magnetic field respectively, and g the so-called 
g tensor of rank two. This tensor may be related to the 
microscopic susceptibility x by the relation 


KH’ = g.8S- (1+4rx)-H. (4’) 


II. EXPERIMENTAL PROCEDURE 
The free radical specimen to be investigated is placed 
in a cylindrical transmission cavity as shown in Fig. 1. 
This is 17 mm in length and in diameter, operating in 
the TE, mode. In this mode, the electric and the 
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transverse magnetic fields vanish along the axis, while 
the longitudinal magnetic field, which causes the elec- 
tron to flip over, is a maximum at the center and falls 
off sinusoidally toward the top and bottom of the 
cavity. The sample under study is mounted upon a 
quartz rod which extends axially into the center of the 
cavity. According to this arrangement, it is possible to 
rotate the sample about an axis along the cylinder axis. 
The cavity is placed between the poles of the magnet, 
in such a way that the oscillating magnetic field vector 
is at right angles to the steady field. With this arrange- 
ment, the steady field produces a splitting of the 
electron energy levels and the oscillating field causes 
the electron to make transitions from one magnetic 
substate to another. These transitions will occur, if the 
resonance condition is satisfied. Such transitions are 
accompanied by an absorption of energy of hy by the 
electron, which in turn results in the attenuation of the 
transmitted microwave power. 

A block diagram of the experimental arrangement is 
shown in Fig. 2. Microwave power is furnished by 
2K33A klystron. The detector crystal A is used with a 
wave meter to measure frequency. The cavity is coupled 
to the wave guide at each side with iris holes. The 
output crystal signal is fed either directly to ar oscillo- 
scope or through an intermediate vacuum tube volt- 
meter used as an audio-amplifier. The “Q” of the cavity 
is about 10 000. 

The magnet is powered by dc using a constant voltage 
transformer, a “‘Variac,” a full-wave selenium rectifier, 
an L-C filter, and a variable rheostat. For occasional 
use, where high stability is required, a high-capacity 
130-volt storage battery is floated across the filtered dc. 

The klystron frequency of approximately 23 050 
Mc/sec was kept as constant as possible with manual 
stabilization. The magnetic field was modulated with 
60-cps ac adjustable up to 80 gauss. The oscilloscope 
sweep was synchronized to the same 60-cps line. The 
oscilloscope then displayed the microwave absorption 
as a function of field over the range of the field modu- 
lation. 

It should be pointed out that despite the simplicity 
of the electronic system and absence of a specially de- 
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Fic. 1. Cavity and crystal orientations. The specimen being 
investigated is placed at the center of the cavity. To rotate the 
crystal about the three mutually perpendicular axes, A, B, and C, 
the crystal was mounted on the quartz rod as shown in the inset. 
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Fic, 2. Schematic arrangement of the apparatus. 


signed low-noise amplifier, a good signal was displayed 
from a sample of approximately 10~* mole of carbazyl. 


III. CRYSTALLINE ANISOTROPY (OF 
PICRYL-N-AMINO CARBAZYL' 


The absorption of a polycrystalline sample of this 
free radical is a line about 7 gauss broad showing marked 
structure, in which the components shift rapidly as the 
sample is rotated. The absorption spectrum of a single 
crystal, however, is a single narrow line whose width is 
about half a gauss but whose position depends upon the 
crystal orientation. When a polycrystalline sample of 
hydrazyl is simultaneously mounted on the quartz rod, 
the carbazyl pip is observed to move from one edge of 
the hydrazyl line to the other as the quartz rod is 
rotated. Furthermore, for a certain orientation, the 
absorption pip of carbazyl is stationary. For this 
orientation, the carbazyl pip coincided with the center 
of the polycrystalline hydrazyl pip. Consequently, for 
our investigations, the stationary carbazyl g value was 
taken as 2.0036. All measurements were made relative 
to this value. 

When examined under the microscope, the carbazy] 
crystal is seen to be triclinic, with a broad face and a 
long edge. A typical specimen had the dimensions 
0.2 mmX0.2 mmX0.1 mm.’ An axis normal to the 
broad face was designated as the A axis, the one parallel 
to the long edge, the B axis, and the one perpendicular 
to both A and B, the C axis. To rotate the crystal about 
these mutually perpendicular axes, the crystal was 
mounted on the quartz rod with a spot of stopcock 
grease as shown in Fig. 1. For example, to rotate about 
the A axis, the broad face of the crystal was placed 
against the end of the rod. Furthermore, in order to 
facilitate relative measurements, a second crystal was 
mounted on the quartz rod. This was oriented so that 
its pip did not move as the quartz rod rotated. All 
operations involving the selecting, mounting, and ori- 
enting of the crystals were carried out under a binocular 
stereomicroscope. 


* Synthesized by J. Turkevich, Department of Chemistry, 
Princeton University, Princeton, New Jersey. 
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3.4 
SHIFT IN FIELD — GAUSS 
Fic. 3. The pips indicate the extreme positions of the carbazy] 


absorption line when the crystal is rotated about the A, B, 
and C axes, respectively. 


When the crystal is rotated about A, the absorption 
pip is observed to move from one side to the other of 
the stationary pip, the extreme positions corresponding 
to —4.2 and 1.8 gauss, respectively. For orientation B, 
on the other hand, the absorption pip remains on one 
side, and for orientation C, on the other side of the 
stationary pip. These results are given schematically in 
Fig. 3. The behavior of the absorption pip with respect 
to the stationary one is illustrated by the oscilloscope 
traces given in Fig. 4. In Fig. 5, the dependence of the 
resonance pip upon the angle of orientation is given. 
It is observed that the resonance pip follows the cos* 
law, as is to be expected for a tensor of rank 2. 


IV. CRYSTALLINE ANISOTROPY IN a, a 
DIPHENYL-(-PICRYL HYDRAZYL‘ 


The crystalline effects observed in carbazyl prompted 
us to look for similar effects in hydrazyl. An examination 


Fic. 4. Paramagnetic resonance absorption of carbazy] 
and hydrazyl. 


‘Presented to us by S. Liebson and M. Garstens, Naval Re- 
search Laboratory, Washington, D. C, 





an On ® ©@ 8 
+ —y 


: 
a 
T 











© 20 40 60 80 100 120 140 160 0 200 220 240 260 280 300320 340 360 
Fic. 5. Angular dependence of absorption pip when a carbazy] 


crystal is rotated about the A axis. The solid line is the plot of 
5 (3 cos’*®—1). 


of the line shape of hydrazyl revealed that it is asym- 
metric, as is the case for polycrystalline carbazyl. Sub- 
sequently, our efforts were directed towards growing 
crystals of hydrazyl of the appropriate size. This was 
achieved by dissolving hydrazy] in carbon disulfide or 
carbon tetrachloride and permitting the solvent to 
evaporate slowly. It was possisle in this manner to 


’ grow crystals a few millimeters in length and a few 


tenths of a millimeter in width. Microscopic examina- 
tion of these crystals revealed that the external crystal 
symmetry is similar to that of carbazyl. 

The investigation of the crystalline effect was carried 
out in a manner discussed above. However, because of 
the greater line width, amounting to about 1.5 gauss, 
it was necessary to use a somewhat larger crystalline 
sample. Typical behavior of the absorption pip as the 
crystal is rotated is shown in Fig. 6. Figure 7 shows the 
angular dependence of the g value for the hydrazyl. 
The total angular variation of the g value is smaller 


Fic. 6. The oscilloscope traces, taken at 30° intervals show the 
effect of rotating a hydrazyl crystal about the B axis. 
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than for carbazyl, amounting to 3.6 gauss for orienta- 
tion A, as compared with the value 6 gauss for carbazyl. 


V. HYPERFINE STRUCTURES OF CARBAZYL* 
AND HYDRAZYL 


The hyperfine structure absorption spectra for both 
hydrazyl and carbazyl, dissolved in benzene, are pre- 
sented in Fig. 8. In order to obtain these results, the 
signal from the rectifying crystal was amplified by a 
Ballantine ac voltmeter and then fed into the oscillo- 
scope. For hydrazyl, a 1/320 molar solution was pre- 
pared by dissolving a known weight of hydrazyl into a 
known volume of benzene. This solution was placed in a 
small quartz tube and inserted axially into the cavity. 
The volume of the solution was about 0.050 cc and the 
total amount of hydrazyl was estimated at 10~’ mole. 
When the hydrazyl concentration was further reduced 
by dilution, the intensities of the hyperfine components 
were reduced but there was no observable change in the 
structure. Similar investigations were carried out for 
carbazyl. However, because of the limited supply of 
this compound, its concentratien was estimated visually 
by comparison with known hydrazyl solutions. 
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Fic. 7. Angular dependence of hydrazyl absorption pip when a 
crystal is rotated about the A axis. The solid line is the plot of 
2.8 (3 cos*#@—1). 


The striking difference in the structures of the two 
spectra can be readily accounted for in terms of the 
times that the electron spends on the two nitrogens. 
As has been pointed out by Hutchison et al.,* the struc- 
ture for the hydrazyl spectrum is explained by assuming 
that the unpaired electron spends nearly equal times at 
the two nitrogens. In carbazyl, on the other hand, the 
electron appears to spend about twice as much time on 
one nitrogen as compared to the other. In both cases 
the I,-I, interaction is negligible. 

The magnetic interaction term giving rise to the 
hyperfine structure is of the form 


K= g6S-H+a,],- $+ al,- S, 


where I, and I, are the nuclear spin operators of the 
two nitrogens, and a; and a2 depend upon the square 
of the s-state wave function of the electron at the 
position of the two nuclei. In general, for arbitrary 
values of a; and dz, the spectrum should consist of 9 


5H. S. Jarrett has also investigated the hfs of carbazyl. See 
J. Chem. Phys. 21, 761 (1953). 
( * Hutchison, Pastor, and Kowalsky, J. Chem. Phys. 20, 534 
1952). 
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Fic. 8. The hyperfine structure absorption spectra of (a) hy- 
drazyl and (b) carbazyl. The separation of the two main peaks in 
carbazyl is about 5/4 of the component separation in hydrazyl. 


components. This can be seen readily by taking a 
vertical section of the plot given in Fig. 9. The abscissa 
a:/a, is a measure of the nonequivalence of the two 
nitrogens. However, for the particular value of a;/a,;= 1 
some of the components will coalesce, giving a spectrum 
of 5 lines with relative intensities, 1:2:3:2:1. Also, for 
a2/a,= 2, the spectrum should consist of 7 components 
with the relative intensities 1:1:2:1:2:1:1. The calcu- 
lated spectral contours for the cases a:/a¢,;=1 and 
a,/a_= 2 are given in Figs. 10 and 11, respectively. For 
the case of hydrazy] the ratio of the line half-width to 
the component separation was adjusted to give a plot 
as nearly resembling the experimental spectrum as 
possible. From a comparison of the two spectra, the 
peak-to-peak separation of hydrazyl to that of carbazyl 
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Fic. 9. The relative hyperfine structure separations to be 
expected for various degrees of nonequivalence of the two 
nitrogens. 
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Fic. 10. The line shape expected for a2/a,=1. The vertical 
lines indicate the position of the hyperfine structure components. 
The line width and spacing scale factor were adjusted to give a 
contour resembling the ijcueayl spectrum. 


was found to be 4:5. From these results, and further 
assuming that a2/a;=2, the plot given in Fig. 11 is 
obtained. 

As will become clearer in the discussion to follow, 
the resonant structures of the free radicals appear to 
play a prominent role in determining the absorption 
properties of thse compounds. The structural formulas 
for hydrazyl and carbazyl are given in Fig. 12. The 
main difference between these two is the additional bond 
connecting the phenyl groups in the case of carbazyl. 
This has the effect of increasing the number of resonance 
structures. Thus, it is reasonable to suppose that the 
unpaired electron spends more time on the nitrogen 
adjacent to the amino group. A way to test this would 
be to synthesize carbazyl with another isotope of 
nitrogen, N'®, in a known position. 


VI. DISCUSSION 


As we have indicated earlier, a conspicuous feature of 
the absorption lines is its asymmetry. This asymmetry 
can be readily accounted for by the crystalline ani- 
sotropy as discussed previously. If one assumes that 
the absorption line observed is a statistical summation 
of many lines because of randomly oriented crystallites, 
one obtains curves shown in Figs. 13 and 14 for hydrazyl 
and carbazyl, respectively. The dotted curves give the 
profiles to be expected if the crystallite line width is 
zero, and the solid curves give the profiles expected if 
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Fic. 11. The spectral contour for a2:/a,;=2. The component 
separation is taken to be § that of hydrazyl. The component line 
widths are the same. 
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the line widths are assumed to be 1.5 and 0.5 gauss for 
hydrazyl and carbazyl, respectively. It is difficult to 
compare these results with experimental curves because 
the specimens that were used were not large enough to 
average statistically over all crystallites. In the speci- 
mens that were investigated, the absorption lines 
showed irregularities, which changed when the sample 
was rotated. Figure 15 shows the profile of Wurster’s 
blue. It is seen that this spectrum is also slightly 
asymmetric. The small pip appearing on the shoulder 
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Fic. 12. Structural formulas of (a) a, a-diphenyl-8-picryl hydrazyl 
and (b) picryl-n-amino carbazyl. 


and in the wing is caused by a senall crystal of carbazyl. 
From the motion of the carbazyl pip, we infer that the 
anisotropy of Wurster’s blue is comparable to that of 
carbazyl but that the crystallite line width is appreci- 
ably larger. It is to be noted that the molecule of 
Wurster’s blue contains a single benzene ring. 





INTENSITY IN ARBITRARY UNITS 





‘ 

' 
' 
' 
' 
‘ 
2 


FIELD INCREMENT IN GAUSS 


Fic. 13. Calculated line shape for polycrystalline hydrazyl. 
The dotted curve gives the expected line shape, if the crystallite 
line width were zero. The solid curve is obtained by assuming 
Gaussian shaped crystallite line of 1.5-gauss half-width. 


These results lead one to suspect that perhaps the 
crystalline anisotropy is somehow attributable to the 
benzene ring. It seems reasonable, then, to suppose that 
the crystalline anisotropy is the result of the anisotropic 
microscopic susceptibility of the benzene ring. It was, 
therefore, anticipated that the anisotropies would be 
field-dependent. Measurements’ carried out at a fre- 


7 These measurements were carried out in cooperation with 
G. Fraenkel and J. M. Hirshon of the Department of Chemistry, 
Columbia University, New York, New York. 
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quency of 9400 Mc/sec, showed the maximum ani- 
sotropy of carbazyl to be 2.4 gauss. The computed 
value, assuming a strict proportionality of the ani- 
sotropies to the applied magnetic field, is 9.4/23= 2.45 
gauss. A similar result has been observed for hydrazyl 
giving a maximum anisotropy in the X band of about 
1 gauss. 


It has been noted that the difference in the number 


of resonance structures of hydrazyl and carbazyl may 
have a profound effect upon their hyperfine structure. 
It is also possible that resonance structures affect the 
absorption line widths. The line width of carbazyl is 
considerably narrower than that of hydrazyl. According 
to Pauling, the stability of the free radicals is attributed 
to the large number of possible sites within the molecule 
for the unpaired electron. Thus, it is possible to think 
of the electron as ‘hopping’ at random from one 
molecular site to another. This would give rise to a 
motional narrowing of the line width, analogous to the 





—e_e § 


o wN 
—y 





> 


INTENSITY IN ARBITRARY UNITS 
wu a ‘ i 
SS 


| 
2} 

L 
Le 


FIELD INCREMENT IN GAUSS 


Fic. 14. The line shape of polycrystalline carbazyl. The half-width 
of the crystallite line is taken as 0.5 gauss. 


narrowing of the proton resonance lines in liquids. 

Adapting the theory by Bloembergen, Pound, and 

Purcell,® there results for the order of magnitude of the 

line width® 

B(AH)aiy? 

(3 ee 
h 


Tex; 


8 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
°P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 
269 (1953). 
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Fic. 15. The absorption spectrum of polycrystalline Wurster’s 
blue shows a slight asymmetry. The sharp pips appearing on the 
shoulder and in the wirg are due to czrbazyl. 


where the quantity (AH)qi, is the dipolar line width in 
the absence of any exchange effects and 7.x the time 
associated with exchange effects. A reasonable value for 
(AH)aip is about 1000 gauss. Since the 2p electron 
orbitals are involved in the resonance exchange effects, 
a reasonable value for t,x is 10~* sec. These values give 
a line width of the order of 0.1 gauss. The increase in 
the line width near liquid helium temperatures seems to 
support this exchange-motional narrowing hypothesis.” 
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stimulating discussions with Dr. M. Wolfsberg of Brook- 
haven National Laboratory, Professor J. Turkevich of 
Princeton University, Professor P. Weiss of Rutgers 
University, and Professor C. A. Hutchison of the Uni- 
versity of Chicago during the progress of this investi- 
gation. Also we wish to thank Dr. S. Liebson and Dr. M. 
Garstens of Naval Research Laboratory for gift of 
hydrazyl, and also Professor G. Fraenkel and Mr. J. M. 
Hirshon of Columbia University for carrying out for us 
the measurements in the 9000-Mc/sec region. 
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The stopping power per electron for charged relativistic particles is known to be a function of the electron 
density of the matter traversed. As the latter is a periodic property of the elements, the stopping power 
should also be periodic. A calculation shows the energy loss to have maxima at the alkali metals and minima 
between them. It is suggested that this effect partly caused the periodicity found long ago by Crowther in 
in the absorption of Pa™ beta rays. Differences in stopping power for chemical isomers and element modi- 


fications are also discussed. 





HE energy loss due to ionization and excitation 
during the passage of charged particles through 
matter is subject to a reduction at relativistic velocities 
because of the importance of distant encounters and 
the polarization of the intervening material. When this 
“density effect” has reached its full efficiency, the mean 
excitation potential in the Bethe-Bloch formula disap- 
pears. Then the energy loss formula takes the following 
form,} 


1dE 2reZ mc {mc \* 1 
{EEC tab 

ndx mc e\hi Ts xn(i—p*) 
after rearrangement to give the energy loss per elec- 
tron/cm’*. The formula applies to “heavy” particles, 
€.g., protons and mesons, and should be somewhat 
modified for electrons. 

As the electronic density m in (1) is a periodic function 
of the atomic number of the elements, the energy loss 
should also show periodicity at fixed velocity if (1) 
holds, (although this periodicity would be less pro- 
nounced than the atomic;volume, for instance). Figure 1 
shows the result of a calculation for the case of 
(1—6*)~+= 196.5, which corresponds to 184 Gev for 
protons,’ 29 Gev for x mesons, 21 Gev for 4 mesons, and 
100 Mev for electrons. The densities have been taken 
for ordinary temperature except for those elements 
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Fic. 1, Energy loss according to formula (1) as a function of 


atomic number. Note the peaks at 1K, s;Rb, and ssCs and the 
intervening minima. 


* Read before the Thirteenth International Congress of Pure 
and Applied Chemistry, Stockholm, August 1, 1953. 
1H. Bethe and J. Ashkin, in Experimental Nuclear Physics 


edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, p. 225. 
*1 Gev (giga electron volt) = 10° ev. 
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existing as gases at this temperature, where the liquid 
density was taken. 

It is seen that the elements form a series of concave 
sections, each section containing one period and the 
maximum points corresponding to the alkali metals. 
The two first periods are less pronounced than the 
fourth and fifth because of individual deviations. There 
seem to be no published measurements suitable for 
comparison, but it is interesting to note that the picture 
is very similar to the results of Crowther,’ who measured 
the mass absorption coefficient for Pa™ beta rays 
(2.3-Mev maximum energy). This property is very 
difficult to interpret theoretically, but it should contain 
the trends of the energy loss of the electrons.‘ Discussing 
the periodic behavior, Bothe suggested‘ that it might 
be due to a periodicity in the characteristic frequencies 
in the Bohr stopping theory, but no closer analysis was 
given. Calculations, approximating the excitation poten- 
tials of the various shells with the ionization potentials, 
have shown such an effect to be very small, the perio- 
dicity due to the outer electrons being masked by the 
inner ones. Even if the approximation used is somewhat 
in error, the density effect seems to be much larger even 
in this low-energy region. The observed deviations from 
a simple function of Z is, however, three or more times 
larger than the theoretical ; therefore, it cannot yet be 
concluded that the periodic behavior observed by 
Crowther is due to the density effect only (despite the 
similarity in shape). The best procedure would be to 
measure the energy loss directly. Such studies are in 
progress here using 5-Mev electrons, where the energy 
loss due to radiation is not too large. 

In addition to carbon, studied by Paul and Reich,® 
other element modifications should afford good oppor- 
tunities of studying the density effect, e.g., arsenic 
whose yellow modification is expected to be 4 percent 
more effective in stopping than the gray one. Chemical 
isomers, e.g., organic compounds like diethylether and 
buthanol, should also differ. Melting processes should 
also be studied. 


3J. A. Crowther, Phi). Mag. 12, 379 (1906). 

‘W. Bothe, Handbuch der Physik (Springer Verlag, Berlin, 
1933), Vol. 22, Part 2. 

§ W. Paul and H. Reich, Z. Physik 127, 429 (1950). 
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The K fluorescence yields (wx) of eight elements: zirconium, niobium, molybdenum, rhodium, pal- 
ladium, silver, cadmium, and tin were measured by a new x-ray method involving the use of a Nal — Tl 
scintillation counter. This counter made it possible to detect the fluorescent x-rays radiated over an effective 
solid angle of 2 steradians. The values of wx are Zr—0.645; Nb—0.713; Mo—0.714; Rh—0.779; Pd—0.782; 
Ag—0.814; Cd—0.819, and Sn—0.840, all with an accuracy of +3 percent. These results confirm the 
theoretical predictions of Wentzel that wx/(1—wx) is a function of Z*, and they are in close agreement with 
the theoretically predicted values of Burhop and Pincherle. 





INTRODUCTION 


KNOWLEDGE of the variation of the K fluo- 

rescence yield as a function of atomic number (Z) 
is of importance in studies of internal conversion of 
y rays and of K capture. 

Broyles, Thomas, and Haynes! have recently sum- 
marized most of the measurements of the Auger transi- 
tions and described the magnetic spectrograph, which 
they used to determine the K fluorescence yield (wx) of 
Ba and Hg. Magnetic spectrographs have been used by 
several investigators’~® for the evaluation of the fluo- 
rescence yield of the elements of high atomic number 
(Z>46). These results are more accurate than those 
obtained with the older x-ray methods of Harms,® 
Compton,’ Balderson,* and others." Different ob- 
servers have found differences of 25 percent in the 
measured values of wx with elements of Z between 40 
and 50 inclusive. 

West, Meyerhof, and Hofstader'® have shown that the 
NaI—TI scintillation counter produces a voltage pulse 
proportional to the energy of the absorbed x-ray. The 
high density of the NaI crystal makes possible counters 
which are effectively 100 percent efficient for x-rays 
and sharply defines the effective region of the counter, 
thereby permitting accurate determination of the solid 
angle subtended by the counter. These features have 
made it possible to develop a method which has per- 
mitted more accurate measurement of the K fluores- 
cence yields. The K fluorescence yields of eight of 
the elements with atomic numbers between 40 and 50 


* Taken from a thesis submitted in par satisfaction of the 


requirements for the degree of Doctor of Philosophy at The Johns 
Hopkins University. 

1 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

20. Huber et al., Helv. Phys. Acta 25, 3 (1952). 

* E. Kondaiah, Phys. Rev. 83, 471 (1951). 

4H. M. Neuman and I. Perlman, Phys. Rev. 81, 958 (1951). 

* I. Bergstrom and S. Thubin, Phys. Rev. 79, 539 (1950). 

6M. Harms, Ann. Physik 82, 87 (1920). 

7A. H. Compton, Phil. Mag. 8, 961 (1929). 

8 M. Balderson, Phys. Rev. 27, 676 (1926). 

9R. J. Stephenson, Phys. Rev. 51, 637 (1937). 

1” W. Bothe, Z. Physik 37, 547 (1926). 

"J, Backhurst, Phil. Mag. 22, 737 (1936). 

12 EF. Arends, Ann. Physik 22, 281 (1935). 

3D. K. Berkey, Phys. Rev. 45, 437 (1934). 

4H. Kiistner and E. Arends, Ann. Physik 22, 443 (1935). 

16 West, Meyerhof, and Hofstader, Phys. Rev. 81, 141 (1951). 


inclusive were determined by the use of the method 
described below. 


EXPERIMENTAL PROCEDURE 


Fluorescent radiation is emitted isotropically, and 
therefore the quantity of this radiatign detected by a 
counter is strongly dependent upon the solid angle 
subtended by the counter. A counter was designed to 
detect this radiation over a solid angle of effectively 2m. 
If the primary radiation is well collimated, then by 
changing the solid angle subtended by the counter one 
can distinguish between the primary and fluorescent 
radiation. A diagram of the experimental equipment is 
shown in Fig. 1. 

The power supply for the tungsten target x-ray tube 
both regulated the current and, using the Pepinsky* 
circuit for voltage regulation, stabilized the voltage to 1 
part in 10000. This supply has been briefly described 
by Swartz and Byerly.’ Voltages of 35-40 kev and 
currents of 10 ma were used in this experiment. 

The general radiation of the x-ray tube was passed 
through two sets of collimating slits and then diffracted 
by a calcite crystal. This monochromatic radiation was 
passed through the monitor slit which served to divide 
it, allowing part of the x-ray line to reach a Geiger- 
Miiller counter (argon at 70 cm), used as a monitor, 
and the remaining part to reach the NaI—TI scintilla- 
tion counter. 

A 3-mil foil of each of the elements investigated was 
placed in the path of the beam, almost in contact with 
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Fic, 1. Experimental arrangement. 


16 R. Pepinsky and P. Jarmatz, Rev. Sci. Instr. 19, 247 (1948). 
11 G. Swartz and E. H. Byerly, Rev. Sci. Instr. 19, 273 (1948). 
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Fic. 2. Detail of Nal—TI crystal mounting. 


the surface of the NaI — TI! crystal, where it subtended a 
solid angle of effectively 27 steradians. In this position 
the counter detected both the fluorescent radiation and 
the portion of the original beam which was not absorbed 
in the foil. The same foji was then moved 35 cm away 
from the crystal and placed for convenience at the 
monitor slit. In this position the solid angle subtended 
by the counter was negligible. Since the fluorescent 
radiation is isotropic, less than 0.4 percent of it was 
detected, whereas the counter still detected the same 
quantity of the transmitted x-rays, except for the small 
effects of scattering. The difference between the readings 
obtained in the above two positions is therefore due to 
the fluorescent radiation. From the ratio of this fluo- 
rescent radiation to the intensity of the incident beam 
with no absorbers, the fluorescence yield can be ob- 
tained. 


SCINTILLATION COUNTER MOUNTING 


The mounting of the NaI—TI crystal, which permits 
the foil to be placed closer than 4 mils to the crystal is 
shown in Fig. 2. The crystal was packed with MgO. In 
order to get a very thin layer (0.3 mil) on the front face 
of the crystal, the MgO was deposited there as smoke 
from burning Mg ribbon. This layer must be thin so 
that the x-rays are not appreciably absorbed. The Al 
foil (0.3 mil) serves as a light and moisture barrier and 
gives some mechanical protection to the smoked surface. 
The stretched 2.2-mil latex rubber holds the foil close 
to the surface of the crystal and gives the mounting 
more mechanical protection.,The total thickness of all 
materials at the face of the crystal is 2.7 mils, which 
absorb less than 0.7 percent of the beam at the 
longest wavelengths (0.7284A) used in this experiment. 
With this mounting the width at half maximum of the 
32-kev line was 28 percent. 


RESULTS 


A typical pulse-height spectrum obtained with the 
foil at the crystal is shown in Fig. 3. It is the sum of 


ROOS 


two basically Gaussian distributions—the spectra of the 
fluorescent and the transmitted incident radiation. The 
pulse-height distribution obtained with the foil 35 cm 
away from the crystal is the spectrum of the trans- 
mitted portion of the incident beam. 

The two curves were subtracted graphically, and the 
broken line curve thus obtained represents the fluo- 
rescent radiation. This curve has its maximum at 
approximately the point where the K, lines would be 
expected. The curve is not quite symmetrical, being 
broader on the high-energy side. This is to be expected 
since the contribution of the Kg line would tend to add 
more to the high-energy side. 

One set of these curves was obtained for each of the 
eight elements investigated, although only the set for 
rhodium is shown here. The curves for zirconium and 
niobium showed almost complete separation of the 
peaks, while those for cadmium and tin showed rela- 
tively less separation. A pulse-height spectrum of the 
direct beam was also determined when the above curves 
were obtained. 

In Fig. 3 it is seen that the peints for higher pulse- 
height settings taken with the foil at the slit often lie 
slightly below the same points taken with the foil at the 
counter. This effect was observed on all of the eight 
sets of curves. Due to the Gaussian nature of these 
curves, the fluorescent radiation can be assumed to 
make no contribution at pulse heights of 36 to 46 volts. 
This difference can be attributed to scattering. The 
correction for this effect was made by drawing only one 
curve in the above region and then drawing the Gaus- 
sian curve for the transmitted radiation so that in the 
17- to 27-volt region it is symmetric to the single curve 
drawn at 36 to 46 volts. 

A planimeter was used to measure the difference 
between the curve for the transmitted x-rays drawn as 
mentioned above and the curve obtained for the com- 
bination of transmitted and fluorescent radiation (foil 
at crystal). The spectrum for the direct beam was 
plotted and measured and from the ratio of these two 
areas the ratio of fluorescent to incident radiation was 
determined. These ratios are given in the first line of 
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Fic. 3. Pulse height spectra obtained with 3-mil rhodium foil in 
beam of 32.9-kev x-rays 
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TaBLE I. Ratio of fluorescent to incident radiation. 








Element Zr Nb Mo Rh Pd Ag Cd Sn 


0.0633 0.0601 0.0502 0.0732 0.0853 0.1116 0.1410 
0.0633 0.0625 0.0531 0.0755 0.0877 0.1121 0.1431 
0.0625 0.0604 0.0497 0.0739 0.0858 0.1104 0.1395 





0.0574 
0.0613 
0.0573 


Graphs 
Integrated counts 
Corrected integrated counts 














The above integrations could also be obtained 
directly by setting the pulse-height analyzer so as to 
count all pulses above 8 volts. It is possible to obtain 
statistics of 1-2 percent by this means in a relatively 
short time. The ratios obtained are given in the second 
line of Table I. 

It is seen that the ratios for these integrated counts 
are all approximately 5 percent higher than those ob- 
tained with a planimeter. This is to be expected, since 
with this procedure allowance must still be made for 
scattering. 

At wavelengths longer than that of the K edge, x-rays 
do not eject K electrons, and consequently no K 
fluorescent radiation is produced. Using these lower 
energy x-rays, the difference in the measured trans- 
mission of the foil in the two positions (at crystal and 
35 cm away) will be due to the scattered x-rays. The 
ratio of these two readings gives N35/ Nerystai=exp(—pyé), 
where py, is an “effective scattering coefficient” and 
the thickness of the foil. The work of Coade'* indicates 
that over the wavelength region between the K edge of 
the elements investigated and the wavelength of the 
incident radiation, the scattering coefficient should 
roughly decrease by a factor of two for all eight ele- 
ments. If the ratio of transmitted to incident radiations 
is N;, then 

N Lexp(u,t/2)—1]=S, 


where S is the fraction of the incident beam lost by 
scattering. The value of S was determined for each 
element, and subtracted from the directly integrated 
ratios in Table I to give the corrected values shown in 
line 3. 

Since the effect of scattering is of the order of 5 
percent of the fluorescent radiation, errors of even 20 
and 40 percent in the application of this correction 
would cause errors of only 1 to 2 percent in the value 
of the fluorescence yields. Since the corrected values 
obtained by the two independent methods agree to 
within an average of 1 percent, it seems reasonable to 
conclude that the total error due to the effects of scat- 
tering is less than 2 percent. Because of their better sta- 
tistics, the integrated counts are considered more reliable 
than the data from the pulse-height spectra graphs. 

There are, in addition to the above, other sources of 
error to be considered. As was mentioned earlier, when 
the foil is 35 cm from the crystal, 0.4 percent of the 
fluorescent radiation is still detected by the counter. 

The rubber, Al foil, and MgO at the face of the 
NaI—TI crystal will absorb more of the fluorescent 


8 E. Coade, Phys. Rev. 36, 1109 (1930). 





than primary radiation. This is due to the longer wave- 
lengths of the fluorescent radiation and also to the fact 
that it has a longer average path in the mounting ma- 
terials. The primary radiation, unlike the fluorescent, is 
collimated and its path is therefore always perpendicular 
to the crystal surface. The effect of this greater absorp- 
tion is also 0.4 to 0.3 percent, and the result of the above 
two effects is to reduce the experimental value of the 
measured fluorescence radiation 0.8 percent. 

The background counting rate for pulse heights cor- 
responding to photons of 3-12 kev is observed to 
depend upon the history of the NaI—TI crystal. This 
effect was independently observed earlier at this uni- 
versity by Class." Megill and Emigh” have also ob- 
served the long-term phosphorescence of the NaI—T1 
crystal. Exposure to light can increase the background 
rate in the 6-kev region as much as’5 times, and in the 
10-kev region 2 times. This increased rate decays with 
a half-life on the order of 10 minutes. The exposure of 
the crystal to an intense beam of 30-kev x-rays can also 
raise this background level 5-10 percent. This effect, 
which perhaps can be attributed to phosphorescence, 
varies very much with different crystals. 

With the use of a crystal selected so that this phos- 
phorescence was reduced, this effect still caused the 
measured fluorescence value to be approximately 0.6 
percent too high. This error effectively cancels with the 
(0.8-percent error mentioned above. 

The important sources of error in these experimental 
ratios are either statistical in origin or due to effects of 
scattering. These errors are each less than 2 percent. 


RELATION OF EXPERIMENTAL RATIOS TO 
FLUORESCENT YIELD 


It can be shown that the number of incident x-rays 
(dI,) absorbed photoelectrically by the ejection of a K 
photoelectron from atoms in a layer dx of the foil is 
given by 
(r—1) 


dI,=1——Ne"""dx, (1) 
rT 


where 7 is the photoelectric absorption coefficient ; 4, 
the total absorption coefficient ; 7, the absorption jump 
ratio; and No, the number of photons in the direct beam. 

Because of the Auger effect only a fraction wx (the K 
fluorescence yield) of those atoms which lose a K elec- 
tron will radiate a K x-ray. These fluorescent K x-rays 
must, however, pass through the rest of the foil before 


*C. M. Class, J. Opt. Soc. Am. (to be published). 
*” L. R. Megill and C. R. Emigh, Phys. Rev. 92, 1081(A) (1953). 
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Fic, 4. Diagram showing relationship of t, 0, x, and dx to the foil 
and NaI—TI crystal. 


they are detected by the crystal and many are therefore 
reabsorbed. Furthermore, they are radiated isotropi- 
cally, and the thickness of the foil through which they 
must pass depends upon the angle @ as seen in Fig. 4. 
Therefore, the number (d/,) of K x-rays from the layer 
dx which are detected by the counter is given by 


dl wr #2 


2 9 


where / is the thickness of the foil. The difference in the 
integral between 6=90° and the actual experimental 6 
of 89° is less than 0.01 percent. 

Allowing for the difference in absorption coefficients 
of the a, a2, and B lines in the K series, and integrating 


dl; e~hilt~2) ef sinddddx, (2) 


expression (2) over all dx, the following expression is 
obtained : 


$ wxlo(r— 1) § 
Ien¥C, f dl dx=1— oC f ene 
i 0 2r i 0 


«/2 wrlo 
x f evi (t#) we? sinfdbdx= ——(r—1)}°C,T;, (3) 
0 r i 


where C; is the intensity of each line relative to the 
total intensity of the K series, and I’; is defined to be $7 
times the double integral. 
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If sec@ is set equal to v and substituted in the last 
integral in expression (3), one obtains 


«/2 © g-av 
f #1 (tz) weed sinodo= f —dy, 
0 1 v 


where a=y;(t—x). This integral is recognized as the 
Gold” integral, which has been tabulated. 

Using Gold’s values for part of the integral, it was 
relatively simple to evaluate I’; using a small electronic 
computer (IBM-604). The values of I’; obtained are 
plotted against yt in Fig. 5. The values of 7 and pit 
may vary by more than 100 percent for neighboring 
points on the curve; yet the value of I’; is seen to be 
primarily a function of ut. 

The foil thicknesses—3 mil—were chosen so that pf 
was approximately equal to 1, the optimum value for 
accurate measurement. The same part of the same foil 
was used for both the fluorescent and absorption 
measurements eliminating errors due to variations in 
thickness of the foil and small impurities. Furthermore, 
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Fic. 6. Plot of Z* vs wy/(1—ws). 











it is not necessary to measure ¢ with precision since the 
fluorescence yield depends upon yf and yt, which were 
obtained directly from the experimental measurements. 

Wavelengths corresponding to those of the Kai, Kaz, 
and Kg lines of the eight elements were isolated from 
the general radiation of tungsten by the 1.5-meter 
Bragg single crystal spectrometer. This spectrometer 
was calibrated and checked by use of the K absorption 
limits of tin, silver, cadmium, molybdenum, and zir- 
conium. 

Before evaluation of the K fluorescence yield it is also 
necessary to know the absorption jump ratio. The ex- 
perimental values obtained by different investigators 
range from 6.7” to 7.8™ in the case of silver. Despite 
this uncertainty in the value of r, the above values 
would cause only a 1.3-percent difference in the value 
of (r—1)/r. This difference is, however, of the same 
order of magnitude as the errors probably introduced 
by the scattering corrections. 


21 E, Gold, Proc. Roy. Soc. (London) A82, 62 (1908). 

LL. H. Martin and K. C. Lang, Proc. Rey. Soc. (London) 
A137, 199 (1931). 

%R. J. Spencer, Phys. Rev. 38, 1932 (1931). 
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TABLE II. Values of K fluorescence yields. 





Element Nb Mo 


Rh Pd 





Present results 0.713 
Theoretical* 

Magnetic spectrograph 

Stephanson® 

Backhurst4 

Arends® 

Berkey‘ 

Balderson® 

Compton® 





0.779 0.781 
0.75 0.78 


0.77 


0.801 0.835 





* See references 25 and 26. 
b See reference 2. 


* See reference 9. 
4 See reference 11. 


FINAL RESULTS 


Using the relative intensity of the K lines, from 
Williams,™ the weighted contribution of each’ integral 
was obtained and summed. With this value, the ratio 
of fluorescent to incident x-rays, and the value of 
(r—1)/r which was chosen to be 0.860 for all elements, 
Eq. (3) was evaluated for w,. The results are shown in 
Table [J.2:7-9 11-18 26,26 

The agreement between the scintillation counter 
results and the theoretical results of Burhop*® and 
Pincherle”® is excellent, in view of the approximations 
made in the theory. The values for silver and cadmium 
obtained with the magnetic spectrometer are little over 
one percent higher than the results from the scintillation 
counter method. Two samples of silver of different 


thicknesses were measured as a check on the consistency 
of the results. The value obtained for the K fluorescence 
yield of the first sample was 0.817 and that of the 
second was 0.810. 

Wentzel”” has predicted that wx/(1—wx) should 
vary as the fourth power of Z. The scintillation counter 


“FE, J. Williams, Proc. Roy. Soc. (London) A130, 310 (1930). 
% E. H. S. Burhop, Proc. Rey. (London) A148, 272 (1935). 
*L. Pincherle, Nuovo cimento 12, 81 (1935). 

27 G. Wentzel, Z. Physik 43, 524 (1927). 


© See reference 8. 
» See reference 7, 


* See reference 12. 
! See reference 13. 


values are seen to give a very close fit to this relationship 
for the elements studied, as seen in Fig. 6. For Z>50, 
it is quite possible that due to the effects of screening 
and relativity this relationship is no longer valid, as 
Broyles, Thomas, and Haynes! have mentioned. 

With further improvement in scintillation counter 
techniques, it will be relatively simple to extend this 
method to the measurement of the L fluorescence yields 
of elements such as lead and tungsten and to measure 
the K fluorescence yields of elements such as iron'and 
copper. By making the well-known correction for K 
escape of iodine,'’ this method also permits rapid and 
accurate measurement of the K fluorescence yields of 
elements of high atomic number. Improvement in 
resolution of the scintillation counter should make it 
possible to make more accurate corrections for scat- 
tering. 

The author wishes to express his sincere appreciation 
to Professor J. A. Bearden for his constant encourage- 
ment and helpful counsel and to Professor L. Madansky 
for his suggestion of, and his interest in, this problem. 
Professor Rasetti, Professor Madansky, and Professor 
Hanna furnished the photomultiplier tube and the 
NaI—TI crystals used in this work. Mr. W. Etchison, 
of the computation laboratory, assisted in the evaluation 
of the integrals needed in this work. 
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Energy Loss and Straggling of Electrons* 
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The energy-straggling distribution and the most probable energy loss for 15.7-Mev electrons in Cu is 
calculated. Corrections for the resonance effect, bremsstrahlung, the polarization effect, and multiple 
scattering are included. The results are in very satisfactory agreement with recent experiments. The 
discrepancy in the most probable energy loss in Au is also discussed. 





pase se very accurate experiments on the 
energy loss and straggling of 15.7-Mev electrons 
were carried out.' They show good agreement with 
theory for Al and lighter elements, but they disagree 
with theoretical expectations for Au.? No comparison of 
the Cu data with theory could be made since calcula- 
tions for this element were not available. In this note we 
want to report on such calculations. 
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Fic. 1. Energy straggling distributions of 15.7-Mev electrons 
in Cu as a function of the energy loss A. Solid curves: Landau 
distribution f,(A) and final theoretical distribution f(A), both 
normalized to unity. Dashed curves: Landau distribution f;,(A) 
with maximum coinciding with f(A) for the purpose of shape 
comparison and Blunck-Leisegang approximation f,’(4) normal- 
ized to unity. (See reference 4.) The experimental results are 
from references 1 and 8. 


* Part of this work is a summary of a thesis submitted by one 
of the authors (C.W.) to the Department of Physics, Princeton 
University, in partial fulfillment of the requirements for the 
degree of Bachelor of Arts. 

Now at the Department of Physics, Harvard University, 
Cambridge, Massachusetts. 

t Now at the Department of Physics, State University of Iowa, 
Iowa City, Iowa. 

1 Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 

*C. N. Yang and J. M. Kennedy (unpublished numerical 


work for Au). 


The basic Landau distribution for energy straggling* 
was corrected for the following effects in this order: 


(a) The resonance effect. The Williams-Landau 
theory does not take into account correctly those large 
but infrequent losses which result from ionization 
energies in the vicinity of So, the separation energy 
between soft and hard collisions. 

(b) Bremsstrahlung. The Landau curve involves 
collision loss only. 

(c) The polarization effect (density effect). 

(d) Multiple scattering. 

The first two effects will mainly broaden the distribu- 
tion but will shift its maximum only slightly. The last 
two effects will only shift the whole distribution but not 
affect its shape. 

For Cu the K-electron ionization energy [xn<So 
=(,0589 Mev. The Landau curve can be corrected, 
therefore, for the resonance effect by folding it into a 
gaussian distribution whose half-width is a certain 
average over the ionization energies of the atom.‘ The 
bremsstrahlung correction is then applied by folding 
the resultant distribution into the radiation loss 
distribution. The latter can easily be found to be of 
the form 


fp(A)dA=B exp(—BA)(BA)*4-'dA/T (xA), 


where A is the energy loss, x is the target thickness, 
and T is the gamma function. The constants A and B 
are found by approximating the cross section for 
bremsstrahlung o(A) for small A, 


a(A)dA= A exp(— BA)dA/A. 


This expression is a very good approximation in the A 
region of interest.® 

The corrections (a) and (b) shift the maximum of 
the distribution from 1.130 Mev to 1.155 Mev. The 
polarization effect has recently been calculated very 


3. J. Williams, Proc. Roy. Soc. (London) A125, 445 (1929); 
L. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 

‘0. Blunck and S. Leisegang, Z. Physik 128, 500 (1950). It 
should be pointed out here that the approximation to the Landau 
curve in terms of four gaussians is not at all as accurate (less 
than 2 percent) as claimed by these authors. The approximate 
curve, f,,'(4) is shown for comparison in Fig. 1. 

5 This approximation was first applied to electron straggling by 
W. Schultz, Z. Physik 129, 530 (1951). For further details of this 
and the other corrections and for numerical values the reader is 
referred to the B.A. thesis of one of us (C.W.) (unpublished). 
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ENERGY LOSS AND 
accurately by Sternheimer.* From his paper one finds 
for our case —0.187 Mev for this correction, yielding 
0.968 Mev for the most probable energy loss, Ap. 
Finally, a small correction for multiple scattering should 
be applied. This can be done by replacing the target 
thickness by an effective thickness’ which in this case 
increases A, by 0.9 percent or 0.009 Mev. Thus, the 
final theoretical value in Cu is 


A,=0.977 Mev. 


The theoretical straggling distribution, f(A), is 
shown in Fig. 1 together with the uncorrected Landau 
curve f,(A4) (both normalized to unity). For the 
purpose of comparing the shapes of these two distribu- 
tions, f(A) is also plotted in a reduced vertical scale 
and a shifted energy scale so that its maximum coincides 


®R. M. Sternheimer, Phys. Rev. 88, 851 (1952), and 91, 256 
(1953). 
"C. N. Yang, Phys. Rev. 84, 599 (1951). 
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with the maximum of f(A). The experimental points 
with errors of +0.015 Mev in energy and +5 percent 
in counting rate are also shown.® Both the shape and 
the most probable energy loss are seen to be in very 
satisfactory agreement. 

If we use for Au the polarization correction of Stern- 
heimer® (—0.134 Mev) instead of the approximate Fermi 
value (—0.055 Mev), we find A,=0.966 Mev compared 
with an experimental value of 0.902 Mev. The reduction 
of the discrepancy from 0.143 Mev to 0.064 Mev is 
appreciable but not sufficient. However, the good 
agreement for all the other elements including Cu 
suggests that further experiments and a careful check 
of the calculations will yield agreement also for Au. 

We are grateful to Dr. Yang for letting us see the 
unpublished calculations on Au by him and Dr. 
Kennedy and for two profitable discussions. 


®We are grateful to Dr. Hanson for communicating these 
results to us. 
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One-to-Two Millimeter Wave Spectroscopy. IV. Experimental Methods 
and Results for OCS, CH;F, and H,Ot 


Wituiam C. Kinc* anp WALTER Gorpy 
Department of Physics, Duke University, Durham, North Carolina 


(Received September 17, 1953) 


Design details are given of the harmonic generator and detector which made possible precision spectroscopy 
in the one-to-two mm wave region. The signal-to-noise ratio obtained on OCS rotational lines is 7 to 1 at 
1.0-mm wavelength; 30 to 1 at 1.1 mm; and better than 100 to 1 at 1.4 mm and above. A useful tuning and 
measuring technique is made possible by the ability of the new system to detect several klystron harmonics 
at once and, hence, spectral lines in several different regions at the same time. The applications of the 
methods in the measurement of centrifugal distortion of molecules is illustrated with OCS, for 
which D;=1.3102:0.010 kc/sec is obtained, and with CH,F, for which D,;=57.8+1.0 kc/sec and 
Djx =445+4 kc/sec are obtained. A new water-vapor line, the 22 9—3;,s rotational line, has been measured 


at 183 311.30+0.30 Mc/sec. 


INTRODUCTION 


HE present paper is the fourth in a series reporting 

measurements of spectral lines in the one-to-two 
mm wave region. The experimental methods which made 
possible high-resolution spectroscopy in this essentially 
uncharted region of the electromagnetic spectrum will 
be described here in some detail. These methods were 
described earlier by one of us (W.G.) at the North 
Carolina Meeting of the American Physical Society 
(March, 1953) and briefly in the first paper of this 
series.' 


t This research was supported by the United States Air Force 
under a contract monitored by the Office of Scientific Research, 
Air Research and Development Command. It is part of a thesis 
submitted by W. C. King in partial fulfillment of the requirements 
for the Ph.D. degree at Duke University. 

* Present address: Radiation Laboratory, The Johns Hopkins 
University, Baltimore, Maryland. 

1W. C. King and W. Gordy, Phys. Rev. 90, 319 (1953). 


EXPERIMENTAL METHODS 
Harmonic Generator and Detector 


The instrument and techniques developed earlier 
in this laboratory? extended high-resolution spectros- 
copy down to approximately 2 mm. Like the earlier 
methods, the present ones employ crystal harmonic 
generators driven by klystrons as the source of energy 
and crystal rectifiers for detection. The improvement 
in performance results principally from the changes in 
details of design of these components. The limit of 
applicability of the earlier harmonic generators and 
detectors which employed commercial, coaxially 
mounted crystals was found to be near 2-mm wave- 
length. Some improvement in the multiplier design 


? Smith, Gordy, Simmons, and Smith, Phys. Rev. 75, 260 (1949) ; 
Gilliam, Johnson, and Gordy, Phys. Rev. 78, 140 (1950). 
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Fic. 1. Cross-section details of multiplier and 
detector (see also Fig. 2). 


was made by Johnson,’ who cut windows in the coaxial 
crystal cartridge of the harmonic generator so that the 
harmonic energy could be radiated directly down the 
mm waveguide. He also improved the mm wave detector 
by removing the crystal from its coaxial cartridge and 
mounting it in one face of the waveguide. With these 
improvements he was able to detect energy from kly- 
stron harmonics at wavelengths as short as 1.8 mm but 
measured no spectral lines below 2-mm wavelength. 
Simmons‘ reported making an improvement in the 
crystal multiplier by similarly mounting the crystal 
directly in the smaller waveguide. The Columbia 
group’ were able by similar methods to measure 
spectral frequencies as high as 88 kMc/sec (3.4-mm 


wavelength). 


* Johnson, Slager, and King, Rev. Sci. Instr. (to be published). 
Also given by C. M. Johnson at the third conference on Ultra- 
High Frequencies, held in Washington, D. C., February 1953 
(unpublished). : 

‘ R orted orally by J. W. Simmons at the conference on Micro- 
wave fipecteencepy held by the New York Academy of Sciences 


(November 9-10, 1951). 
* Nethercot, Klein, and Townes, Phys. Rev. 86, 798 (1952). 


While some improvement in performance in the 
previously worked two-to-three mm region was ap- 
parently obtained by use of waveguide mounts of 
silicon crystals, efforts to extend their range to shorter 
wavelengths were unsuccessful. It occurred to us that 
one cause of this failure might be the large size of the 
crystal and pick-up probe which were being employed. 
Consequently, we removed a 1N26 silicon crystal from 
its mount, fractured it into a number of pieces, and 
selected and repolished a piece which was small as 
compared with the wavelength which we hoped to 
detect. We constructed a small pick-up probe by 
simply extending a 2-mil tungsten cat-whisker directly 
across the smaller guide. It was then possible to mount 
these small elements into the mm waveguide through 
holes which were small as compared with the size of 
the guide. Thus, no drastic cutting of the guide was 
necessary. With the first multiplier and detector units 
made in this way, spectral lines were immediately 
detected near one mm wavelength. 

We now cut and shape the crystal chips with a small 
diamond wheel and if necessary polish the face of the 
chip to flatness with optical rouge. The back side of the 
silicon slab is sputtered or plated with nickel to make 
it easier to solder it to the conducting post.® 

Cross-section details of the detector and multiplier 
are given in Figs. 1 and 2. Photographs of the com- 
ponents are shown in Fig. 3. The loop or bend necessary 
to give flexibility to the cat-whisker is placed just 
outside the smaller guide so that it also gives some 
choking action to decrease the loss of harmonic energy. 
However, in line with previous experience gained in 
this laboratory, we have avoided the use of ordinary 
chokes in order to make the system broad banded. 

In both the multiplier and detector a differential 
screw mechanism is used so that a critical adjustment 
of the pressure of the whisker upon the face of the 
crystal can be made (see Figs. 1-3), The effective pitch 
of the differential screw is 364 turns per in. The cone 
into which the screw mechanism fits must be accurately 
machined and lapped so that the crystal will pass 
through the small hole without striking the wall of the 
guide. To avoid breaking the crystal, one will find it a 
good practice to adjust the screw so that the crystal 
will be outside the wall of the guide before he inserts 
the assembly into the cone. He then advances the crystal 
through the hole until it makes contact with the whisker. 
For the multiplier, the instant of contact can be judged 
by the sudden change in the output power of the 
klystron caused by the change in impedance resulting 
from the contact. Usually the first contact is the best, 
although an improvement can sometimes be made by a 
slight increase in the pressure or by a shift to a new 
spot on the crystal. In both the multiplier and detector, 
provision is made for rotation of the crystal mount so 


6 We are indebted to R. B. Belser, of the Georgia Institute of 
Technology, for suggesting this soldering aid. 












































that different points of contact can be made. Before 
the crystal is rotated, it should be screwed back so that 
it will not strike the whisker while the rotation is being 
made. 

For the detector, one can usually judge when contact 
is made by the change in the noise output of the ampli- 
fier. However, evidence of detected energy is a much 
more reliable indication of contact. Hence it is desirable 
whenever possible to know that a detectable amount 
of harmonic energy is being generated by the multiplier. 
If the contact of the multiplier crystal is adjusted as 
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Fic, 2. Cross-section details of detector showing differential 
screw mechanism and the output connector. An identical differ- 
ential screw arrangement is used for the multiplier unit. 





1-2 MM WAVE SPECTROSCOPY 






















Fic. 3. Photograph of multiplier unit (upper figure) showing 
connector to klystron (left) at to absorption cell Gright). Lower 
figure shows detector unit with electroformed transition section 
to K-band absorption cell. 


directed, one can usually obtain detectable harmonic 
power with only a few trial settings of the waveguide 
tuning plungers. Nevertheless, it is good practice when 
one is making readjustments or changes in the detector 
to make sure that the harmonic generator is left in 
good adjustment. Likewise, it is advisable when one is 
readjusting the multiplier to’ leave the detector un- 
disturbed. 

The tungsten cat-whisker is pointed [by electrolytic 
etching.’ The end to be pointed is allowed barely to 
make contact with the surface film of a 10 normal 
solution of KOH. (The concentration is not critical, 
and other electrolytic agents can be used). An ac 
current is then passed through the whisker and solution 
until action at the end of the whisker ceases, usually in 
about one second. The amount of the current is not 
particularly critical, We use a 6-v 60-cy ac source. 
After the pointing, the solution is washed off, and the 
point is examined under a microscope. Often it is 
necessary to repeat the process in order to obtain a 
satisfactory point. A resharpening of the whisker is 
necessary after a few readjustments of the point of 
contact. Sometimes the point of the whisker is blunted 
by excess pressure, and sometimes it is burned off in 
the multiplier unit by excess power. If for unknown 
reasons the performance of the units drops, it is advis- 
able for one to examine the whisker points under the 
microscope. 
7R. Beringer, Phys. Rev. 70, 53 (1946). 
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Some evidence has been obtained which indicates 
that high humidity adversely effects the operation of 
the multiplier and detector in the shorter mm range. 
This ‘is believed to result from a water film which 
collects on the crystal surface. We consequently use a 
heating coil to keep the multiplier and detector units 
slightly warmer than the room temperature. 


Electronic Components 


The electronic amplifiers and display systems are 
the same as those used for the lower-frequency mm 
wave region.” The most convenient and rapid of these is 
the simple video system which employs a modified type 
P amplifier having a band width of about 6000 cps 
with a low frequency cutoff of about 100 cps. The 
sweep rate is adjusted so that the mode contour and 
broad signals from reflections are filtered, whereas the 
sharp absorption line signal is largely passed. With 
this broad-banded amplifier, and absorption line has 
been seen and measured on the cathode-ray oscilloscope 
at 1.03-mm wavelength. 

A more sensitive system employs low-frequency 
repeller modulation® (of the order of 4000 cps) with a 
phase lock-in detector and a narrow-band amplifier 
and automatic recording of the line. The system used 
for the present work is essentially that given in a paper 
by Gilliam, Johnson, and Gordy* on techniques for 
the two-to-three mm region. We have found, however, 
that we obtain better discrimination against reflections 
by tuning the amplifier to twice the frequency of the 
repeller modulation (compare, for example, Figs. 6 
and 7). To give this system best sensitivity, one must 
optimize the amplitude of repeller modulation for the 
line width expected (this is best accomplished by 
recording a known line), and one must, of course, make 
proper phase adjustment of the reference voltage which 
controls the lock-in detector. Another obvious but 
important adjustment is the tuning rate of the tube. 


Fic. 4, The 8, 10%, 12, 14%, 16%, 18, and 20 (from right 
to left) rotational lines of OCS obtained with the 4" to 10% 
klystron harmonic. Frequencies range from 97 kMc/sec to 243 
kMc/sec (3.08 mm to 1.23 mm wavelength). 

Gordy, Smith, and Trambarulo, Microwave Spectroscopy 
(John Wiley and Sons, Inc., New York, 1953), Chap. I. 
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The latter must be properly regulated for the time 
constants of the recorder and the bandwidth of 
the amplifier. For the optimum sensitivity and resolu- 
tion, the klystron frequency must be stabilized by an 
external cavity. 

Experience has shown that for the mm wave region, 
where harmonic generators of low power must be used 
as sources, better results are obtained with the repeller 
modulation at audio rather than at radio frequencies. 
Furthermore, at this time, repeller modulation is 
superior to Stark modulation because no Stark cells 
of sufficiently low loss for the shorter mm region have 
yet been developed. Parallel plate-type cells are under 
development. 


A New Tuning Technique 


A useful aid to tuning and measuring was evolved 
during the course of this work. Since the harmonics 
generated by the crystal are integral multiples of the 
klystron frequency whereas the rotational lines of 
linear or symmetric-top molecules are almost, but 
because of centrifugal stretching not exactly, integral 
multiples of 2Bo, it is possible with the spectrometer 
described here to observe more than one molecular 
rotational line at a time (see Figs. 4 and 5). This 
multiple display of rotational lines has useful applica- 
tions. Already it has been used as an aid to tuning, 
for accurate evaluation of centrifugal stretching, and 
for measurement of line breadths® as a function of 
rotational quantum number. Perhaps the most im- 
portant of these uses is the aid to tuning. This trick 
circumvents the need for stringent waveguide filtering 
in the shorter mm wave region and is one factor which 
has led to the rapid exploitation” of the one-to-two 


Fic. 5. Cathode-ray presentations of the J=2-+3 transition 
(the three tall lines) of CH;F at 1.96-mm wavelength and of the 
J =3-+4 transition (the four weaker lines) of CH3F at 1.47-mm 
wavelength. 


*R. S. Anderson (to be published). 

” Tn addition to the measurements made in our own laboratory, 
spectral measurements are now being made in the region at 
Columbia University ¢ A. Klein and A. H. Nethercot, Phys. 
Rev, 91, 1018 (1953) ] and at John Hopkins University [Gal- 
lagher, Bedard, and Johnson (private communication) ]. 














1-2 MM WAVE SPECTROSCOPY 



































Fic. 6. Recorder tracing of the J=21-+22 (stronger) and 
J =23-+24 (weaker) lines of OCS occurring at 1.12 and 1.03-mm 
wavelength respectively. These results were obtained with the 
11 and 12** harmonic energy from a K-band Raytheon klystron 
and with a small G-band cell of 20-cm length. The receiver is 
tuned to twice the klystron modulation frequency. The tracing 
represents approximately the second derivative of the absorption 
line contour. 


mm region since the first description of our experiments. 
But the primary factors responsible for this develop- 
ment are the exceptionally broadbanded and effective 
multiplier and detector units described above. 

To tune the microwave components with this method, 
one must choose a convenient ‘‘tuner” molecule such 
as OCS or OCSe, which has a rotational line in the 
region to be searched as well as a number of lines at 
lower frequencies. A klystron is then selected which 
gives harmonics coinciding with a group of rotational 
lines of the “tuner” molecule, including the one in the 
region of search. This allows a stepwise peaking of 
rotational lines of higher and higher frequency until 
the spectrometer is tuned in the desired region. The 
“tuner” molecules are then replaced by the ones to be 
investigated. A new line found in this way does not 
necessarily lie in the expected region but may correspond 
to an absorption of any harmonic passed by the wave- 
guide filter. To verify the harmonic identification one 
can tune the klystron (or use a different one) so that the 
same line is observed by a different order of harmonic. 
This “crossfire” method was used in making certain 
the frequency of the H,0 line reported here. We found 
the line by first peaking the system on the sixteenth 
rotational line of OCS with the energy of the eighth 
harmonic of a K-band tube; we found the line again 
with a sixth harmonic from a J-band QK-291 klystron 
by first peaking the system on the tenth and fifteenth 
OCS lines. 

Sensitivity 

The signal-to-noise ratio obtained thus far on OCS 
rotational lines with the use of the recorder techniques 
is 7 to 1 at 1.0-mm wavelength, 30 to 1 at 1.1 mm, and 
better than 100 to 1 at 1.4 mm and above. In obtain- 
ing these signal-to-noise ratios we used a cell of 20- 
cm length and only }-cc volume. Most molecules 
absorb so strongly in this region that a longer cell is 
less effective. In the region of 2 mm and above, where 
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TABLE I. Observed transitions of O'*C"S®, By=6081.494+0.10 
Mc/sec; Dy = 1.310+0.010 ke/sec. 








Frequency in Mc/sec 
Calculated Observed 


145 946.80 145 946.79+0.30 
170 267.45 170 267.49+0.35 
194 586.35 194 586.44+0.40 
218 903.22 218 903,270.45 
243 217.84 243 218.09+0.50 
267 529.94 267 529.56+0.55 
291 839.27 291 839.22+0.60 


Oscillator Wavelength 


harmonic Transition 


6 11-12 
7 13-14 
8 15-16 
9 17-18 
10 19-20 
11 21-22 
12" 23-24 











it is now possible to obtain signal to noise ratios on 
power better than a thousand to one, a cell of K-band 
guide 6 m long has been used with excellent results on 
weak lines. 


MEASUREMENT OF CENTRIFUGAL STRETCHING 
IN MOLECULES 


Rotational lines up to the J= 23-24 transition at 
291.8 kMc/sec (1.027 mm) have been measured for 
O'*C"S®, The twenty-fourth line, which represents the 
highest spectral frequency measured to date with 
microwave spectroscopy, could barely be seen on the 
scope with the wide-band audio-amplifier but with a cell 
length of 20 cm gave a signal about 7 times the noise 
level on the recorder (see Fig. 6). The rotational lines 
were found to fit, within the limits of error, the theoreti- 
cal formula 

v= 2B)(J+1)—4Ds(J+1)', 


with Bo=6081.494+0,010 mc/sec and D,s=1.310 
+0.010 kc/sec. Because of the cubic variation of the 
centrifugal stretching term, it is evident that Dy can 
now be measured much more accurately with microwave 
spectroscopy than it could when only the region above 
2 mm could be reached. For the J = 7-8 transition at 
3.09 mm, the centrifugal stretching term amounts to 
only 2.68 Mc/sec, whereas for the 23—+24 transition at 
1.03 mm it amounts to 72.44 Mc/sec. Furthermore, 
with the new technique of displaying several rotational] 
lines, one can observe the stretching term directly by 
the separation of the lines on the scope or recorder 
without a measurement of the absolute frequencies or 
a knowledge of Bo. For this reason also, the centrifugal 
stretching constant D,; can now be more accurately 
obtained than was possible before. In Table I is a 
comparison of the measured frequencies of OCS with 
those calculated with the above formula. 

In a symmetric-top molecule, there are two stretching 
constants, Dy and Dyx, which are observable from 
microwave measurements. These have already been 
measured at lower frequencies for the methyl halides 
but are being remeasured with the new techniques. 
This remeasurement has been completed for methyl 
fluoride. The results are given in Table II. The value of 
Dy, 57.84:1.0 kc/sec, agrees only roughly with the 
previous value, 32.5 kc/sec, obtained from the first 
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Fic, 7. Recorder tracing of the 22 9-+3:,3 line of water vapor at 
1.64-mm wavelength. The receiver is tuned to the fundamental 
frequency of the klystron modulation voltage (4 kc/sec). The 
tracing represents approximately the first derivative of the 
absorption line contour. 


and second rotational lines only. Figure 5 is a photo- 
graph of the third and fourth transitions as displayed 
upon the scope. 

WATER VAPOR LINE 


A resonant absorption line has been found in water 
vapor at 183 311.30+0.30 Mc/sec. Its Stark effect 
has not yet been observed, but it can be identified with 
certainty from its position as the 22 —3;,3 rotational 
line. Figure 7 shows a recorder tracing of the line. 

Only two water vapor lines are expected" to fall in 
the entire microwave region between one mm and one m. 
A knowledge of the positions of these lines has practical 
significance for microwave propagation. Both have now 
been located experimentally. The 5» 3—6,,6 transition 
occurring at 1.35 cm was first measured” during World 
War II after a radar band had unfortunately been 
developed in the same region. 

The absorption coefficient and line-breadth parameter 
of the 1.62-mm line will be measured later in this 
laboratory. The observed frequency occurs only 
1200 Mc/sec from that predicted by King, Hainer, 
and Cross."' Consequently, their predicted absorption 
coefficient of 6.838 10~* cm for the line should be 
approximately correct. Had the line occurred at a 
radically different frequency from that predicted, the 
predicted absorption coefficient, which varies rapidly 
with frequency, would also have been greatly in error. 


" King, Hainer, and Cross, Phys. Rev. 71, 433 (1947). 
2G. E. Becker and S. H. Aulter, Phys. Rev. 70, 300 (1946). 


If centrifugal distortion effects are ignored and the 
reasonable value of 0.96A as obtained from infrared 
spectroscopy is assumed for the OH distance, the 
22,0-731,3 frequency yields the rather large value of 
105° 56’ for the bond angle. The value obtained from 
infrared spectroscopy" is 105° 3’. The larger value 
obtained here is almost certainly caused by the centrif- 
ugal distortion which would be expected to open up 
the HOH angle. In consideration of the large OH bond 
stretching force constant 8X 10-* d/cm, no significant 
lengthening of the bond is expected. Insufficient data 
are obtainable from microwave spectroscopy on H,O 
alone for evaluation of its centrifugal distortion con- 


TABLE IT. Observed transition of CH;F. By= 25 536.12+0.05 
Mc/sec; Dy =57.8+1.0 kc/sec; Dix =445+4 kc/sec. 








Frequency in Mc/sec 
Calculated Observed 


102 142.59 102 142.56+0.20 
102 140.81 102 140.86+-0.20 


153 210.30 153 210.44+0.30 
153 207.63 153 207.65+.0.30 
153 199.62 153 199.58+0.30 


204 273.70 204 273.69+-0.40 
204 270.14 204 270.09+0.40 
204 259.46 204 259.48+-0.40 
204 241.66 204 241.71+0.40 


Oscillator Transition 
harmonic J K 


4 1-2 


Wavelength 
in mm 





2.94 


6 2-3 
1.96 


3-4 


QNK Oo NK O KO 








stant. Progress is being made, however, in the evalua- 
tion" of these constants for D,O and HDO, which have 
more abundant microwave spectra. 

Mr. W. B. Francis, of the Duke University Instru- 
ment Shop, constructed the multiplier and detector, 
and it is a credit to his careful machine work that even 
the first models performed well. Mr. Frank Trippe, 
electronics technician, of the microwave laboratory, 
made all electronic components for the spectrometer. 
Mr. C. A. Burrus helped to obtain the experimental 
results. 


3G. Herzberg, Infrared and Raman Spectra (D. Van. Nostrand 
Company, Inc., New York, 1945), p. 489. 

“DPD. W. Posener and M. W. P. Strandberg, J. Chem. Phys. 21, 
1401 (1953). 
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The proton-stopping powers of the elements nitrogen, neon, argon, krypton, xenon, nickel, and copper 
are reported in the energy range from 400 kev to 1050 kev. Comparisons are made with results of other 
experimental work and with theory. The measured stopping powers show a dependence on particle velocity 
and on the atomic number of the stopping element in general ony with the theory of N. Bohr. For 
proton energies below 700 kev, the ratio of atomic stopping power to Z* for nickel and copper is lower than 
the corresponding ratio for the gases. Energy loss straggling is reported for nickel and copper and is of the 


same order of magnitude as theory predicts. 





I, INTRODUCTION 


HE energy loss of particles as they traverse matter 
is a topic of great interest in modern physics. 
Bethe! and Bloch? have derived expressions for stopping 
power on the assumption that the particle velocity is 
much greater than the “velocities” of all electrons in 
the atoms of the stopping material. In order to extend 
the range of validity of these expressions to lower 
particle velocities, correction terms have been com- 
puted*-* to allow for the deficiency in stopping power 
of the K electrons. Protons of energies from 400 kev to 
1050 kev, the region covered in this report, are so slow 
that formulas for the stopping power of the heavier 
elements for these particles require also corrections for 
deficiencies of electrons of the higher shells. For a few 
gaseous elements these corrections have been estimated 
and stopping power values for low-energy protons pre- 
dicted,® but the approximations required to get numeri- 
cal data make the accuracy of the results somewhat 
uncertain. Experimental] data are thus needed to supple- 
ment theoretical calculations. 

Bohr’ has provided a formula applicable to moder- 
ately slow protons through heavy media. Although it is 
not expected to give absolutely accurate predictions, 
it has been shown to give approximately the correct 
dependence of stopping power upon proton velocity 
and atomic number of the medium traversed for protons 
of 350 to 550 kev passing through metallic foils.* The 


° +42 Supported in part by the U. S. Atomic Energy Commission 


through a contract with the Ohio State University Research 
Foundation. 

t Commander, Civil Engineer Corps, U. S. Navy. Work per- 
formed under the sponsorship of the U. S. Office of Naval Research 
and the supervision of the U. S. Naval Postgraduate School. 
Present address: Bureau of Yards and Docks, Department of the 
Navy, Washington, D. 

1H. A. Bethe, Ann. Physik 5, 325 (1930). 

? F. Bloch, Ann. Physik 16, 285 (1933). 

3M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
245 (1937). 

4L. M. Brown, Phys. Rev. 79, 297 (1950). 

6M. e Walske, Phys. Rev. 88, 1283 (1952). 

(1988 MH . Hirschfelder and J. L. Magee, Phys. Rev. 73, 207 

TN, ‘Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 

‘S. D. Warshaw, Phys. Rev. 76, 1759 (1949). 


testing of these predictions in stopping power depend- 
ence at other energy ranges and through other types of 
media is desirable. 

Another facet of the stopping-power problem which 
is of interest is the extent of difference to be expected 
at these low energies between values for media in the 
condensed state as compared with gaseous media. This 
aspect of the problem has been widely studied,* and is 
summarized in a review article by Taylor.” At high, 
though still nonrelativistic, particle velocities special 
stopping effects attributable to the condensed or con- 
ducting state of the stopping media are probably small, 
since the number of outer electrons seriously affected 
by the state of condensation is a small proportion of 
the total number of electrons in the atoms of the 
stopping medium. At low particle velocities the relative 
importance of the outer electrons to stopping power 
becomes greater, so that a difference in stopping power 
between gaseous and nongaseous elements, if it occurs, 
would be most likely to appear at the lower particle 
energies. 


Il. OUTLINE OF EXPERIMENTAL TECHNIQUE 


The experiments were carried out by using protons 
accelerated by a Van de Graaff generator. The basic 
method was that utilized and described by Madsen and 
Venkateswarlu." In this technique an energy spectrum 
for a certain proton reaction with some target material 
is obtained first without, and then with, a stopping 
medium inserted in the proton beam. The amount of 
material inserted is sufficient to slow, but not com- 
pletely to stop, the protons of the beam. The energy loss 
suffered by the protons in the stopping material is 
indicated by the shift in the resonance peaks of the 
reaction spectrum, whereas the straggling in this energy 
loss is indicated by the increase in width of the peaks.” 

* For example, see Ellis, Rossi, and Failla, Phys. Rev. 86, 562 
(1952), and references. 

” A. E. Taylor, eo Progr. in Phys. 15, 49 (1952). 

11 C, B. Madsen and P. Venkateswarlu, Phys. Rev. 74, 648, 1782 
ONS resonance peaks, shifted or unshifted, are shown herein 
since their shapes were quite usual. No significant asymmetry in 


the energy loss distribution was expected on a theoretical basis, 
nor was any observed. 
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Fic. 1. Schematic diagram of the apparatus. Protons from the 
Van de Graaff generator are deflected to the slit S by the analyz- 
ing magnet M. The valve V has a slot covered by a thin foil of 
either copper or nickel. For calibration runs the valve V is 
lowered so the beam falls directly on the target 7. The stopping 
power of the foil is obtained by raising V into the beam. For de- 
termining the stopping powers of gases, the chamber C is filled to 
a pressure of two to six mm of mercury. 


The method as originally described was applied only to 
foils, but with minor modifications it is readily ap- 
plicable to gases. 

The apparatus utilized is shown schematically in 
Fig. 1. The proton beam, after passing through the 
analyzing magnetic field, proceeded through a defining 
slit into a box which performed the combined functions 
of gas chamber, target holder, and Faraday cage. This 
chamber had at the entrance a flap valve covered with 
a thin foil. This valve could be moved into or out of the 
beam by a shaft through a gas-tight seal. When the foil 
was in the beam, the valve was clamped against a 
gasketed valve seat. When the valve was in this posi- 
tion, the gas chamber would be left evacuated for 
experiments wherein the energy losses in the foil itself 
were measured. After the energy losses in the foil were 
known, appropriate gases could be introduced into the 
chamber, and energy losses in the gases could be de- 
termined. The foils used were either nickel or copper. 
The gases studied were nitrogen, neon, argon, krypton, 
and xenon. 

The targets used for this work were either of lithium 
fluoride or of aluminum. The resonance energy levels 
for the (p,y) reactions are accurately known for these 
target elements."*:'* For study of the foils both types 
of target were used. Only the lithium fluoride targets 
were utilized for the study of the stopping powers of 
gases, because the yield from the shifted aluminum 
resonances was too low for satisfactory measurements. 
The targets used were a few kev thick in terms of the 
energy loss of the entering protons. 

The voltage of the cap of the Van de Graaff generator 
was stabilized in standard manner by detecting any 
unbalance in proton current intercepted by the de- 
fining slits and automatically altering the corona drain 
to bring the beam back to a balanced position between 
the slits. The cap potential was determined from the 
current in the coils of the analyzing magnet, which was 
calibrated by use of precisely known (p,y) resonances. 
The magnet current was provided by a motor-generator 
set and was regulated electronically. The variation in 
beam voltage due to magnet current fluctuations was 
less than 200 volts at one-Mev beam energy. 


43 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952). 
“4 Brostrém, Huus, and Tangen, Phys. Rev. 71, 661 (1947). 


The proton currents used were about 0.5 to 1.0 
microampere. For such currents reaction yields were 
adequate to give statistically good points on the reso- 
nance curves but the currents were not so strong as to 
cause severe heating of the foils. 


III. STOPPING MATERIALS 


The copper and nickel foils varied from 0.03 to 0.1 mil 
in thickness (about 0.67 to 2 mg/cm’). They were 
purchased from the Chromium Corporation of America, 
Waterbury, Connecticut, which had prepared them by a 
process of electrolytic deposition. These foils were a 
little thicker than are commonly used for such low- 
energy experiments, but a thicker foil has the advan- 
tages of minimizing the effect of errors in thickness 
estimation and of errors due to minute surface deposits 
of carbon or oxide. Ease in measurement and handling 
was also provided. The foils were trimmed to a rec- 
tangular shape, weighed in a microanalytical balance, 
and measured dimensionally under a low-powered 
microscope. 

In order to insure thickness uniformity, a technique 
was developed which permitted the determination of 
statistical variations in foil thickness from spot to 
spot. Figure 2 shows the rather simple apparatus used 
for this determination. A thin source of polonium 
alpha particles was screened from a thin-window Geiger 
counter tube by a metal plate containing a small (¥4-in. 
diameter) hole of about the same size as the intense 
core of the proton beam from the accelerator. A plat- 
form containing the source was movable with reference 
to the Geiger tube. With the foil removed, data were 
first taken of counting rate as a function of height of 
the movable platform from the fixed surface. This gave 
a curve similar to curve (a) at the right side of Fig. 2. 
The steepness of the curve is determined by the range- 
straggling of the alpha particles. The experiment was 
repeated with a foil interposed over the hole. A curve 
(b) of similar shape, but displaced by amount A, the 
air equivalent of the foil for alpha particle stopping, 
was determined. 

The apparatus was then set at height H, in order to 
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Fic. 2. Apparatus for measuring thickness variations in thin 
foils and typical curves obtained with the apparatus. Alpha 
panes from a thin polonium source (Po) pass through a small 
ole and are counted by the Geiger tube 7. Curve (a) at the 
right is obtained by raising the source toward T. Then the thin 
foil F is placed over the hole and a curve (b) is obtained. The 
source is then set at height H and the counting rate determined 
with many different spots in the foil placed over the hole. 
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operate on a reasonably linear section of the steep part 
of the curve, and the counting rate was measured with 
various portions of the foil positioned over the hole. 
A change in counting rate Ac, when corrected for the 
natural statistical variations in source activity, indi- 
cated a change in air-equivalent of AH. The value of 
AH/A represented the fractional variation in thickness 
from the original spot to the new spot studied. The 
“counting statistics” provided a limit to the accuracy 
obtainable by this technique. For most of the foils 
used, a standard deviation of about 1.4 percent was 
obtained for the thickness variation, though the copper 
foils seemed on the average a little better than the nickel 
in this respect. This value was approximately equal to 
the standard deviation of the radiation counting process 
and, therefore, to the approximate limit of accuracy. 

The chemical purities of the copper and nickel foils 
were determined by semiquantitative spectrographic 
analyses. The amounts of impurities were found to be 
very small, and no correction to the observed stopping 
powers was indicated. Four nickel foils and two copper 
foils were used in obtaining stopping power data. Each 
had a different thickness. Furthermore, each foil was 
cut into two pieces and in most cases each half was 
studied. One reason so many foil sections were used is 
that there was some difficulty with “carbonization” of 
the foils during bombardment. Foils were checked 
regularly, both visually and by repeated stopping 
power measurements, and they were discarded when- 
ever the “carbon” layer became excessive. 

The gases nitrogen and argon were purchased from 
the Linde Air Products Company in ordinary com- 
mercial pressurized cylinders with an expected purity 
of 99.6 percent or better. Because of the availability of 
these gases in large amounts at above atmospheric 
pressures, little opportunity for contamination by air 
leakage into the gas-chamber filling system was ex- 
pected, and flushing and refilling was simple. Further- 
more, the molecular stopping powers of the usual gases 
of the atmosphere are very close to those of nitrogen 
and argon, so that a small amount of contaminants 
would have little effect on stopping power results. 

The gases neon, krypton, and xenon were purchased 
from the Linde Air Products Company and were 
supplied in glass flasks at approximately atmospheric 
pressure. After some gas had been used, the pressure 
was below atmospheric, and there was risk of air con- 
tamination during the gas-handling operations. Further- 
more, the original purity guaranteed by the company 
permitted several percent contamination, mostly by 
other rare gases. For each of these three gases, there- 
fore, a mass-spectrographic analysis was made on the 
residual gas in the flasks after the stopping power 
observations had been made. It was found that no 
appreciable contamination had been suffered by the 
krypton, enough by the neon to warrant a correction 
of about 7.5 percent in the final results, and a small 
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Taste I. Summary of data on stopping power for protons. 








(c) Nitrogen 
Stopping 
power Probable 
kev/ error 
(mg/cm*) ) (%) 


(a) Nickel 
Stopping 
power Probable Proton 
a error energy 

(%) (kev) 


Proton 
energy 
(kev) 


kev 
(mg/cm*) ] 





527 172 1.5 400 
704 149 2.0 410 401 
718 150 3.0 s 371 
739 143 2.0 362 
142 2.0 50; 351 
755 145 1.5 328 
757 146 1.5 296 
915 128 3.0 278 
935 126 2.0 275 
941 134 2.0 264 
949 128 2.0 , 257 
951 132 2.0 238 
977 129 3.0 219 
1000 127 2.0 217 
1007 122 2.0 : 207 
1046 120 2. 228 
1047 122 y 3 209 
1057 121 2: 
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(d) Neon 
Stopping 
Proton ower Probable 
energy Paev / error 
(kev) (mg/cm*) J (%) 
310 
290 
280 
269 
236 
217 
217 
186 
191 
175 
188 


(g) Xenon 
Stopping 
power Probable 
(kev/ error 
(mg/cm*) } (%) 





(b) Copper 
Stopping 
Probable 
error 
(mg/cm?) ) (% 


Proton 
energy 
(kev) 
440 169 
532 158 
603 150 
713 140 
755 137 
812 132 
949 120 
996 115 
1006 112 
1050 113 
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(e) Argon 
Stopping 
power Probable 
{kev / error 
(mg/cm?) } (%) 


Proton 

energy 
kev) 
437 121 
441 121 
536 111 
538 115 
679 91 
679 95 
748 87 
750 93 
943 78 
969 77 
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(f) Krypton 
Stopping 
Proton power 
energy [kev / 
(kev) (mg/cm?) ] 


Probable 


420 163 
516 150 
527 154 
665 130 
675 129 
733 124 
743 122 aa 
929 107 4.0 
941 107 4.0 

4.0 


mond inn: 














amount by the xenon requiring correction of about 
1.5 percent. 
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The scattering of particles in the stopping medium 
adds to the path length of the particle in the medium 
and would thus introduce a possible error, particularly 
in case of the gases, since the amount of material 
traversed (foil plus gas) was largest in these cases. 
However, the half-angle subtended by the target (with 
vertex at the window foil) was small (5.6°). Errors in- 
volved in ignoring the scattering factor were deter- 
mined to be much smaller than the over-all experi- 
mental error. 


IV. RESULTS 


Table I lists for seven elements the measured values 
of the stopping power in kev/(mg/cm*) for several 
proton energies. The method by which the proton 
energy was assigned is described below. 

When the average energy loss (AZ) in the stopping 
medium is very small compared to the initial proton 
energy E;, it is adequate to assign the observed 
—(AE),,/Ax as —dE/dx for the arithmetic mean of the 
initial and exit energies of the beam. However, when 
the energy loss is appreciable compared to £;, the 
observed rate of energy loss should be assigned to some 
intermediate energy EZ, other than the average. War- 
shaw* has commented on this matter and has proposed 
a correction based on the assumption that the stopping 
power is a linear function of proton energy over a small 
region. 

In view of the great energy losses (~100 to 300 kev) 
in traversing our unusually large amounts of stopping 
material, it is important to consider the actual shape 
of the stopping power curve when determining £,. In 
the energy region in question it is approximately 
true that 


—dE/dx=kE-", (1) 


where y=0.5 according to Eq. (3.5.7) of Bohr’s’ paper. 
The thickness of medium traversed Ax is given by 


Eyt'— Ey 
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Fic. 3, Atomic stopping power ¢ as a function of proton energy 
for seven elements. Wherever two values from Table I were too 
close to plot separately, the plotted point represents an average 
value. The light, dashed lines are the predictions of Hirschfelder 
and Magee (see reference 6) for Xe and A. 
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where E; and E;, are the initial and final proton energies, 
respectively. 
If E, is the energy of the protons for which 
(E;— E,)/Ax is actually —dE/dx, 
J E,—E,; 
“le 


dx Ax 


Ax= (E;— E,)/kE,~’. (4) 


(3) 


and 


If the expressions for Ax [Eqs. (2) and (4)] are 
equated and the resultant expression is solved for E,, 
one obtains 


(5) 


-[— E,-E, 


If (E,;4+-E,)/2= E, and E;— E;=(AE)», Eq. (5) may be 
expanded to give 


1 =|" 


(y—1) /(AE)w\? 
+ —(=) +other terms. (6) 
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Fic. 4. The ratio of atomic stopping power o to Z! as a function 
of proton energy for copper and nickel. For comparison, data 


derived from Kahn (see reference 15) are plotted for several metals 
to give the dashed curves. 


The other terms involve higher powers of (AE),,/E, and 
may be neglected when (AE) <E,. 

The probable error of each experimental stopping 
power value has been computed and appears in Table I. 
For the foils the probable error in (AE), was found to 
be about 2.2 kev and the error in foil thickness 1.1 per- 
cent. These values lead to total probable errors in the 
stopping power results of 1.5 to 3.0 percent. For the 
gases the error in (AE), was taken as 3.0 kev, the total 
error in equivalent gas thickness, including the effects 
of impurities, varied from 1.4 to 1.7 percent. The total 
probable error in the individual values of gas stopping 
power varied from 2.0 to 4.5 percent. These individual 
probable errors are only partially independent, since 
certain measurements were common to calculations of 
several individual values. 


V. DISCUSSION OF RESULTS 


In Fig. 3 the atomic stopping power in ev-cm? is 
plotted as a function of proton energy. Also shown are 
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the curves for xenon and argon predicted by Hirsch- 
felder and Magee.* In both cases the experimental! 
points lie below the theoretical curves by an amount 
somewhat greater than the computed probable error 
of the experimental points, the differences being of the 
order of 5 to 10 percent. 

Bohr predicts [reference 7, Eq. (3.5.7) ] that stopping 
power in this energy region is inversely proportional to 
particle velocity, so that a plot of stopping power versus 
proton energy should give a straight line on a loga- 
rithmic plot, with a slope of —0.5. From Fig. 3 it is 
clear that our data are in rough, though not precise, 
agreement with this prediction, as were previous data 
by Warshaw’ in a lower energy range. 

According to the same equation of Bohr referred to 
above, the atomic stopping power is proportional to 
the cube root of the atomic number for the heavier 
elements. If the values of atomic stopping power divided 
by Z! are plotted as a function of proton energy for 
each element, the plots should coincide to the extent 
that the theoretical prediction is correct. The com- 
parison between the stopping power values for various 
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Fic. 5. The ratio of atomic stopping power ¢ to Z! as 
a function of proton energy for gases. 


elements is made easier by such a plot. Figure 4 shows 
the data for the metals studied. Also included for the 
sake of comparison are curves for several metals de- 
rived from the results of Kahn.'® It should be noted 
that our curves for nickel and copper are practically 
coincident. Kahn’s curve for copper lies about 4 percent 
above ours. Madsen has also done some work on 
protons through copper,'* but his curve lies in general 
about 13 percent below ours. The results on stopping 
power of metals provided by earlier workers"'!” on 
beryllium and gold are not shown here, but are in 
substantial agreement with the work of Kahn. 

In Fig. 5 the atomic stopping power o divided by the 
cube root of the atomic number is shown as a function 
of proton energy for the gases studied. Weyl'*® has 
reported data for protons with energies up to 450 kev 


16D), Kahn, Phys. Rev. 90, 503 (1953). 

16 C, B. Madsen (private communication, 1953). 

17 T, Huus and C. B. Madsen, Phys. Rev. 76, 323 (1949). 
18 P, K. Weyl, Phys. Rev. 91, 289 (1953). 
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Fic. 6. The ratio of atomic stopping power ¢ to Z! as a function 
of atomic number Z at proton energies of 500 and 1000 key. 
The open circles represent the results of this paper for gases and 
the closed circles for metals. The crosses represent the measure- 
ments of Kahn (see reference 15) for metals. 


passing through argon. His results coincide essentially 
with ours where the regions of study overlap. Dunbar, 
Reynolds, Wenzel, and Whaling” have studied all the 
gases reported or herein for proton energies up to 
600 kev. Within the region of overlap our data agree 
well with theirs for nitrogen, neon, and argon. For 
krypton their results are about 5 percent lower than 
ours, but for xenon they are about 15 percent higher.” 

From the curves given in Figs. 4 and 5, data were 
obtained for Fig. 6 in which stopping power divided by 
cube root of atomic number is plotted as a function of 
atomic number. This is done for two values of proton 
energy: 500 kev and 1000 kev. If ¢/Z' were constant, 
as Bohr’s theory predicts for heavy elements, the curves 
would be horizontal lines. The curves fall off for low 
atomic numbers, but for ZS 25 they show the expected 
horizontal character. 

It is of particular interest to note the discrepancy 
between the results for the gases and the metals for 
the proton energy of 500 kev. Figure 3 indicates that 
this discrepancy begins to be apparent if the proton 
energy decreases to below about 700 kev. This confirms 
the conjecture that if differences exist between gaseous 
and condensed media, they should show up most 
strongly at low proton velocities, since the relative 
importance of the outer electrons becomes greater as 
the proton velocity decreases. Whether the deviation of 
the metals studied is due to their conduction properties 
or simply to their condensed state is not known, 
Future experimental work on nonconducting media in 
the condensed state would be desirable to answer this 
question. 


9 Dunbar, Reynolds, Wenzel, and Whaling, Phys. Rev. 91, 496 
(1953) and 92, 742 (1953). 

*” This discrepancy for xenon was so far outside the probable 
error limit that a repetition of the measurements of energy loss in 
xenon and purity of the xenon sample was considered worth- 
while. The two values of stopping power which were obtained 
were essentially in agreement with our earlier results. 
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Fic, 7. Stopping power straggling (energy loss variance per 
unit thickness) as a function of proton energy. The dotted lines 


are calculated from theoretical expressions of Livingston and 
Bethe (see reference 3) and of Bohr (see reference 7). 


VI. STOPPING POWER STRAGGLING 


Associated with the idea of stopping power is the 
concept of “straggling” in energy loss of similar par- 
ticles in traversing a given amount of stopping ma- 
terial. This effect is due to the statistical nature of the 
stopping process. This straggling has been treated 
theoretically for slow particles by Livingston and Bethe* 
and by Bohr.’ Very little experimental work has been 
done for low-energy protons. Madsen and Venkates- 
warlu" have measured the straggling in beryllium foils 
for protons with energies between 400 and 1200 kev. 

If AE is the energy loss of a particular particle in 
passing through a given layer of material and (AE), is 
the average value of the energy loss for a number 
of identical particles of the same incident energy, the 
mean square fluctuation is defined as 


()? = ((AE —_ (AE) w)*) mv, (7) 


and the straggling in stopping power is given by 
d(Q*)/dx. The straggling can be computed from the 
measured widths of the resonances in the shifted and 
unshifted yield curves (see reference 11). 

The results on the straggling in energy loss of protons 
traversing the foils are shown in Table II. It was 
impossible to compute meaningful values of the strag- 
gling in gases from our experimental resonance curves. 
It is difficult to ascribe probable errors to the values 
tabulated for the straggling effect. The measurements 
are themselves of a statistical variable which is hardly 
greater than the errors themselves in energy losses. 
Furthermore, the errors are much more likely to be 
positive than negative, since any effects giving rise to 
variations in stopping power increase the computed 
value of straggling. The extent of the errors can be 
judged best by noting the spread in the individual 
points in the table. 


HARRIS 


In Fig. 7 the results are plotted along with calcu- 
lations based on the theoretical expressions due to 
Bohr [reference 7, Eq. (3.5.8) ] and to Livingston and 
Bethe [reference 3, Eq. (788) ]. (The appropriate elec- 
tron ionization energies were taken for /, and 4/3 was 
used as the value for each x,.) The results are seen to 
be too erratic to do more than confirm the correctness 
in order of magnitude of both expressions. The formula 
of Bohr does seem to predict the general variation of 
the straggling with proton energy. The variations in 
foil thickness, even though small, may have a marked 
effect upon this straggling; such effect is obviously 
always to add to the observed straggling. This fact, 
coupled with the results of the thickness variation 
studies (outlined above) showing that the copper foils 
seem to be somewhat more uniform in thickness than 
the nickel foils, would seem to indicate strongly that 
the correct experimental curve for straggling is some- 
what lower than the theoretical curves. The approxi- 
mations made in developing the formula suggest that 
the predicted values might be too high for low proton 
energies. 


TaBe II. Summary of data on the stopping power 
straggling of protons. 








(b) Copper 
Proton 
energy 

(kev) 


(a) Nickel 
Proton 
energy 

(kev) 


Straggling 


Straggling 
(kev?/(mg/cm?) ] 


(kev?/ (mg/cm?) ] 





527 “" 89 446 
749 


704 78 
739 68 755 
61 945 
54 949 
94 1004 
1006 
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well into the ¢/Z! vs Z curves of Fig. 6. Furthermore, 
Madsen reports measurements for straggling in Cu 
which are consistent with those in Table II. 
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been obtained: 


DBr® 
eQq(Br) 53343 Mc/sec 
By 127 358.2+0.3 M 
B, 1286:5 Mc/sec 
ro 1.42136.A 
le 1.414 0A 


Values of a obtained from infrared spectroscopy by Keller and Nielsen were employed in calculating the 


equilibrium values. 
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From measurements on the 0-1 transition of DBr at 1.18-mm wavelength the following information has 
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DBr® 
45543 Mc/sec 
c/sec 127 280.0+0.3 Mc/sec 
128533 Mc/sec 
1.42136:A 
1.4149A 



















ITH the new mm-wave methods already de- 
scribed,! the J=0-—1 rotational transitions of 
DBr” and DBr* have been measured at 1.18-millimeter 
wavelength. Both Br” and Br* have a nuclear spin of 
3, and the Br nuclear quadrupole interactions split the 
transitions into triplet components having relative 
intensities of 1, 2, and 3. The lines were easily seen and 
measured on the cathode-ray scope with an amplifier 
of 6-kc/sec band width (see Fig. 1). 

Table I gives the observed and calculated frequencies 
and Table II the moleculaz constants derived from 
them. We also employed the auxiliary constants, 
D=2.8, 2.8 Mc/sec and a=1257, 1258 Mc/sec for 
DBr” and DBr*', respectively, taken from the infrared 
data of Keller and Nielsen.? No observable difference 
was found between the 7’s for DBr”® and DBr®. The 
equilibrium values are limited to four-place accuracy 
by the infrared a values employed. Because of the small 
effects of centrifugal stretching on the 0-1 transition, 
the infrared D value does not limit the accuracy of 
Bo. The B values of Keller and Nielsen are in complete 
agreement with ours to the four significant figures 
which they quote. 

The Br nuclear coupling, eQg, with the coupling per 
unbalanced p electron from atomic beam measure- 
ments,’ yields the number of unbalanced p electrons 


Fic. 1, Cathode-ray trace of the F = 4-§, J=0-1, 
line of DBr®* at 1.18-mm wavelength. 


* This research was supported by the United States Air Force 
under a contract monitored by the Office of Scientific Research, 
Air Research and Development Command. 

t Shell Company Fellow. 

1 W. C. King and W. Gordy, Phys. Rev. 90, 319 (1953). See 
also Part IV of same series. Phys Rev. (to be published). 
2 F. L. Keller and A. H. Nielsen, Phys. Rev. 91, 235 (1953). 
8 J. G. King and V. Jaccarino, Phys. Rev. 91, 209 (1953). 
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of Br in DBr as 


U,= (€Qq) moi/2 (€Qq) atom na 0.69. 


With hybridization and other small effects neglected, 
a bond ionic character of 31 percent is indicated. This 
U, value is in good agreement with that of 0.65 pre- 
dicted from the nuclear coupling-electronegativity 
relation,* U,=1—|x4—2p|/2. 

Deuterium bromide has the smallest moment of 
inertia of any molecule so far :neasured with microwave 
electronic methods. It should prove worthwhile for 
optical spectroscopists to measure the wavelength 
separation of its higher J transitions very precisely in 
order to obtain a check on the velocity of light. Rank, 
















Tase I. J/=0-1 transitions of DBr” and DBr*. 














Frequency in Mc/sec 















F—F' Calculated* Observed 

DBr® 

+4 254 572.0 254 572.240.5 

4 254 678.5 254 678.6-40.5 

+} 254 811.8 254 812.941.0 
DBr® 

—+4 254 437.7 254 439.4+1.5 

— 254 526.8 254 526.7+0.5 

= 254 637.9 254 638.0240.5 

















* Calculated with vo’s and eQgq's given in Table II. 







TABLE II. Characteristic constants of 
deuterium bromide.* 


















DBr® DBr® 



















eQq(Br) 53343 Mc/sec 45543 Mc/sec 
vo(O—>1)® 254 705.240.5 Mc/sec 254 548.9+9.5 Mc/sec 
By 127 358.24+0.3 Mc/sec 127 280.040.3 Mc/sec 
B, 128615 Mc/sec 12853, Mc/sec 

ro 1.42136.A 1.42136.A 

fe 1.414 A 1.4149A 














* Atomic masses employed are those tabulated in reference 4, 
> Rotational frequency corrected for nuclear quadrupole splitting. 









‘Gordy, Smith, and Trambarulo, Microwave Spectroscopy 
(John Wiley and Sons, Inc., New York, 1953), p. 284. 
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Ruth, and Vander Sluis® have attempted to check the 
velocity of light by comparing microwave and optical 
constants of HCN; but the results do not agree well 
with the accurate, recent values® from other sources. 
Better results might be obtained with DBr. The separa- 
tions of the rotational lines of DBr (in a sample with 
one Br isotope concentrated) are three times those of 

§ Rank, Ruth, and Vander Sluis, Phys. Rev. 86, 799 (1952). 

6J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 
25, 691 (1953). 
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HCN. Effects of the nuclear hyperfine structure are 
easily calculable with the known coupling constants, 
and for relatively high J values they can be neglected 
entirely. There is hope that DC! (first rotational line 
near 0.9 mm) can be reached with the present mm-wave 
techniques. If so, it would provide a still more desirable 
link between optical and radiofrequency measurements. 

We wish to thank Dr. Albert Jache for preparing the 


sample of DBr. 
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Theory of Fine Structure Pressure Broadening of Spectral Lines* 
Makoto TAKEO AND SHANG-YI CH’EN 
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The difference of pressure broadenings and shifts of the doublet components of the principal series lines 
of alkalis is treated in an approximate manner. Applying the perturbation method and the Franck-Condon 
principle to the Michels, deBoer, and Bijl model of compressed atoms in the doublet P states, it is shown 
that the doublet separation becomes smaller with increasing pressure at rather low pressure. Consequently, 
the shift of the *Py must, be smaller than that of the *Py component of the principal series. The attractive 
forces are recalculated with the inclusion of the quadrupole moment for the *Py state. This consideration 
requires the splitting of the state according to the magnetic quantum numbers so that the sy component 
will be 1.12 <imes larger in half-width than *P, in the approximation of the collision theory. This result is 


in good agreement with experimental values. 


I, INTRODUCTION 


ONE of the theoretical work on the theory of the 
pressure broadening of spectral lines has served 
to explain the well-established experimental fact! that 
under the influence of a foreign gas at high pressure the 
shifts and half-widths of the different components of a 
multiplet are different, i.e., the"so-called fine structure 
pressure effect, although in the case of self-broadening 
good theoretical work has been reported.? The reason 
may be to the lack of knowledge of the intermolecular 
forces, repulsive and attractive, including excited 
states. 

In this article alkali atoms are treated as perturbed 
by rare gases in a rather approximate manner. Without 
the formation of chemical bonds in this case, rare gases 
serve to compress the electron clouds of radiating or 
absorbing atoms. The ambiguity of the separation of 
two molecules coming from the thermal motion of 
molecules will be disregarded so that the Hamiltonian 
concerned is a definite function of separation. 


II, OVERLAP EFFECT 


A. Perturbation Method Applied to a 
Compressed Atom 


The Michels, deBoer, and Bijl model* of a com- 
pressed molecule may be used for the repulsive forces. 


* This work was supported by a research grant from the 
National Science Foundation. 

1S, Y. Ch’en, Phys. Rev. 58, 1051 (1940); E. D. Clayton and 
S. Y. Ch’en, Phys. Rev. 85, 68 (1952); S. Y. Ch’en and D. A. 
Kohler, Phys. Rev. 90, 1019 (1953). 

1H. M. Foley, Phys. Rev. 69, 616 (1946). 

§ Michels, de joer, and Bijl, Physics 4, 981 (1937). 


The Franck-Condon principle is assumed in the absorp- 
tion process starting from a spherically symmetric 
ground state. Thus the model is comparable to the 
replacement of the compressing molecules by a spherical 
infinite potential wall, such that 


Vi(r)=0 for 0<r<ro, 


=o for ro<r. (2.1) 


Assuming that the energy change of the atomic state 
is small in comparison with the energy level separations, 
the perturbation method is applied. Using the Dirac 6 
function,‘ the perturbation energy may be written as 
follows: 


(2.2) 


V(r)= lim 5 8(r— (ro kr). 
Ar—0 k=O 


The expression (2.2) may be taken as the definition of 
our potential wall if the discontinuity of (2.1) at the 
boundary is neglected. Denoting the wave function of 
the unperturbed state » of the absorbing atom without 
relativistic correction by ¥», the new energy and new 
normalized wave function are 
ni\Vij)(j|Vin 
WaW +l Vin +E" (n| uy | ) 


W.-W; 





(j|V s, 
pepe Gl) |» 
i W.-W; 


(2.4) 


The primed summation implies the exclusion of the 


‘L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1951), p. 50. 

















state m from the sum. The matrix element can be easily 
evaluated : 


(n’| v\n)= f R,*(r)Ra (r)rdr, whenl=l', 
ro 


m=my, s=s', 


(2.5) 
=0, otherwise, 


where ro is the radius of the boundary surface of the 
infinite potential wall. R,(7) is the radial part of the 
wave function y,. The selection rule (2.5) justifies the 
validity of (2.3) and (2.4) in the degenerate states. 

In (2.3), if the denominator of the sum is replaced by 
the average value AW, the summation in the numerator 
can be carried out directly using the sum rule: 


L'(n|V| i)(G|V|n)= (n| V2[n)—(n|V|m)*. (2.6) 


Owing to the special feature of the perturbation energy, 
(n|V2|mn) is equal to (n| V|m). Therefore, (2.3) leads to 


1 1 
W=W,+ (1+—) (n| V|n)———(n|V|m)*. (2.7) 
AW AW 


It often happens that the summation in (2.3) has a very 
poor convergence and requires many wave functions, 
and this is also true for the evaluation of the average 
value AW. However, (2.7) has an advantage over (2.3) 
in that AW is practically independent of ro over an 
appreciable range of ro. 

The difficulty of evaluation of AW may be lessened 
by using the variation method. This can give the 
maximum energy value using only the wave functions 
of the state concerned and lower-lying states. 


B. Variation Method Applied to a 
Compressed Atom 


The resonance lines will be more specifically con- 
sidered. The trial function for the first excited state is 
written as 


(1+ AH Wi- f Vo" (14+-AH)drvo, 


which is orthogonal to the ground state wave function 
Wo. Here, A is the variation parameter and H’ is the 
perturbation expressed by (2.2) interacting with the 
singly excited state y'. The energy#to be minimized is 


ji [vst (1+ AH’)*— Ayo* (1| H’|0) (Hot H’) 


XC(1+AH’y¥i—A(0| H’| Io ldr = (2.8) 





flan. O|H'|tWoltar 
where we have written 


[verd+Andr=A (1| H’|0). 


PRESSURE BROADENING OF SPECTRAL LINES 
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By the selection rule (2.5), H’ is not diagonal with 
respect to the principal quantum number, so that Ho 
and H’ do not commute with each other. However, 
the calculation is rather simple. After minimization, 
(2.8) leads to 


[Wit (1| V]1)+4 (201+) (1 V1) 
+ $ro*l (Ri?) }r=ro— 2(0| V| 1)*} 
+A%{ (1+W,) (1| V[1)+-4re°L (Ri?) =70 
— (1|V|0)*(2+Wi— (0| V|0)] 
oe —4}(1] V|0)re°[ (RoR1)’}-=ro}], 29) 
142A (1| V|1)-+A*{(1] V]1)— | V|1)*} 
with 





Wi (1|V|1)-+ aro (Ri?)’Jr=ro— (0| V| 1)? 


~ WiC | V]1)+4re (Re) e=r0 
— (1] V|0)*[1+W,— (0| V|0)) 
—}(1| V|0)ro?L (RoR1)’ ]r =ro 


and the matrix elements defined by (2.5). W, is the 
energy of the unperturbed first excited state and Ro 
the radial wave function of the unperturbed ground 
state. The primed parentheses imply the derivative with 
respect to r. 

The two methods give good results for hydrogen 
atoms in the states 1s, 2s, and 2p, compared with cal- 
culations by ten Seldam and deGroot, for ro greater 
than 4 or 5A.° 


(2.10) 





C. Atomic Field under Compression 


The atomic field in which the valence electron moves 
may change with pressure. If we assume the Thomas- 
Fermi-Dirac statistical model for the atomic core, the 
effective nuclear charge for the valence electron at r 
from the nucleus is expressed by 


(Z—Iex(r) +e, (2.11) 


where x(r) is the solution of the Thomas-Fermi-Dirac 
equation with r=bx, b being equal to 0.886a9/(Z—1)! 
and Z being the atomic number of the absorbing atom. 
However, the boundary conditions must be such that 





dx (x) x (xo) 
) = ’ (2.12) 
2=20 


0)=1, (— 
x (0) (= 


Xo 


Therefore, the pressure dependence of this quantity 
(4.1) can be deduced from that of x(r). This treatment 
may be compared with the calculation of the polariza- 
bility of compressed argon by ten Seldam and deGroot.® 

The solution of the Thomas-Fermi-Dirac equation 
for zero pressure will be denoted by xo(r), and a small 
quantity Ax,(r) will be added when compressed. Thus 


5S. R. deGroot and C. A. ten Seldam, Physica 12, 669 (1946). 
*C. A. ten Seldam and S. R. deGroot, Physics 18, 809 (1952). 
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we can write for the atomic field: 


é (Z— Ano) 
—{(Z—1)xo(r) +1} -——————,_ (2.13) 


r r 


Vol(r)=— 


with x,(r) = xo(r)+Ax,(r). The xo(r) vanishes at finite 
r, and A,(r) is much larger than xo(r) for large r. The 
boundary condition (2.12) leads to 


dAx p(x) Axp(%0) xp(%o) 
) ~ wv —-———, (2.14) 
226 


dx Xo Xo 


D. Doublet Separation 


Now we are ready to write down the doublet separa- 


tion. The spin-orbit energy of the nl state is given by 
j= l+- 3, 


h? : d Vo 
f | Rus(r) |? —crdr, 
2m? J 4 dr 


where V is the potential energy Of the valence electron. 
Using the wave function (2.4) and the rule associated 
with (2.6), we arrive at the following expression for 
(2.17): 


Snr™= dat nit 


(2.15) 
(2.16) 


Mea if 
(l+1)tar if 


(2.17) 


n= 


2 
— F°’ (nl| V | nl)dnra, at 
AW xn’ 


(Z—1)e*h? 
+- Xp(%) (1 —b 
amc? 


1/4 *)nr. (2.18) 


The symbols are 


d 
—f Ry l "Rep * 
0 rdr 


x(-- “{(Z- Dol) +1) rd, 


(1/7) i= f | Rna(r) | 


If the pressure is so low that the point r=ro is well 
outside of the atomic core (ro>3A for Rb), the third 
term in (2.18) vanishes. Since the AW is negative, one 
can conclude that for moderate pressure the doublet 
separation is smaller with increasing pressure. By the 
sum rule the second term of (2.18) may be rewritten as 
follows: 


dyvt, on 


, 1 U7 | oe? _ id : “f ad 
d' (ml| Vi a'Ddart, ni |Railr)| 
2m? ro 


rdr 


, 
n 


x| ia {(Z—1)xo(r)+ 1} Jpe (2.19) 
r 


TAKEO AND 


S-Y. CH’EN 


Well outside the atomic core, 
hydrogenic : 


the potential field is 


2’ (nl| V|n'l)dn, “of [Ral |*ar. 


Thus, (2.18) leads to 


3 == |Rnil? eae 
ro r 


This may be valid up to pressures of several hundred 
atmospheres, where the radius ro of the infinite potential 
wall is of the order of magnitude 5A. 

The formula (2.20) leads to the conclusion that the 
line shift of the ?P; component is smaller than that of 
the ?P, in the principal series, as is easily seen from 
Fig. 1. With notation designated in the figure, the 
shifts are 


(2.20) 


Cnt= dni, actin _ 
lAW| | mc? 


2P,: W+-b—a—<, 
*Py: 2a+b—26'—c. 


(2.21) 
(2.22) 


This difference of shift is what is observed under per- 
turbation due to helium. It may easily be seen, however, 
that if the third term of (2.18) becomes larger than the 
second term due to the change of the effective nuclear 
field by high pressure, the shift of the *P, is greater than 
that of the *P;, as has been observed at very high 
pressures.” 

To find the half-width in the presence of valence 
forces only, we have to take into consideration the fluc- 
tuation of ro. According to kinetic theory, the prob- 
ability of finding the atom with a volume between » 


a 
es ere ’ 


a ; foo 
2a 


tela 


Pye 


2 
Pre 





UNDER ZERO UNDER 


PRESSURE PRESSURE 
Fic. 1. Energy change of state under pressure. 


7 J. Robin and S. Robin, Compt. rend. 233 1019 (1951). 
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and v+d? is given as 


(v— 9)? Opo 
C expi —— (—) Jas 
2kT OV T 


where C is a normalizing factor. v may be taken as the 
volume of the atom and 1% and fo» as the mean values of 
volume and pressure, respectively. This fluctuation 
gives the half-width of the hypothetical line of the 
center of gravity of the doublet concerned. Denoting 
radii ro of the spheres giving the half intensities of the 
maximum by r; and r_y (r;>r_,), the half-widths of 
the doublet components are 


*Py: d(r_4)—d(ry) —[0' (ry) —0' (74) J, 
*P, : d(r_ ») —d(r,)+2[6' (ry) —b’ (r_4) |, 


where d(r)=b(r)—c(r). Therefore, the half-width of 
the ?P; component is slightly smaller than that of the 
*P, at moderate pressures. Since the distribution of ro 
is nearly symmetrical about its mean value, the steeper 
potential curve at smaller r¢ causes an asymmetrical 
intensity distribution J(v) with a long tail toward the 
violet. 


Ill. DENSITY EFFECT 


The compressed atoms are polarizable. The pelariza- 
bility depends largely on the charge distribution of an 
atom. From the above analysis, angular quantum 
numbers are good under compression. As the commu- 
tation relation shows, the charge distribution for J=} 
is spherically symmetric whereas that for J= is not 
and provides an introduction of an electric quadrupole 
moment Q defined by 


Q=0..—Qz2, (3.1) 


with 


Ous™ —¢ f 2\va!"dr= Qn 0.= ~e f slvaltar, 


where x, y, 2 are the rectangular coordinates with origin 
at the nucleus, —e the electronic charge, and y, the 
normalized wave function of a compressed atom origi- 
nally in the state n. 

It is not practicable to attempt to develop a per- 
turbation theory for heavy atoms. Therefore, we will 
develop a simple calculation of the second order inter- 
ation energy between two atoms in the 0 and 0’ states 
respectively. According to Buckingham’s analysis,* the 
polarizability could be divided into groups due to each 
atomic shell. The perturbing molecule may be replaced 
by a one-electron system. Thus at a great separation, 
R, the energy reads 





| (nn’| V | 00’) |? 
W=-> . (3.2) 
n,n’ Wat Wy Wo- Wo 


®R. A. Buckingham, Proc. Roy. Soc. (London) A160, 113 
(1937). 
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with 
(3.3) 


e 
V (R)~—(xx'+ yy’ — 222’), 
R’ 


referring to the coordinate systems x, y, s and x’, y’, 3’, 
parallel to each other with z and 2’ in the direction of R 
and with the origins at the nuclei of each atom. 

The summation in (3.2) may be understood to 
exclude the states degenerate to and including the 0 
and 0’ states. Practically this restriction is unnecessary 
except for hydrogen atoms. 

If the denominator of (3.2) can be replaced by an 
average with AW+AW’, we can use the sum rule 


>| (nn’| V}00’) |2= (00’| V2/00°)— | (nn’| V | 00’) |2. 


, 
n,n 


>” is summed up over all degenerate states to and 
including the 00’ states. Because of the odd parity of 
(3.3) the second term vanishes in this case. Further- 
more, we will assume that the primed atom is spheri- 
cally symmetric. Then with Q given by (3.1), we have 


ae Q 
W= ——_|_-+e1-\0) 
e 


= (0'|s’2|0’). 
R°AW+AW’ 


(3.4) 


The van der Waals energy for the initial state *S,, 
in the present case of absorption, is of the same mag- 
nitude regardless of the final states. 

Introducing the ?P wave functions for the J repre- 
sentation into (3.1), the quadrupole moments are 


Q=}e(O|r?|0), for *Py, |m| =3, 
Q=—}e(0|r*|0), for *Py, |m| =4, 
Q=0, for *P;, |m| =}. 


(3.5) 


Therefore, from (3.4) the level *P, splits into two sub- 
groups according to their magnetic quantum numbers, 
m: assuming that AW-+AW’ is approximately equal 
for all of the above-indicated states, the ratio of van der 
Waals energies is 


(Py): @Py): @Py) =4:5:6. (3.6) 


The superscripts on the right indicate the values of | m|. 
However, there may be some question about the 
additivity of the van der Waals forces under the mul- 
tiple interactions, when the atom concerned is in the 
anisotropic *P; state, since the direction of the z axis 
may be chosen by one colliding molecule. In this case, 
the interaction energy (3.3) will be transformed to 


e 
V(R)=—(X{cos(x, x’) —3 cos(x, R) cos(x’, R)} xx’), 
R* zz’ 


where (x, R) denotes the angle between the x axis and 
the vector R joining the two molecules. The coordinates 
are parallel to each corresponding axis. Finally, the 
spherically symmetric property of the primed atom 
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leads to 


é& (0'|2|0’) 
W = —— ————__[.{1+3 cos*(x, R)} (0| x*/0)]. 
R* AW+ AW’ 


(3.7) 


Thus, if the perturbing atoms are distributed in a 
spherically symmetric manner around the radiating 
atom, the values of (3.7) are the same for different J’s, 
neglecting the small difference in AW+AW’. This is 
simply because of no preference in the choice of z axis 
in space. 

If binary encounters are assumed, the energy (3.4) 
can be used. This is the case corresponding to the wing 
at the longer wavelength side of a line intensity dis- 
tribution. Similarly, this is the case for low pressure— 
probably lower than a few tens of atmospheres. Then 
the total line intensity distribution for the *S;—?P,, 
component must be the superposition of the two dif- 
ferent distributions for |m|=4% and 4. The statistical 
weight for |m| = 4 and |m| =} states in *P, is the same, 
neglecting the very small effect of the Boltzmann factor. 
Therefore, the line intensities should be nearly equal. 

According to the Fourier integral theory of pressure 
broadening, if the shifts or half-widths are denoted by 
A, the ratios are given by using the result (3.6).° 


A(P;!):A(2Py!): A (2Py3) = 1.74: 1.90:2.05. 


Since the ratio of shift tc half-width of a spectral line 
is 0.727 for the 1/R® force law from Foley’s formula, the 
half-width of the */, line must be given roughly by 
(1.90+-0.727X0.31)/1.90 of the half-width of the *P, 
component. Thus the ratio of the half-width of the *P, 
component to that of *Py is about 1.12, while the 
experimental value for the Rb resonance line per- 
turbed by argon ranges between two limits 1.01 and 
1.29 with a mean value of 1.12, up to 40 atmospheres.! 

Furthermore, we should call attention to the fact 
that the half-width is smaller for the line ?P;! than for 
*P,4. Then, the maximum intensity of the line *P,! 
must be larger than that of the line *P,', roughly in the 
ratio of 2.05/1.74. Surely the maximum intensity of 
the total intensity distribution in the line *Py should 


® The small van der Waals force for the initial state is neglected. 
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appear slightly closer to the *P;! component, and, thus» 
with slightly diminished shift. 

If the pressure increases up to a point where the 
simultaneous perturbers are distributed spherically in 
a symmetrical manner around the radiating atom as 
they would be in crystals, the difference in shift and 
half-width of the doublet components disappears. 
However, our theory can be applied to the wing at the 
longer wavelength side of the intensity distribution. 
This region corresponds to the binary interaction. 
Therefore, because of the split of the *P, states at the 
wing, the intensity curve must be broadened more than 
that of the *P,; in the corresponding region. This agrees 
with observations. 

In the case of light perturbers (helium), the long- 
range attractive force is quite small. Therefore, the 
interaction with a radiating atom occurs only at such 
a small distance that the repulsive force is appreciable. 
Then the greater part of the broadening scheme may 
follow from the treatment of Chapter IT. 


IV. SUMMARY 


It is unfortunate that the lack of exact wave func- 
tions for large r and heavy atoms has made it impos- 
sible for us to discuss our theory in a more quantitative 
way. However, the qualitative results of our analysis 
on the relative broadening of the doublets of the prin- 
cipal series perturbed by rare gas pressure may be sum- 
marized as follows: 

(1) The attractive force has very little influence on 
the relative shifts of the *P, and *Py components for all 
members of the principal series. 

(2) If the violet shift is negative and the red shift 
positive, the repulsive force will give a greater shift to 
the *P; component than to the *P; component at low 
pressures, regardless of the magnitude of the attractive 
force involved. The relative shift will be reversed in 
magnitude at high pressures. 

(3) If only the attractive force is involved in the 
interaction, the half-width and asymmetry of the *P, 
component will always be larger than those of the ?P; 
component. 

(4) If only the repulsive force is involved, the half- 
width of the ?Py component will be slightly smaller than 
that of the *P; component. The asymmetry toward the 
violet will be of the same magnitude for both. 
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The spectra of protons inelastically scattered from Al, Fe, Ni, Cu, Ag, Sn, Pt, and Au have been measured. 
The energy distribution of the scattered protons is represented only approximately by a Maxwellian dis- 
tribution. The relative level densities of the target nuclei have been calculated from the proton spectra. The 
scattering cross sections are compared with the predictions of the statistica! model. The results indicate that 
the observed energy variation of the level densities may not depend on the excitation energy of the residual 
nucleus primarily, but, instead, there is some evidence that it is a function of the energy of the emitted 
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I. INTRODUCTION 


INCE Weisskopf and Ewing' proposed the sta- 
tistical model for nuclear reactions, several experi- 
ments have been performed to test this theory. Many 
of the more recent measurements support its pre- 
dictions.2~* Paul and Clarke’ carried out an extensive 
survey of (n,p), (n,a), and (,2n) reactions. They were 
able to show that the (,2m) reaction cross sections are 
approximately in agreement with theory. However, 
the (”,p) and (n,a) reaction cross sections for the heavy 
elements are orders of magnitude Jarger than expected. 
Similar observations were made in the study of (y,p) 
reactions.’ Most of these experiments consisted of the 
measurement of reaction cross sections which are not 
sensitive to the assumptions incorporated into the 
statistical model. Usually, it is not possible to deter- 
mine which of these assumptions is responsible for any 
disagreement between experimental and _ theoretical 
results. 

The basic assumption underlying the theory is the 
Bohr assumption, which states that in a nuclear re- 
action a compound nucleus is formed which decays in 
all energetically possible modes independent of its 
formation. This hypothesis makes it possible to separate 
the formation of the compound system and its decay. 
The decay is assumed to be a free competition between 
all the different possible processes of de-excitation. The 
reaction cross section oa for a reaction A(a,b)B can 


then be written 
Fab=Oal's/>. Ti. (1) 


Here az is the cross section for the formation of a com- 
pound nucleus C by the bombardment of A with a; 
I; is the width for the emission of a particle i. The sum 
is extended over all possible particles which may ener- 
getically be emitted. Weisskopf calculated the proba- 
bility per unit time »=I°/h for the emission of a par- 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 
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ticle by using the principle of microscopic reversibility : 


(2) 


M 


whwo(Eo) 


¢max 
f Sywn (E) ede. 
«=0 


M is the mass of particle 5; we is the level density of 
compound nucleus C at an excitation energy Ep; « is 
the energy of particle 6; Sy is the cross section for the 
formation of nucleus C with excitation energy E» by 
bombarding B, which is in a state with excitation en- 
ergy E, ty particle b, which has kinetic energy ¢; £ is 
the excitation energy of B after b has been emitted; 
E=E )—Qs—«, where Q» is the binding energy of 6; 
€max= Eo—Q, is the maximum kinetic energy ) can 
obtain. The integrand 


nde= constS wp (E) ede (3) 


represents the energy distribution of emitted particles. 

The principle of detailed balancing relates the cross 
section S, with the density of states wg. Generally, the 
cross section for the formation of a particular nuclear 
state depends on the properties of that state. In this 
theory S; is assumed to be a monotonic function of the 
kinetic energy of particle 5 


Sv= (U+1)9¥T:(6), 
l=Q 


in which 7; is a transmission coefficient. This applies 
only if the nuclear states are densely packed.Further- 
more, this assumption does not take account of the 
width of a level. Hence, the transition to each final 
state becomes equally probable, ‘e.g., an n-fold de- 
generate level will be counted n times. The density of 
states we and the actually observed level density pz 
should then be related by we= fps, where f has the 
meaning of an oscillator strength and contains 
the square of the matrix element for the particular 
transition. 

The density of states at a residual] excitation energy 
E of the nucleus B is assumed to be only a function of 
the excitation energy of a particular residual nucleus. 
The possibility that wg depends also on the kinetic 
energy of the bombarding particle should not be ex- 
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cluded, since the maximum angular momentum of C 
depends on the energy of the bombarding particle. 
Therefore, higher angular momenta states in B may 
be excited with increasing Eo. w is generally called 
“level density,” although it may not represent the 
density of actual levels. 

Little is known about w. Weisskopf assumes 
w= bexp[ (aZ)'] and calculates a and 6 from the known 
levels at low excitation energy and at the neutron dis- 
sociation energy. Formula 3 shows that it is possible 
to obtain the level density function experimentally from 
the energy distribution of the emitted particles. 

The observation of the energy spectrum of emitted 
particles gives a direct measurement of the differential 
cross section 0°¢/d«02. Hauser and Feshbach® have 
shown that the cross section should not depend on the 
angle of observation in the energy region where the 
statistical theory applies. However, angular anisotropy 
for emitted particles has already been observed in 
y-induced reactions.*:"“~-” Courant" predicted an aniso- 
tropic angular distribution on the basis of a direct 
dipole interaction between incident y ray and the sub- 
sequently emitted nucleon. 

The spectra of the products of heavy-particle-induced 
reactions in the intermediate energy range have been 
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Fic, 1. The energy distribution of the protons in 
the incident beam. 
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Stephens, Toms, Carroll, and G. K. Rosenblum, Phys. Rev. 89, 
893 (1953). 

41 W. A. Butler and G. M. Almy, Phys. Rev. 89, 893 (1953). 

1 Mann, Halpern, and Rothman, Phys. Rev. 87, 146 (1952). 
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investigated for inelastic scattering of 14-Mev neu- 
trons by Stelson and Goodman," Whitmore and 
Dennis,'® and Graves and Rosen.'* (p,m) reactions were 
investigated by Gugelot.'? Deuteron-induced reactions 
are not considered here, since the stripping process, 
which does not involve a compound nucleus,: compli- 
cates the discussion. From the observed spectra, the 
energy variation of wz can be calculated. All the results 
obtained so far show that the spectra are approxi- 
mately of the form nde=conste~‘/7ede. The parameter 
T varies little over the whole periodic system and is of 
the order of 1 Mev. Asa result of the experimental diffi- 
culties in the detection of neutrons, the uncertainties of 
these results are large, and the investigated energy range 
is small. For this reason, an attempt has been made 
here to measure the spectra of inelastically scattered 
protons for which these experimental difficulties do not 
exist. The calculation of the relative level density from 
proton measurements requires only a knowledge of the 
barrier penetrability S, in Eq. (3). For a nuclear radius 
of 1.5 10-"A! cm, S, is given by Blatt and Weisskopf'* 
and more recently by Shapiro.” 


Il. EXPERIMENTAL SETUP 


The focused and collimated 18.3-Mev proton beam 
of the cyclotron entered a 12-inch diameter scattering 
chamber with Al windows at 30, 60, 90, 120, and 150 
degrees to the incident beam. The scattering chamber 
and NaI (TI) scintillation detector are described by 
Likely and Franzen.” The beam was collected in a 
5-inch long graphite Faraday cup. A 1-yf polystyrene 
precision condensor was connected between the cup 
and ground. The potential of the condensor could be 
measured by means of a quadrant electrometer, whose 
maximum deflection corresponded to about 1 volt. 
Calibration of the electrometer was carried out with a 
Rubicon potentiometer. The performance of the Fara- 
day cup was checked by counting the number of scat- 
tered protons per unit charge collected as a function 
of the bias voltage on the cup. The counting rate 
stayed constant within 1 percent for a variation of the 
bias voltage between +6 and —6 volt. 

The scattering foils used were 0.1- to 0.15-mil thick 
foils of Al, Fe, Ni, Cu, Ag, Sn, Pt, and Au. No correc- 
tion for multiple scattering is necessary for this foil 
thickness. The foils were always mounted in such a way 
that their normal bisected the angle smaller than 90° 
between beam direction and detector. 

The pulses from the RCA 5819 multiplier (in later 
experiments a Dumont K1186 was used) were amplified 
by a Los Alamos type 501 amplifier and displayed on 

“4 P, H. Stelson and C. Goodman, Phys. Rev. 82, 69 (1951). 

16 B. G. Whitmore and G. E. Dennis, Phys. Rev. 84, 296 (1951). 

16 EF, R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

17P, C. Gugelot, Phys. Rev. 81, 51 (1951). 

18 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(J. Wiley and Sons, Inc., New York, 1952), p. 352. 


1M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
” J. G. Likely and W. Franzen, Phys. Rev. 87, 666 (1952). 

































































LEVEL 


a Tectronix 513D oscillograph which was fed through 
a line voltage regulator. The pulses were photographed 
on 35-mm film moving with a speed up to 5 cm/sec. 
The film was projected on a ground glass screen in 
front of which 65 regularly spaced microswitches were 
placed, each connected to a register.”* The whole row of 
switches could be moved to follow the base line of the 
oscilloscope trace. The linearity of the complete system 
was checked by means of calibrated test pulses. It was 
not possible to obtain an energy resolution better than 
3 percent (width at half-maximum of the elastic peak), 
whereas a multichannel discriminator showed that the 
actual resolution was 2 percent. 

The pulse-height distributions were corrected for 
background, for the energy loss of the scattered protons 
in the Al windows, scattering foil and air path (total 
absorption about 25 mg/cm?), and center-of-mass mo- 
tion for the target elements up to Cu. Background runs 
were taken after each measurement. In general, three 
background runs were made: (1) with the scattering 
foil in place, but with an aluminum absorber of sufh- 
cient thickness to stop all protons between chamber 
window and detector, to detect the total y-ray back- 
ground; (2) with the same arrangement but without 
the scattering foil to detect the y-ray background which 
originated in the collimators and collector cup; and 
(3) without scattering foil and without Al absorber to 
detect slit-scattered protons. There was no slit scatter- 
ing observable in any run. At a pulse height correspond- 
ing to about 5 Mev, the y-ray background increased 
very rapidly with decreasing pulse height, so that the 
proton spectra could not be taken below this energy. 

To ascertain that no degraded protons reached the 
target, the energy distribution of the protons in the 
incident beam was measured by having the detector in 
place of the collector cup and operating the cyclotron 
at very low intensity. The results of this measurement 
are shown in Fig. 1. At 13 Mev the intensity is less than 
0.1 percent of the main beam. The low-energy tail is 
probably produced by slit scattering. A gold collimator 
was used to define the beam. The actual measurements 
have been repeated at least twice for each element with 
slightly different collimator arrangements. 


III. RESULTS 


The results of the scattering experiments are pre- 
sented as relative level-density functions. From Eq. (3) 
it is found that the quantity n/eS, is proportional to 
the level density of the residual nucleus. m is the experi- 
mentally observed number of protons per unit energy 
interval having kinetic energy ¢; S, is the cross section 
for the formation of a compound nucleus by protons as 
given by Weisskopf and Blatt.'* The nuclear radius 
was assumed to be 1.5X10-"A? cm. 


1 R. Britten, Phys. Rev. 88, 283 (1952). 
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Fig. 2. The relative level density w=n/eS, of Al, obtained from 
the scattered proton energy distribution at 60°, 90°, and 150° to 
the incident beam. 


A. Aluminum 


Spectra were taken at 60°, 90°, and 150° to the in- 
cident beam. The results are shown in Fig. 2. The ab- 
scissa gives the energy in the center-of-mass system 
and the excitation energy of the residual nucleus. The 
ordinate is proportional to the level density in the 
residual nucleus for a region in which the compound 
nucleus theory holds. At zero excitation energy the 
elastic scattering is apparent. Up to 4-Mev excitation 
energy, the intensity fluctuates due to unresolved 
levels. Above 4 Mev the level structure is so dense that 
the spectrum becomes smooth, so that from here on 
the statistical model is applicable. The angular dis- 
tribution of the scattered protons is seen to be isotropic, 
in agreement with the calculations by Hauser and 
Feshbach.® The spectrum is not purely Maxwellian. 
Defining nuclear temperature as 1/T7=d|nw/dE, we 
find that T varies between 1.3 Mev and 2.7 Mev. Table 
I compares the values for T obtained from different 
experiments. 


B. Iron, Nickel, and Copper 


The results for these medium heavy elements are 
given in Figs. 3-5. The relative values for the level 
density are similar for the three elements considered. 
This is to be expected on the basis of the statistical 
model. However, in disagreement with this model is an 
anisotropic angular distribution of the emitted protons. 
More fast protons are emitted at 60° than at 150° to 
the incident beam, showing that a fraction of the re- 
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Fic. 3. The relative level density of Fe. 


actions are due to interactions which cannot be de- 
scribed by the compound-nucleus theory. 

Assuming that the backwards-scattered protons con- 
form to the statistical description, we will confine the 
discussion in particular to the 150° data. This spectrum 
deviates again from a Maxwellian distribution: 7 in- 
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creases with decreasing excitation energy. At E=12 
Mev we find 7=1.3 Mev. T increases to about 3 Mev 
at low excitation energies. 

Table II compares data from different reactions. 


C. Silver and Tin 


The relative level densities for silver and for tin are 
shown in Figs. 6 and 7. The protons having an energy 
larger than 8 Mev are emitted anisotropically. For these 
elements this effect is even more pronounced than for 
the medium heavy ones. Little difference is apparent 
between the results for Ag and those for Sn. The magic 
character of the proton number of Sn does not seem to 
have influence on the spectrum. 

From the 150° data for Ag one finds that T changes 
from 0.8 Mev to about 3.5 Mev. The 7 values for Sn 
are approximately the same. 

The measurement for Ag at 150° has been repeated 
for the normal incident proton energy of 18.3 Mev. 


TaBLe I. Values for T=1/(d logw/dE). émax is the maximum 
energy with which a particle can be emitted. Ae is the ener 
interval of the emitted particle over which T is computed. AE is 
the interval of the residu.l excitation energy after emission of a 
particle with kinetic energy in the interval Ae. 











Reaction SE 
Al(n,n) 12-9 
Al(n,n) 13-10 
Al(?,p) 18-3 
Al(p,p) 12-10 


9-5 
Al(p,n) 9-6 











* See reference 16. 
» See reference 15. 
¢ See reference 21. 
4 This paper. 

© See reference 17. 


Immediately afterwards the proton energy was reduced 
to 16.2 Mev and a run was made under the same con- 
ditions. These results are presented in Fig. 8. The 
ordinate of this plot is on an absolute scale, 0°¢,,/d«dQ 
being the cross section for inelastic scattering per Mev 
per steradian, ¢ the scattered proton energy, and S, 
the formation cross section as defined by Blatt and 
Weisskopf. The slopes at equal excitation energy for 
both measurements do not agree: for é€max=16 Mev 
and 10<E<6 Mev one finds 7= 1.3 Mev, whereas for 
€max= 18 Mev in the same excitation energy interval 
T=1.8 Mev. For the higher incident energy, T=1.3 
Mev is obtained for 12<E<8 Mev. Table III sum- 
marizes all available data. 


D. Platinum and Gold 


Figure 9 shows the results obtained from the in- 
elastic scattering of protons from Pt. The relative level 
density of Au is very similar to that of Pt; it is therefore 
not reproduced. Several Pt runs have been carried out 























with different beam and detector collimators. All re- 
sults agreed with one another. The intensity of the 
scattered beam measured at 60° is almost uniformly 
three times as great as at 150°. A small admixture to 
the incident beam of a few percent of protons of de- 
graded energy could have produced an apparent in- 
crease of the forward scattering, since the 60° elastic- 
scattering cross section is very much larger than that 
for 150° scattering. At 18 Mev measured values for the 
elastic-scattering cross section at 60° and 150° are 170 
mb/sterad and 4 mb/sterad, respectively.” However, 
the energy distribution of the incident beam (Fig. 1) 
accounts for only 8 percent of the 60° scattered in- 
tensity at a proton energy of 12 Mev. Therefore, this 
amount of background cannot appreciably reduce the 
60° intensity relative to the 150° intensity of scattered 
protons. 

T varies between 0.7 Mev and about 2.8 Mev for 
the 150° data. The value for T at large excitation energy 


TABLE II. Values for T for Fe, Ni, and Cu. The symbols 
and references are the same as in Table I. 




















Reaction émax Ae AE y Ref. 
Fe(n,n) 14 14 ° 13-10 0.76 a 
Fe(n,n) 15 1-3 14-12 0.6 
5-8 13-10 1.36 
Fe(?,?) 18 10-16 8-2 2.6 d 
Fe(p,n) 10 2-6 84 0.95 e 
' 5-8 13-10 1.2 
Ni(p,?) en 8-2 2.6 . 
Cu(n,n) 14 1-4 13-10 0.77 a 
5-8 13-10 1.2 
Cu(?,p) 18 10-16 8-2 26 d 








in the residual nucleus cannot be very reliable, because 
the correction for the barrier penetration is large. 
From the scattering of 14 Mev neutrons from Au, 
Graves and Rosen find T=0.7 Mev. From the 
Au(p,n)Hg reaction 7=0.8 Mev was deduced. 


IV. DISCUSSION 


Several features of these results have to be discussed. 
The first and most general property of the deduced 
relative level density is that the density increases ex- 
ponentially with excitation energy. Its variation with 
energy at high excitations is even more rapid than 
thermodynamical models predict. Secondly, the level 
densities of neighboring elements are very similar. 
Since it is possible to obtain relative level densities 
only with these experiments, a normalization is neces- 
sary. A suitable excitation energy to fix the absolute 
value of w is at about 1 Mev. At that excitation one 
knows that the level spacing is between 0.5 and 0.1 
Mev. Another point where the level density is known 


* P. C. Gugelot, Phys. Rev. 87, 525 (1952). 
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Fic. 5. The relative level density of Cu. 


is just above the neutron binding energy. Table IV 
compares then the ratio of the level densities at the 
neutron binding energy and at 1-Mev excitation. In 
column 2 resolved levels are used, in column 3 the re- 
sults of this experiment are used. For Al the agreement 
between the two ratios is fair, while for the other ele- 
ments, the discrepancy amounts to at least a factor 100. 
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An explanation for this may be connected with the ex- 
planation for the observed anisotropic angular dis- 
tribution of the emitted protons, The anisotropic emis- 
sion cannot be brought into agreement with the common 
picture of the compound nucleus. It is therefore neces- 
sary that direct interactions take place—possibly, inter- 
actions between the incoming particle and the nucleons 
forming the surface of the target nucleus.” Trans- 
parency™ of the whole nucleus is probably ruled out, 
since no angular anisotropy is found for the light ele- 
ments for which the transparency would be larger than 
for the heavy ones. It may well be that even for back- 
ward scattering the direct interactions with the surface 
give a noticeable contribution. The measured spectra 
may therefore be composed of two partial spectra, the 
first arising from surface effects, the second from the 
decay of the compound nucleus. Experimental data on 
(pa) or (n,a) reactions may give more information on 
the origin of the angular distribution, since it seems 
improbable that a particles will be emitted by direct 
interactions. 


Tase III. Values for 7 for Ag and Sn. The symbols 
and references are the same as in Table I. 


Reaction émas Ae AE T 


Ag(n,n) 14 1-4 13-10 0.76 


5-8 13-10 ~=—-:1.0 
Ag(p,p) 18 11-15 7-3 3.5 


Ag(p,p) 6-10 10-6 1,3 
Rh(p,n) 2-6 12-8 0.85 
Sn (n,n) 1-4 13-10 0.56 


Sn(p,p) <—s =. 





Another possible argument to explain the small ratio 
for the level densities at the neutron dissociation energy 
and near the ground state is the following: the transi- 
tion probabilities from the compound state to low-lying 
levels in the residual nucleus could be very large com- 
pared to the transition probabilities to highly excited 
states. This argument cannot be ruled out on the basis 
of available evidence, but the size of the variation and 
the fact that no such variation is required to explain 
our results for aluminum throws some doubt on this 
argument. 

Another explanation for the small variation of w 
between 0 and 8 Mev is given by Hurwitz and Bethe” 
and is discussed by Weinberg and Blatt.?” They assume 
that the excitation energy of a particular nucleus 
should not be measured from the ground state but from 
a state which is above the ground state and varies 
smoothly from element to element. The ground state 


%H. McManus and W. T. Sharp, Phys. Rev. 87, 188 (1952). 
* R. Serber, Phys. Rev. 72, 1114 (1947). 

* Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
*¢ H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
271, G. Weinberg and J. M. Blatt, Am. J. Phys. 21, 124 (1953). 
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Fic. 7. The relative level density of Sn. 


may be very much lower than this level for particularly 
stable nuclei. However, the similarity of the Ag and 
magic Sn spectra and of the Fe, Cu, and magic Ni 
spectra seems to refute this hypothesis. 
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Fic, 8. The relative level density of Ag obtained from the 
scattering of 18.3-Mev and of 16.2-Mev protons. The values for 
(1/€Sp) (@°epp/dedQ) are absolute. Curve 3 presents the calculated 
value for (1/¢S,) (0¢,,,/d«0M) for 16.2-Mev incident protons. The 
level density used in the calculation is that obtained from the 
18-Mev experiment. 




























































LEVEL 














¢ 
Ly 
4 60° 
oor ft $4 } 150° 
tf 
co y tt, 
pooninlt tht ’ 
5 Hh, % 
t 
+ nt ab ‘ “ 
; f $a9%e 
> ¢ 
iF MH 
Hirw ¢ 
ty, 
Excitation Energy in Mev 
2 10 8 6 * 2 0 
« Mev 


Fic. 9. The relative level density of Pt. 


Another effect which may have to be considered to 
explain the observed angular anisotropy for the scat- 
tered protons is the electric excitation of nuclei by 
protons. This effect has been discussed by Weisskopf,”* 
Mullin and Guth,” and Huby and Newns.” Total cross 
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Fic. 10. A summary of the 150° experimental data. 


8 V. F. Weisskopf, Phys. Rev. 53, 1018 (1938). 

2 C, J. Mullin and E. Guth, Phys. Rev. 82, 141 (1951). 

® R. Huby and H. C. Newns, Proc. Phys. Soc. (London) A64, 
619 (1951). 
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sections for this interaction can be as large as 10~** cm’. 
However, the angular distribution calculations are not 
very reliable. It is therefore not possible to conclude 
whether or not the electric interaction has to be taken 
into account. More information on the high-energy 
part of the spectrum of inelastically scattered neutrons 
may lead to a clarification of this point. 

Adhering to the cross-section calculations based on 
the statistical model but inserting for the level density 
the functions found in this paper from the 150° scatter- 
ing, one may recalculate the theoretical cross sections 
for (m,p) and (m,2n) reactions. These values for ¢theor 
may be compared with the experimental results from 
Paul and Clark.’ This has been done for Rh (using the 
level density from Ag) and Pt. For Rh the following 
results are obtained: 

Otheor (#,p) = 10-** cm*, observed cexp(n,p) = 13X 10-** 
cm, Using Weisskopf’s level density: otheor(",p)=0.1 
X10-** cm?. For Pt: otheor(#,p) = 3.7 10-7 cm?, which 
compares with gexp(n,p)=3.10-*7 cm’, whereas the 
theoretical level density formula gave otheor(",p) = 0.02 
10-7 cm*. The cross sections for (,2m) reactions are 


TABLE IV. Ratio of level densities at the neutron binding energy 
and at 1-Mev excitation energy. Column 2, from neutron reso- 
nance experiments. Column 3, from the relative level densities in 
this paper. 


Element w(On)/@(t) 


Ni 5.10? 


practically independent of the shape of the level density 
function. 

The energy dependence of the level density func- 
tions has to be considered next. Excluding that part 
of the level density function at high energy of excita- 
tion, it was found that w increased more rapidly with 
energy than exp[(aE)!], as postulated by Weisskopf. 
In addition, the variation of T= (d logw/dE)~ over the 
periodic system seems to be small, smaller than the 
variation of T with E for a given element. A comparison 
of all the data collected in these experiments is shown 
in Fig. 10. The ordinate is on an absolute scale. It is 
remarkable that the value of (1/¢S,)(@°a,»/ded2) does 
not vary appreciably from one element to another. 

According to formulas 1 and 2, the plotted quantity 
can be written as 


Oa og émax' 
m2 | Sy atk) [Ef Siw (€max'— €)ede. 
d€02 4dr i v5 


An isotropic angular distribution for the emitted protons 
is assumed. The sum has to be carried out over all 
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energetically possible reactions. By far the most prob- 
able reaction is, however, the (p,m) reaction; however, 
for Al the inelastic scattering of protons should also be 
considered, Setting w(0)=1 one may calculate 


Tp ¢max! 
/zf Sw (€max!— cede, 
4nl ivy 


and this expression should then be equal to the ordinate 
of the measured curves at E=0. This has been carried 
out for those elements for which the threshold of the 
(p,m) reaction is known. The following results were 
obtained : 


Al’, 4.1 10-5 (Mev)~ calculated, and 
1.6 10-* (Mev)~ experimental ; 


Fe®*, 1.2 10-5 (Mev)~ calculated, and 
10-5 (Mev)~ experimental ; 


Ag’, 0.8 10~-* (Mev)~ calculated, and 
1.5 10-® (Mev)~ experimental. 


The agreement is good, taking into account the rough 
assumptions, These results may show that cross section 
calculations on the basis of the statistical model give 
reliable results, provided the right level density func- 
tions are used. The results are very sensitive to émax; 
a variation of émax for Ag by 0.2 Mev gives a 26 percent 
variation in the computed values. However, the mean- 





© Ep = 18.3Mev 
"Ep * 16.2 Mev 


wo 











Fie. 11. (1/eS,) (6% p,/AedQ) vs energy of the emitted protons 
obtained from the scattering of 18.3-Mev and 16.2-Mev protons 
by Ag. Curve a presents the calculated value of (1/¢Sy) (@pp/ 
8¢0) for 16.2-Mev incident protons. The level density used in 
the calculation is that obtained from the 18-Mev experiment. 
Curve a is equivalent with curve 3 of Fig. 8. 
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ing of these estimates is rather doubtful. To be specific, 
it does not seem possible to use the same level density 
function for different excitation energies. Curves 1 and 
2 of Fig. 8 show (1/¢S,) (’c,,/de02) observed from the 
bombardment of Ag by 18.3-Mev and 16.2-Mev pro- 
tons. The calculated value for (1/¢S,) (0?0p,/0«0Q) for 
16.2-Mev incident protons using the level density 
function w obtained from the 18.3-Mev data is shown in 
Fig. 8, curve 3. This curve has to be compared with the 
experimental curve 2 of Fig. 8. The calculated value for 
(1/¢S,)(@’op,/de02) for 16.2-Mev incident protons 
agrees again with the experimental curve if one com- 
putes its value by using w from the 16.2-Mev experiment. 
This may indicate that w is not only a function of the 
excitation energy of a particular residual nucleus, but 
also a function of the excitation energy of the compound 
nucleus. With this evidence it is necessary to consider 
the results of all available experiments compiled in 
Tables I to III. Although the values for T are not very 
precise, it is still possible to conclude that the slopes of 
the level density function obtained from the various 
observations on a particular nucleus at a given excita- 
tion energy do not agree with one another. Neither can 
one find a definite trend of T(£) with the excitation 
energy of the compound nucleus. The different values 
of T at high excitation energy obtained from (n,n) or 
from (p,p) scattering could be produced by a wrong 
Coulomb barrier penetration correction, due to either 
a depression of the barrier caused by surface vibration 
of an excited nucleus" or an incorrect estimate of the 
nuclear radius. However, the disagreements are already 
obvious for Al, for which the penetration correction is 
small. 

There seems to be some evidence from columns 3 and 
5 of Tables I-III that 7 is a function of the energy of 
the emitted particle only. This conclusion is also borne 
out by the Ag experiments, shown in Fig. 8. Here, the 
two curves overlap if they are plotted as a function of e¢, 
as shown in Fig. 11. From the theory of nuclear re- 
actions one would expect that the quantity (1/«S,) 
X (#0 ,/ded2) obtained for 18-Mev incident protons 
is 1/9 of the same quantity obtained from the 16-Mev 
measurements at equal excitation energy E. The pro- 
portionality factor is independent of £, since the 
derivative of the level density with excitation energy E 
should only be a function of the excitation energy. 
Figure 8 shows that this is not the case, but that there 
are too many fast protons in the spectrum obtained 
with 18-Mev incident protons as compared to the 16- 
Mev spectrum. Curve a of Fig. 11 shows (1/¢Sy) (@epp/ 
002), which is calculated for 16.2-Mev incident protons 
using w obtained from the 18.3-Mev experiment. This 
curve corresponds to curve 3 of Fig. 8. At e=5 Mev the 
calculated curve a and the experimental curves approach 
each other, as one expects on the basis of the theory for 


| E. Bagge, Ann. Phys. 33, 389 (1938). 
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a Maxwellian distribution of emitted particles.” It is 
possible to make noncompound nuclear effects re- 
sponsible for the emitted high-energy protons. These 
direct interactions may be a function of the energy of 
the incoming particle, so that the observed level 
density has only a meaning at high excitation energy 
of the residual nucleus. However, the slopes of the level 
density obtained by Britten” by the inelastic scattering 
of 32-Mev protons by Al are in good agreement with 
our slopes for Al, if the “level density” is assumed to 
be a function of ¢ and not of £. In addition, (1/¢S,) 
X (0°¢ p,/dd2) from the 32-Mev data is 7X 10-5 Mev, 
and that quantity from the 18-Mev data is 8.5x10-° 
Mev~ at e=11.5 Mev, in fair agreement. The error 
stays approximately constant over the range of ¢ for 
which the two measurements overlap. No correlation 
between the slopes of the two experimental curves is 
obtained, if w is considered to be a function of the ex- 
citation energy E, as shown in Table I. 

Figure 12 shows T= —[d logw(e)/de}“ taken from 
all available results on Al and Ag as a function of the 
particle energy. This plot shows better agreement be- 
tween the different experiments than the values given 
for T(£) in the tables. It should be kept in mind that 
the estimation of slopes from these spectra cannot be 
very precise. 

It is now possible to understand the small variation 
of (1/¢eS,)(@’app/de0Q) for different elements as shown 
in Fig. 10. It is necessary to calculate 


w(e) / 4x f x 


assuming that only neutron emission is probable; émax 
represents the maximum energy with which a neutron 
can be emitted. To evaluate the integral the spectral 
distribution may be approximated by a Maxwellian 
distribution w= e~*/7, where T is taken at small values 
of « from which one obtains the main contribution to 
the integral. This yields for (6’c,,/ded2)/eS,~w(e)/ 
4nT?*; T does not vary much for different elements and 
is about 0.8 Mev. Thus w(0)/4x7? is of order 0.1 Mev~, 
in agreement with a reasonable extrapolation to e=0 


* The fact that (1/eS»p)(0°vpp/¢ed2) depends only on e if the 
level density is w=aexp(E/T), in which T is constant, is also 
shown by K. J. Le Couteur (private communication). 
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Fic. 12. T= —[d logw{e)/de} for Ag and Al vs energy of 
emitted protons. a: Graves and Rosen (see reference 16); b: Stel- 
son and Goodman (see reference 15); c: Britten (see reference 21); 
d: this paper; 18.3-Mev incident protons; e: Gugelot (see refer- 
ence 17); : this paper; 16.2-Mev incident protons. 


of the experimental plots. The ordinate is no longer a 
sensitive function of the threshold of the (p,m) reaction. 

Using the hypothesis presented, one is able to re- 
calculate the theoretical cross sections for (m,p) re- 
actions which were measured by Paul and Clarke.’ The 
cross section for Ag(p,2) comes out to be about 10 mb 
with an uncertainty of a factor 2 resulting from the 
necessary extrapolation of the neutron spectrum to 
e«=0. The measured cross section is 130 mb. 

The evidence that w is only a function of ¢ may have 
been caused by a misrepresentation of the form of the 
spectrum as given by Eq. (3), or by the fact that direct 
interactions are much more likely than had been ex- 
pected. It cannot be concluded from the small amount 
of data available whether w is a function of ¢ alone or 
a function of ¢ and the energy of the incoming particle. 
It will be necessary to obtain more experimental in- 
formation from scattering and reaction experiments 
carried out in different énergy ranges in order to check 
the evidence presented here and to be able to construct 
a model for the reaction mechanism. 

The author would like to thank Mr. H. A. Lauter 
for his assistance and for reading most of the films, 
and he is especially grateful to Professor E. P. Wigner 
for many discussions about the statistical theory. 
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A search for equal ratios of energies in even-even isotope nuclei observed by Redlich has been extended 
to even-even isotone and even-odd, odd-even isotope and isotone nuclei. It is found that on the basis of the 
existing data, a similar regularity does not seem to be present in these groups of nuclei. 





N a recent note, Redlich' makes the interesting 

observation that the corresponding ratios of energy 
differences between the excited states in even-even 
isotopes are approximately equal. Such a regularity, if 
it really exists, is of great importance in the theory of 
nuclear structure. Hence it is tempting to understand 
it on the basis of the current shell model. Consider two 
even-even isotope nuclei (Z,N), (Z,N+2) and denote 
the energies of the excited states, measured from the 
ground state by E;, Es, Ey, etc. Redlich’s observation 
that 


E,/E, or E, ‘(E.— E;) 


is approximately the same for the various even-even 
isotope nuclei can be taken to imply that the energy 
states, at least the lower ones showing this regularity, 
are mainly determined by the protons in the incomplete 
shell; for otherwise the addition of two more neutrons 
to the nucleus (Z,V) would have changed the con- 


figurations of the nucleus and hence the energy level 
pattern so that one would not expect the regularity 
observed by Redlich to be the rule. In fact, the regu- 
larity of Redlich can be readily understood if one 
assumes that in the even-even isotopic nuclei (Z,), 
(Z,N+2), (Z,N+4)---, the energy levels are those 
determined by the proton configuration, the addition of 
successive pairs of neutrons bringing about a change in 
the “central field” part of the interaction and thereby 
changing the energy levels of the protons by a constant 
factor. For the heavier nuclei in which the “outer” 
protons and the “outer’’ neutrons are in very different 
shells, the interaction energy between a proton and a 
neutron in the incomplete shells is smaller than inter- 
action energies between nucleons in the same shell. In 
this case the energies of the protons and of the neutrons 
may roughly be regarded as additive. If the spacings 
of levels of the proton configurations and of the neutron 
configurations taken separately are denoted by AEy 


TABLE I. Energy levels and ratios for even-Z, odd-N isotopes.* Energies are in Mev. 











Z Element A Ey Es 


Ey Es G2/Ey 


7.16 


6.56 


4.6 


an 


4 Be 7 0.429 


anu 
bh 
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6.8 
4.77 
3.69 


6.84 
3.86 


2.84 
3.0 


1.58 


11.6 


6.40 
3.89 


7.61 
4.56 


3.73 


9 (1.5) 

11 1.85 

13 0.7* 
15 5,29* 
17 0.875 

21 0.35 

23 0.98 

25 0.58 

27 (0.99) 

29 1.28 

31 0.73 

37 1.49 

41 0.66 

41 1.95 

43 0.56 

22 Ti 47 1.40 
49 1.35 
82 207 
209 1.6 


92 J 233* 0.0757 
235 0,051 


2.429 


4.23 
3.08* 


6.20~ 
3.07 


1.73 
1.77 


0.98 
3.50 


2.038 
1.23 


2.56 
1.21 


2.41 
1.0 
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1.70 


0.87 
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1.34 
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3.09 
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2.05 
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0.55 
0.8 


0.0174 
0.013 
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® +and — denote parity; 0 ratios with corresponding parity; * lowest energy level omitted in finding the ratio; ( ) levels not found in @-decay schemes’ 


t National Research Laboratories Postdoctorate Fellow. 
1M. G. Redlich, Proc. Natl. Acad. Sci. U. S. 30, 560 (1953). 
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TABLE II. Energy levels and ratios for odd-Z, even-N isotopes.* Energies are given in Mev. 








Element 





N 13 2.369" 
15 5.28 


F 17 0.536 
19 0.11 
Al 25 0.45 
27 0.84 
Cl 33 0.76" 
35 0.6 
Cu 63 0.960 
65 1.12 





E:/Ei 
6.7 
9.66 


1.50° 
1.00 
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* See footnote a in Table I. 


TABLE III. Energy levels and ratios in even-even isotones.* Energies are given in Mev. 
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Zz Element A N 


Es 


be] 
el 





nw 
=—J 


4 Be 10 6 
6 Cc 12 6 


10 Ne 22 12 
12 Mg 24 12 
14 Si 28 14 
12 Mg 26 14 


-S Fw 


ee Bf 


NR 
mn 


14 Si 30 16 
16 S 32 16 


Dh ee 
Nw 
mn 


w 
oo 


22 Ti 50 28 
24 Cr 52 28 
48 Cd 66 
50 Sn 66 
50 Sn 70 
52 Te 70 
56 Ba 82 
58 Ce 82 
76 Os 

78 Pt 

78 Pt 

80 Hg 


eS 


rin 
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oo 
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7.38 
9.62 


3.4 

5.51 
4.91 
4.00 
4.00 
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® See footnote a in Table I. 


and AEp, respectively, and if AEp are smaller than AEw 
by a factor 4 or 5, say, then the lower few levels of the 
nucleus willbe essentially the levels of the proton 
configuration, and vice versa. 

The above situation, however, does not obtain in 
general, especially in the case of the lighter nuclei in 
which the incomplete proton and neutron shells have 
the same quantum numbers. For such nuclei, it has 
been found necessary to consider all the protons and 
neutrons in the incomplete shells in order to account for 
the spin, magnetic moment, and energy levels of the 
nuclei.2 In this case, it seems difficult to understand 
Redlich’s regularity on the basis of the present shell 
model. 


2See, for example, D. R. Inglis, Phys. Rev. 87, 915 (1952); 
Revs. Modern Phys. 25, 390 (1953). 


In view of these considerations, it is obviously of 
interest to extend the search of Redlich to see if similar 
regularities exist among (1) even-Z, odd-N isotopes, 
(2) odd-Z, even-N isotopes, (3) even-Z, even-N iso- 
tones, (4) even-Z, odd-N isotones, and (5) odd-Z, 
even-N isotones. From the recent compilations of 
nuclear energy levels,’ we obtain the result given in the 
following tables. 

From Table I for 11 groups of even-odd isotopes, it 
is seen that only in three cases, namely, O'*, O'7; Si”, 
Si*; A*’, A" is there some approximate equality in the 


3G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953); Nuclear 
Data, National Bureau of Standards Circular 499 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1950) ; and Supplements; 
new nuclear data in Nuclear Science Abstracts, J. M. Hollander 
et al., Revs. Modern Phys. 25, 469 (1953). 
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TABLE IV. Energy levels and ratios in even-Z, odd-N isotones.* Energies are given in Mev. 








Element A 
He : 
Be 7 
Be 9 
& 11 
Cc 13 


O 15 

Ne 23 
12 Mg 25 
12 Mg 27 
14 Si 29 
14 Si 31 
16 S 33 
26 Fe 57 
28 Ni 59 


N 


3 


Ei 


Es Ei Es 


E:/Ei 





1.76 
0.430 


(1.5) 
1.85 


0.70* 


5.29% 


0.98 
0.58 


0.99 
1.282 


0.73 
0.85 


0.014 
0.42 


2.6 16.64 
4.6 6.4 7.16 


2.43 
4.23 6.40 


3.0824 


6.20~ 


1.77 
0.98 
3.50 
2.038 


1.23 
1.90 


0.131 
3.08 


On 
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* See footnote a in Table I, 


Na 
Al 
P 
Cl 
Br 
Rb 


La 139 
Pr 141 





TABLE V. Energy levels and ratios in odd-Z, even-N isotones.* Energies are given in Mev. 








Ei 


Ex 


Es Es 


E;/E, Ei/Ei 





2.14 
2.369% 


5.28 
0.536 


0.439 
0.45 


0.44 
0.76* 
0.17 
0.15 


0.163 
0.145 


4.46 
3.51 


5.31 
3.10 


2.07 
0.95 


1.02 


1.89* 


0.37 
0.54 


5.03 6.76 
= 3.558* 


6.33 7.16 
3.86 4.35 


2.10 
1.81 


1.74 
2.847 


1.1 


0.184 
0.315 


2.35 


1.20 
7.20 
1.40* 
4.79 
4.9 
3.95 
3.7 
6.5 


4.91 
7.24 











* See footnote a in Table I. 
corresponding ratios. From Table II covering 6 groups 
of odd-even isotopes, only Cl*, Cl** show the regu- 
larity; however, the data on Cl** are uncertain. From 
Table III for 10 groups of even-even isotones, three 
cases, namely Be", C'; Ne”, Mg*; and Ba™*, Ce! 
show a proximity in the ratio Z,/E, within about 10 
percent; but in the case of Ne”, Mg”, the values of F,, 
E, themselves are so different in the two nuclei that 
the close proximity in the ratio E,/E, may perhaps be 
regarded as accidental. The seven pairs of even-odd 
isotones in Table IV do not seem to show any regularity 
in the ratios E,,/E,. In Table V for 6 pairs of odd-even 
isotones, the pair P*, Cl* shows an equality in the 


ratios but very different values in the E,, themselves. 
The pair Na”, Al*® shows 4 approximately equal ratios 
(4.72; 4.32), (5.41; 5.58), (6.13; 6.00), and (6.84; 6.88) ; 
however, the levels in Na™ have not been given in a 
B-decay scheme. 

From these tables one may conclude that from the 
purely empirical point of view, the interesting regu- 
larity found by Redlich for even-even isotopes has not 
been found as a rule in the five tables. It must be em- 
phasized, however, that the data used in the comparison 
in these tables are in many cases uncertain in the sense 
that there may be as yet unobserved levels between the 
known ones. 
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Properties of the giant dipole resonances for (y,) reactions have been measured for 14 singly-isotopic 


elements distributed throughout the range of s values. Systematics are reported for the behavior of the 
integrated cross sections, the energies at which the dipole resonances attain a maximum cross section, the 
values of the cross sections at these energies, and the widths of the resonances. Anomalously narrow widths 
are reported for elements with neutron numbers in the vicinity of the magic numbers. 








INTRODUCTION 


ARLY experimental studies'~* of the absorption by 
nuclei of photons with energies in the range from 
5 Mev upwards have shown that the absorption process 
exhibits a giant resonance in the energy region about 
20 Mev for all elements investigated, and a consider- 
able amount of recent work has substantiated this con- 
clusion.* Theoretical investigations of photonuclear 
processes have established that the photon absorption 
is predominantly dipole in nature.’’* One of the funda- 
mental predictions of the theories arises from the 
application and extension of the sum rules for dipole 
absorption to absorption by nuclei, and in fact a meas- 
urement of the total integrated cross section for dipole 
absorption could yield a value for the percent of ex- 
change in the neutron-proton interaction. 
Experimental techniques, however, have not yet 
reached the state where such comparison with theory 
can be made with profit. Difficulties arise from the 
bremsstrahlung nature of the photons used, from the 
lack of certainty that one has measured all partial 
reactions resulting from the absorption process, and 
from lack of knowledge of any tails on the absorption 
curve above the giant resonance and what fraction of 
any tail arises from dipole absorption. On the other 
hand, a detailed study of the parameters of the giant 
dipole resonance itself and of the dependence of these 
parameters on atomic number can yield direct informa- 
tion concerning nuclear structure and is less exacting in 
experimental requirements, especially if the assumption 
is made that the excitation function for a photoneutron 
reaction is identical except in magnitude with that for 
total photon absorption over the giant dipole resonance. 


* Supported in by the U. S. Air Research and Development 
Command and the joint pr of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission 

1G. C. Baldwin and G. S. Klaiber, Phys. Rev. 70, 259 (1946). 

2 J. L. Lawson and M. L. Perlman, Phys. Rev. 74, 1190 (1948). 

3M. L. Perlman and G. Freidlander, Phys. Rev. 74, 442 


(1948). 

4G. C. Baldwin and G. S. Klaiber, Phys. Rev. 73, 1156 (1948). 

5 J. McElhinney, Hanson, Becker, Duffield, and Diven, Phys. 
Rev. 75, 542 (1949). 

* We shall refer to individual papers that pertain to the results 
of this paper in subsequent sections. A relatively complete 
bibliography of papers on Peete sas 9 reactions is given in the 
paper by L. Eyges, Phys. Rev. 86, 325 (1952). 

M. Goldhaber and E. Teller, Phys. ues 4, 1046 (1948). 

8 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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With this in mind, we have made a study of the 
photoneutron cross sections of 14 singly-isotopic ele- 
ments from threshold to 24 Mev using betatron brems- 
strahlung and direct neutron detection. The practical 
advantages of direct neutron detection over residual 
activity measurements in obtaining precise yield curves 
are so great as to outweigh any ambiguities arising 
from the onset of (y,2m) or (y,pm) reactions. During 
the course of this study there appeared a similar work 
by Montalbetti, Katz, and Goldenberg’ in which many 
of the elements herein investigated were measured. The 
apparatus used for the work of this paper had a signal- 
to-background ratio an order of magnitude larger than 
that used by Montalbetti et aJ. and consequently com- 
paratively thinner samples could be employed. Pre- 
liminary results of this work have recently been pub- 
lished.*-” 


APPARATUS AND PROCEDURE 


The general arrangement of the apparatus is shown 
in Fig. 1. The details of construction as well as the sig- 
nificant performance data have been presented in 
previous publications.": The only modification for the 
present study was the use of four enriched BF; counters 
imbedded symmetrically at 13.5 cm from the beam 
axis to enhance the yields near threshold and reduce 
the exposure time for a given element to reasonable 
limits. The samples, whose neutron yields are measured 
as the betatron is run at successively increasing energy 
in half-million volt steps from threshold to 25 Mev, are 
situated in the center of the paraffin house at 296-cm 
distance from the betatron target. At this distance the 
collimated betatron beam has a diameter of 1.03 cm 
and an intensity of 3.9 r/min at 20-Mev betatron 
energy. Some samples were in powder form and were 
packed into aluminum cylinders with walls 0.030 in. 
thick and end caps 0.007 in. thick. Identical blank 
cylinders permitted background determinations for 
these elements. 


ws Katz, and Goldenberg, Phys. Rev. 91, 659 
" Halpern, Nathans, and Mann, Phys. Rev. 88, 679 (1952). 
, Mann, and Nathans, Phys. Rev. 88, 958 (1952). 
oe Nathans and J. Halpern, Phys. Rev. 92, 207 (1953). 
4 Halpern, Mann, and Nathans, Rev. Sci. Instr. 23, 678 (1952), 
“4 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 
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Fic. 1. General arrangement of the apparatus 


With the paraffin house modified to contain four BF; 
counters, it was necessary to establish the dependence 
of counting efficiency on the energy of the neutrons 
leaving the sample for each of the counters. Details of 
this calibration have also been presented previously.” 
Within the errors involved in the calibration, the 
efficiency of neutron detection was in all cases inde- 
pendent of neutron energy. Because of variations in the 
BF; counters themselves, the absolute efficiency of the 
four counting channels varied somewhat as determined 
by a standard radium-beryllium source inserted in the 
paraffin house at the sample position. The efficiencies 
so determined were 0.611 percent, 0.553 percent, 0.447 
percent, and 0.591 percent, respectively. The four 
channels were operated from a single high-voltage 
supply, while their outputs were fed into two amplifying 
channels, each taking two counters. Data from the two 
channels were independently recorded and examined 
for consistency. 

Samples were not of sufficient thickness to warrant 
correction for absorption of the x-ray beam in passing 
through them, as was demonstrated by runs in which 
a given element was irradiated using two samples 
identical in all respects except thickness. In all cases, 
the yields were identical when normalized to the same 
thickness. A more serious problem that could arise 
from thick samples is the possibility of x-ray scattering 
into the paraffin house producing a (y,m) reaction in 
the natural deuterium which is present to three parts 
in twenty thousand in the hydrogen of the paraffin. 


Absence of any such difficulty was demonstrated by 
equality of background with and without samples at 
energies below the sample thresholds. 

Background arose from two sources, that of cosmic- 
ray origin and that arising from photoneutrons pro- 
duced in the betatron target and elsewhere leaking 
through the paraffin house shielding. Each component 
of the background was separately determined so that 
for runs near threshold of some elements, where the 
background is primarily of cosmic-ray origin, correc- 
tions could be made for difference in exposure times. 
Figure 2 shows the values of the two background com- 
ponents as determined from summing the counts for 
the four channels. 

Procedure on a run for a given element consisted in 
determining neutron yields at various betatron energies 
for a given number of roentgens of exposure as measured 
by a 100r Victoreen thimble imbedded in a Lucite 
cylinder 8 cm in diameter located 3 ft from the betatron 
target. Each yield was taken to a statistical accuracy 
of 1 percent except the first three points near threshold, 
where the accuracy was always better than 3 percent. 
The entire run was repeated at least once, and internal 
consistency was within the statistical error. After each 
run, the threshold and yield at 14.5 Mev for a standard 
bismuth sample were measured to insure stability of 
the energy scale. All such determinations indicated no 
energy shift of the betatron greater than 0.1 Mev. 
Details of the energy control and calibration have 
appeared in a previous publication.“ Excitation func- 

























SYSTEMATICS OF 


tions were constructed from the yield data using the 
bremsstrahlung distributions as calculated at 1-Mev 
intervals and modified for absorption in the doughnut 
wall, the ionization chamber, and the Lucite block."® 


RESULTS 


Figure 3 shows the results of a typical yield curve for 
a sample of 1.81 g/cm? of rhodium, with the background 
drawn in for comparison. For economy of figures, the 
yield curves for the remaining elements are not pre- 
sented. Furthermore, intercomparison of yield curves 
from different laboratories is sometimes misleading inas- 
much as such curves are the peculiar property of the 
special arrangement of monitoring apparatus in the 
x-ray beam and the modification of the bremsstrahlung 
distribution thereby produced. In constructing excita- 
tion functions from yields, this effect is of course taken 
into account. Cross-section data are presented in Fig. 4 
for 12 of 14 elements investigated. The curves for 
bismuth and tantalum have already been published.” 
Latest results of the Saskatchewan group’ are drawn for 
comparison. 

The parameters of the giant resonances as taken from 
these figures have been presented in tabular and 
graphical form in a preliminary account of this work.” 
Also included were the yields at 22 Mev for comparison 
with the measurements of Price and Kerst.'® 

In Table I, which presents the data of this paper in 
more complete form, the absolute values of the cross 
sections and yields have been modified somewhat from 
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Fic. 2. The upper curve shows the background signal from 
photoneutrons produced in and around the betatron as a function 
of betatron energy. The lower curve shows the background 
component from cosmic rays. 





16 Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
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Fic. 3. Neutron yield curve for rhodium. The uncertainty on 
each point represents statistical error in the evaluation of the 
yield at each energy. Shown also is the background for com- 
parison. 


those given in reference 12. The 22-Mev yields herein 
given are 10 percent higher to conform to the monitoring 
arrangement of Price and Kerst; the absolute cross 
sections are 10 percent lower as a result of improved 
measurements of the beam area. In the case of bismuth 
and tantalum, however, absolute values are 40 percent 
and 8 percent higher, respectively, because of a previous 
calculational error. 

McDaniel, Walker, and Stearns," using the Li’ (p,y) B® 
reaction as a radiation source and boron trifluoride 
proportional counters for neutron detection, have meas- 
ured absolute cross sections at 17 Mev for some of the 
elements listed. Corresponding values from our data 
are tabulated for a rather stringent comparison, as will 
be discussed in detail below. 


DISCUSSION 


The parameters listed in Table I which are of special 
interest in a study of systematic trends in photoneutron 
reactions are the integrated cross section, the energy 
at which the dipole absorption resonance attains a 
maximum cross section, the value of the cross section 
at this energy, and the narrowness of the resonance as 
designated by the width in Mev at half-maximum. Each 
of these is separately considered below. 


Integrated Cross Section 


The sum rules for dipole absorption as applied to 
nuclei by Levinger and Bethe® give for the integrated 


- McDaniel, Walker, and Stearns, Phys. Rev. 80, 807 (1950). 
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Fic. 4. Excitation functions for 
12 of the 14 elements here con- 
sidered. The dashed lines show the 
results of Montalbetti e¢ al. 
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cross section for photon absorption: the neutron-proton interaction. Here o is the sum of 
the partial cross sections for all possible reactions in- 

f an experimental determination of the integrated cross 

section should permit a value of x to be obtained from 


- PO dn +0,8x) volving the dipole absorption of a photon. In principle, 
A 
where «x is the fraction of attractive exchange force in the above equation. It must be noted, however, that 


TABLE I. Summary of data on photoneutron reactions. 
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* Computed from mass formula. 












































the computed value of x is very sensitive to experi- 
mental errors in fodE. For instance, with x=0.5, 
a 10 percent error in /odE leads to a 35 percent error 
in x. Uncertainties in fodE arise from several causes: 
errors in the measurement of the excitation function 
for a given partial reaction, neglect of some of the 
partial reactions, or failure to include contributions of 
all energy photons to a given partial cross section. For 
the case of the (y,m) partial cross section where neutrons 
are counted, an additional error concerns lack of 
knowledge of the neutron multiplicity arising mainly 
from (y,2n) reactions. 

Figure 5 shows the systematics of our total neutron 
emission cross-section measurements integrated to 25 
Mev. Here {odE/(NZ/A) is plotted against A. Lines 
for x= 1 and x=0 are shown. For elements with high Z 
where partial reactions involving emission of charged 
particles can safely be neglected, the largest contribu- 
tions to the integrated cross section are those from the 
(y,m) and (y,2n) reactions. For these elements the 
neutron multiplicity might be expected to decrease the 
values plotted by 20 percent whereas the results of 
Jones and Terwilliger'* would indicate the values should 
be increased by the same amount because of neglect of 
contributions to the integrated cross sections from 
photons above 25 Mev. Furthermore, the magnitude 
of the (y,y) process can contribute a like amount to 
the integrated cross section.” Although these uncer- 
tainties preclude a reliable determination of x from the 
presently available photonuclear data, nevertheless it 
should be noted that the experimental integrated cross 
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Fic. 5. Total neutron emission cross sections integrated to 
25 Mev divided by NZ/A, and plotted against mass number. The 
straight lines indicate the results to be expected from calculation 
of the total integrated cross sections for dipole absorption from 
the theory of Levinger and Bethe for zero and 100 percent 
exchange force. 
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Fic. 6. Log-log plot £ the maximum cross section 1s A. The 
best straight line through the points gives a dependence on mass 
number of A}. 


sections for the heavy elements are consistent with the 
predictions of the sum rules. 

Uranium, with a total neutron integrated cross sec- 
tion of 7.1 Mev-barns is of course a special case because 
of the added neutron multiplicity resulting from photo- 
fission. Duffield and Huizenga” have reported separate 
measurements of the (y,m) and (vy, fission) integrated 
cross sections with values of 2.6 Mev-barns and 1.2 
Mev-barns, respectively. With these values and the 
assumption that the number of neutrons emitted per 
fission is 2.5, we compute the (7,2) contribution to be 
0.75 Mev-barns, and thus the total photon absorption 
JSi** “*" adE to be 4.55 Mev-barns in excellent agree- 
ment with the sum rules for 50 percent charge exchange. 

For light elements, neutron emission represents only 
a small contribution to the total photon absorption 
cross sections, and for A<75 the points of Fig. 5 fall 
below the line x=0 as might be expected. 

There are still insufficient data, however, to explain 
the low integrated cross sections for some of these ele- 
ments as exemplified by the data for carbon. The (y,n) 
integrated cross section of 0.027 Mev-barns plus that 
for (y,p) of 0.063 Mev-barns* together represent only 
50 percent of the sum rule predictions for x= 0. Should 
the (y,p) excitation function exhibit as striking a tail 
as the (y,m) results of Jones and Terwilliger'* indicate, 
then no discrepancies exist. 

We have not as yet discussed the uncertainties in the 
integrated cross sections arising from possible errors in 
our measurements. These can arise from systematic 
errors which may occur in determining absolute yield 


*™R. B. Duffield and J. R. Huizenga, Phys. Rev. 89, 1042 


(1953). 
31 J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 
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l'1c. 7. Half-widths of the giant resonances as 
a function of mass number. 


values and from the conversion of bremsstrahlung 
yields to cross sections at a given energy. The most sig- 
nificant systematic error in the determination of ab- 
solute yields arises from calibration of the efficiency of 
the detection system using a standard radium-beryllium 
source whose neutron output is known to perhaps 15 
percent. All other errors should be negligibly small. The 
yield measured at a given maximum bremsstrahlung 
energy is, however, the result of contributions from 
photons of all energies between the threshold of the 
reaction and that maximum bremsstrahlung energy. To 
calculate the cross section at the given photon energy 
requires that the contributions from all photons, except 
these in a small energy region about the given energy, 
be subtracted from the measured yield. The (approxi- 
mate) 1/E shape of the photon number spectrum in 
conjunction with the peaked nature of the cross section 
vs energy curve makes the sum of those contributions 
to be substracted a large fraction of the measured 
yield. For instance, in bismuth, the measured yield at 
17-Mev maximum bremsstrahlung energy is 79.7 counts 
per r. The yield due to photons between 7.4 Mev (the 
threshold) and 16 Mev is 72.5 counts per r. Although 
the error in these counting rates is only 1 percent, 
errors of 25 percent in the value of a cross section at a 
given energy are not unlikely. From these considera- 
tions, our 17-Mev cross-sections values are in satis- 
factory agreement with the results of McDaniel, 
Walker, and Stearns.'’ 

The magnitude of the possible error in the integrated 
cross section should be smaller than that in a cross- 
section value at a given energy. The reason for this is 
that the calculation of, say, an erroneously high value 
for the cross section at a given energy automatically 
leads to the calculation of an erroneously low cross 
section at the next higher energy. With a sufficient 
number of points to determine a smooth curve, the 
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area under this curve is relatively insensitive to the 
large individual errors on the points. We estimate the 
uncertainty in the integrated cross sections given in 
this paper to be about 20 percent. 


Peak Cross Section and Energy at Peak 


Figure 6 shows a plot of cross-section maxima as a 
function of mass number, the curve drawn through the 
measured points showing an A! dependence. Consider- 
ing the errors quoted above on a cross-section value at 
a given point, this is in good agreement with the results 
of Montalbetti e¢ a/., who find an A** relationship. No 
great reliability can, however, be attached to the exact 
value of the exponent of A. As shown in Fig. 1 of refer- 
ence 12, the energy at peak cross section varies as 
38.5A~*'* in substantial agreement again with Montal- 
betti ef a/., and with the predictions of Goldhaber and 
Teller. With a +1-Mev uncertainty in the position of 
the peaks, the statistical uncertainty in the 0.186 
exponent is calculated to be +0.011. This result would 
seem to be in contradiction to the predictions of 
Steinwedel, Jensen, ard Jensen” who compute an 
exponent of —4 on the basis of a hydrodynamic nuclear 
model. 


Widths of Giant Resonances 


The widths at half-maximum of the giant resonances 
are plotted in Fig. 7. The gradual decrease of the 
widths with increasing A as indicated by the straight 
line drawn through the experimental points of Fig. 7 is 
also observed by Montalbetti e¢ a/., although inspection 
of Fig. 4 indicates some discrepancies in shapes between 
their results and ours. The previously reported anoma- 
lies in half-widths for the elements carbon, vanadium, 
columbium, and bismuth with neutron numbers of 6, 
28, 52, and 126 have let us to include a study of lan- 
thanum with 82 neutrons. 

Since the sample consisted of lumps of lanthanum of 
irregular shape (covered with a thin oil film), absolute 
values of cross sections are not known, but the width 
of the dipole resonance is narrower than the widths for 
neighboring elements. 

Lack of precise knowledge of the bremsstrahlung 
distributions and the general smoothing of data make 
evaluation of errors in half-widths extremely difficult. 
The favorable comparison of the excitation function of 
copper taken using a pair spectrometer to determine the 
bremsstrahlung spectra™ with the methods herein em- 
ployed is encouraging. Uncertainty in the spectrum 
should not, in fact, much influence striking differences 
in behavior of neighboring elements, and the +1-Mev 
errors attributed to points in Fig. 7 should be so 
interpreted. 


#2 Steinwedel, Jensen, and Jensen, Z. Naturforsch. 6a, 218 


(1951). 
% VY. E. Krohn and E. F. Schrader, Phys. Rev. 87, 685 (1952). 
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The ratio of the (y,n) photodisintegration cross section to the (e,e’n) electrodisintegration cross section 


for the isotopes Cu®, Zn™, Ag’, and Ta'*! was measured for electron energies of 24 to 35 Mev. This ratio 
was found to decrease with energy in contrast with the Weizsdcker-Williams approximation which predicts 
a constant ratio. However, the Weizsicker-Williams method does yield a result which is of the right order 
of magnitude for Cu, Zn, and Ag and which is within a factor of two of the observed value of Ta. 
Assuming approximately one-half of the total photon absorption of nuclei to be attributed to the (y,») 
reaction, then comparison of the experimental results for Cu, Zn, and Ag with calculations of Blair is con- 
sistent with the suggestion of Bethe and Levinger that the main absorption mechanism of nuclei for photons 
is electric dipole with a contribution of ~6 percent electric quadrupole absorption. However, for Ta no 
simple correlation between experiment and theory was found. This is attributed to a failure of the Born 


approximation used in the Blair calculations. 





I. INTRODUCTION 


LECTRONS are known or expected to interact 
with nuclei in the following ways: (1) They may 
interact with the virtual meson cloud surrounding the 
nucleons. This is equivalent to an interaction with the 
magnetic moment of the nucleus. At electron energies 
lower than the meson threshold this interaction appears 
in the form of elastic scattering of the electron corre- 
sponding to that of a square-well potential about 5-kv 
deep and having a width equal to the classical electron 
radius. (2) They are expected to interact through 
inverse beta decay. This process has a very low cross 
section of the order of 10~“ cm? and has not yet been 
observed. (3) The electromagnetic field of the electrons 
may interact with the charge of the protons. When the 
energy of the electron is equal to, or greater than, the 
binding energy of a nucleon, the nucleus may absorb 
sufficient energy from the bombarding electron by this 
electromagnetic interaction to cause disintegration by 
emission of a nucleon. This process is called electro- 
disintegration, the cross section for which is of the 
order of a= 1/137 of that of the corresponding photo- 
disintegration. When the electron energy is increased 
to the binding energy of two nucleons, the nucleus may 
decay by emitting two nucleons, and so forth for higher 
energies and more nucleons. 

The present research is concerned with the study of 
(3) and has been restricted to the special case where 
the only decay particle is one neutron. In particular 
the ratio of the cross section op, for the disintegration 
of nuclei due to the bremsstrahlung of the electrons 
(photodisintegration) to the electrodisintegration cross 
section o,; has been studied. 


t The research reported in this document was supported jointly 

by the U. S. Navy (Office of Naval Research) and the U. S. 
Atomic Energy Commission. 

* This material was presented in part at the December 29-30, 
1952 meeting of the American Physical Society in Pasadena, 
California. 

t This report based on a dissertation submitted for the Ph.D. 
degree at Stanford University by Karl L. Brown. 
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The electrodisintegration of a few nuclei has been 
previously observed. The first successful attempt was 
made in 1939 by Collins, Waldman, and Guth! on Be 
at 1.8 Mev verifying that the electrodisintegration cross 
section is of the order of a times the photodisintegration 
cross section. Paul? observed electrodisintegration of 
deuterium at 3.8 Mev and estimated the cross section 
for that energy to be between 107*° and 10" cm?. For 
Cu®, Ag'®’, and Ag!®, Skaggs et al? investigated at 
16 Mev the photodisintegration cross section and the 
electrodisintegration cross section and found the corre- 
sponding ratio of these cross sections to be approxi- 
mately 400 for all three isotopes. 

Many theoretical calculations have been made to 
determine electrodisintegration cross sections. Weiz- 
siicker and Williams‘ have developed a method for 
calculating the interaction of fast electrons using a 
correspondence principle argument. By use of this 
method the electrodisintegration cross section may be 
calculated provided the corresponding photodisinte- 
gration cross section is known. The validity of this 
method requires that the bombarding electrons are not 
appreciably diverted by the collision. This is equivalent 
to assuming that the nuclear excitation energy is small 
compared with the initial electron energy, which is not 
valid for the conditions of all electrodisintegration 
experiments thus far performed including the present 
one. There are other assumptions made by the Weiz- 
sicker-Williams method which also tend to make it 
invalid. (1) It neglects the component of the field in 
the direction of motion of the electron. (2) It com- 
pletely omits the contribution of the scaler potential. 
This can be important in the case of quadrupole 
transitions as can be seen from the calculations of 


' Collins, Waldman, and Guth, Phys. Rev. 56, 876 (1939). 

2 W. Paul, Naturwiss. 36, 31 (1949). 

3 Skaggs, Laughlin, Hanson, and Orlin, Phys. Rev. 73, 420 
(1948). 

‘E. J. Williams, Kgl. Danske Videnskab. Selskab, Mat.-fys, 
Medd. 13, 4 (1935). 
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Blair® and others. More rigorous calculations of electro- 
disintegration have been made using multipole expan- 
sions of the electromagnetic field of the electron. Dipole 
cross sections have been calculated by Bethe and 
Peierls,6 and Peters and Richman;’ whereas Wick,* 
Sneddon and Touschek,’ and Blair® have included the 
electric quadrupole case. Recently Guth and his col- 
laborators'® have developed a method to calculate 
transitions higher than electric quadrupole and have 
included electric dipole-quadrupole interference terms. 
In this paper we shall refer to the calculations of Blair, 
which are in agreement with the other authors (except 
for a numerica] error in Sneddon’s quadrupole calcu- 
lation) but which are presented in a form which is 
convenient for our experimental conditions. In par- 
ticular, Blair calculates the ratio of the cross section o}, 
for the photodisintegration of nuclei due to the thin- 
target bremsstrahlung of the electrons to the electro- 
disintegration cross section o,, of the same nuclei. We 
have added to Blair’s results, with his approval, the 
corrections to the bremsstrahlung formula due to 
atomic screening and due to bremsstrahlung by orbital 
electrons. No atomic screening corrections are necessary 
for the calculation of o.; because the principal contri- 
bution comes from large momentum transfers. 


Il, THEORY 


It should be pointed out that op, as defined by Blair 
and as used here is a rather peculiar kind of cross 
section since it depends upon the properties of the 
target material preceding the particular nucleus which 
is undergoing photodisintegration. It is defined as 
follows: 


, Notert 
or(k, Eo) =- - oy, n(k)p(Eo,k), (1) 


é r 


where ¢@,,,(k)=the photodisintegration cross section 
for a nucleus of atomic number Z and mass A, ¢(Eo,k) 
=the “thin target” cross section for production of 
bremsstrahlung in a material of atomic number Z,, and 
mass A,, t= the thickness in g/cm? of the material, 
Z, producing the bremsstrahlung, No=Avogadro’s 
number, Zo= total energy of the bombarding electrons, 
and k=nuclear excitation energy. Because of the fact 
that op, depends upon {., Z,, and A,, a more general 
quantity F is defined which essentially eliminates them 


5 J. S. Blair (private communication, July 11, 1952) ; “Summary 
of Calculations on Electron Disintegration of Nuclei,” Depart- 
ment of Physics, University of Illinois, 1948 (unpublished) ; 
Phys. Rev. 75, 907 (1949). 

*H. Bethe and R. Peierls, Proc. Roy. Soc. (London) 148, 146 
(1935). 

7B. Peters and C. Richman, Phys. Rev. 59, 804 (1941). 

8G. C. Wick, Ricerca sci. 11, 49 (1940). 

* TI. N, Sneddon and B. F, Touschek, Proc. Roy. Soc. (London) 
A193, 344 (1948). 

” Thie, Mullin, and Guth, Phys. Rev. 87, 962 (1952). 
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from the discussion." The quantity F is defined as 


Tbr A, 
F(b,Ee)= ( | ere ~ -| (2) 
Cel Z(Z,+8)re?N olett 


where ro=e?/moc* and 4 is a factor which determines 
the magnitude of the contribution of orbital electrons 
to the production of bremsstrahlung. Throughout the 
remainder of this work it will be assumed that 6=1. 
It follows that 
; adn, y(k)b(Eo,k)/o 

fh): (3) 

oe1(k, Eo) 


where ¢=Z,(Z,+6)ro’a and a= e/he. 

Blair calculated both oy, and o,) in the Born approxi- 
mation assuming a compound-nucleus model. 

opr was evaluated for the electric dipole case by the 
standard method of calculating the transition proba- 
bility per unit time in terms of the incident photon 
intensity and the nuclear electric dipole matrix element. 
Dividing the transition probability by the incident 
electron flux yielded the cross section (op;)z.p.. The 
matrix element was nol evaluated. 

oe1 was evaluated by calculating the transition 
probability per unit time and hence the cross section 
in terms of the matrix element of the perturbing 
Hamiltonian. The electromagnetic effect of the elec- 
trons on the nucleus was represented by a multipole 
expansion of the Mller potentials which are equivalent 
to the use of plane-wave solutions for both the incoming 
and outgoing electrons. The perturbing Hamiltonian 
for the electric dipole case was then determined by 
calculating the energy of interaction of the electric 
dipole approximation of the Mller potentials with the 
protons in the nucleus. Evaluation of the Hamiltonian 
matrix element involved the same electric dipole matrix 
element as occurred in the photodisintegration case. 
Hence, the matrix element cancelled out when the ratio 
of op:/o-1 was taken. A similar calculation was made 
for the magnetic dipole and electric quadrupole cases. 

In all of these calculations the photon intensity was 
evaluated using the Bethe-Heitler” extreme relativistic 
formula for bremsstrahlung including ythe atomic 
screening correction C(y) and adding the contribution 
of the orbital electrons to bremsstrahlung production 
by replacing Z,? by Z,(Z,+1). The final results are 
expressed by the following equation: 


Fr (k, Eo) = (onr/e01) (g/tett) 


2x (E/Ev)[E/Eot+ Eo/E—¥] 
X [2 In(2EoE/uk)—1—2C(y)] 


[1+ (E/Eo)* J[In(2EoE/uk) ]+D 


1 In general it is not convenient to eliminate the Z, dependence 
in F which arises from the atomic screening correction inherent 
in o(Eo,k). 
12H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 93 

). 
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where g=A,/[Z,(Z,+1)roe*No]; Eo=total energy of 
incident electron ; E= total energy of scattered electron; 
u=moc?; k= Eyx—E=nuclear excitation energy; C(y) 
=atomic screening term; D=—2E/E, for electric 
dipole excitation, =0 for magnetic dipole excitation, 
>8E?/3k* for electric quadrupole excitation. 


III. EXPERIMENTAL TECHNIQUE 


It must be noted that F7(k,Eo) evaluates the ratio 
of the two cross sections for a particular excitation 
energy k. Experimentally, this is a quantity which is 
very difficult to measure ; however, a quantity 


Foxp(Z,Eo) 


g Eo-u Eo-u 
--f ove(hyEodk / f oel(k,Eo)dk (5) 
tort Yo 0 


is easily measured and is, in fact, a reasonable approxi- 
mation of the theoretically defined quantity Fr(k,Eo), 
provided & is chosen as described below. It should also 
be pointed out that F,x,, as defined above cannot be 
calculated unless the matrix elements (which dropped 
out in Blair’s calculation) are evaluated. However, 
two observations help to reconcile this difficulty. 


(1) Fr is a slowly varying function of k. 

(2) The principal contribution of (y,m) cross sections 
has been experimentally observed to occur over a rela- 
tively small photon energy range. (This is discussed in 
Sec. VI.) Thus, for any given isotope there is an effective 
photon absorption energy ko. Assuming ¢.i(k,Eo) to 
have a similar behavior, it is to be expected that 


g Opr (ho, Eo) 
amen (6) 
lott Oe1 (Ro, Eo) 


Therefore, the following procedure has been adopted in 
this experiment. Fr was averaged over the values of 
k<(Eo—u) for which the (y,m) cross section is finite, 
and it is this quantity which is compared with F,x». 
This averaging is done by using the experimental results 
quoted in Sec. VI as follows: 


Poa f Rey alg Ea\dh / f nn albEadk. (1) 


It would be ideal if the (y,) cross sections were known 
for each of the different types of excitation, i.e., electric 
dipole, magnetic dipole, and electric quadrupole. There 
are, however, no data available to do this. The above 
procedure is most likely to introduce the greatest error 
in the quadrupole case as it is expected that the largest 
contribution to the (y,m) cross section is from electric 
dipole absorption.” Assuming that the error introduced 


13 See for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 


p. 656 
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by the above procedure is small compared to the 
difference between Fr for the different types of exci- 
tation, then a comparison of F,., with the theoretical 
Fy’s should show the relative importance to photo- 
disintegration and to electrodisintegration of each type 
of excitation process. 

The experiment was one of the “‘stacked foil” type in 
which an electron beam passed successively through a 
thin foil of the element being studied, a copper radiator 
to produce the bremsstrahlung, and a second thin foil. 
The resulting foil radioactivities were measured with 
thin-walled Geiger counters, and from the two observed 
activities w; and we it can be shown that, with the aid 
of the simplifying assumptions stated below, Fexp is 


given by 
PN [a 1/%2)Wa— | (4 ), (8) 
w,—k,W2 tott 


k= (hxy*)/2xahett, 
Z(Z+1)A, 
~Z(Z,+1)A’ 
tesr=t+[ art (x2/2) Ji, 


and x,= thickness of first foil in g/cm*, x2= thickness of 
second foil in g/cm?, = thickness of copper radiator in 
g/cm?, A and Z are the atomic weight and atomic 
number of the foils and the subscript r refers to the 
copper radiator. 

This equation makes the following assumptions: 


where 


(1) The electron beam current is not reduced in 
traversing the foils and radiator. 

(2) The energy of the incident electrons is not re- 
duced. 

(3) The bremsstrahlung produced is neither absorbed 
nor scattered in traversing the remaining distance in the 
foils and radiator. 

(4) There is no backward production of brems- 
strahlung. 

(5) Multiple scattering effects may be neglected. 

(6) There is no gamma contamination in the initial 
electron beam. 

(7) The foil and radiator thicknesses are perfectly 
uniform. 

(8) The only radioactivity observed in the two foils 
is that due to the (y,m) and the (¢,e’n) reactions. 

(9) The efficiency in counting the first foil is exactly 
equal to that of counting the second foil. 


As none of these assumptions can be exactly satisfied, 
experimental corrections were made when necessary 
and these will be discussed later. 

By inspection of the equation for Fr it can be seen 
that the optimum difference between the three types of 
excitation occurs at Eo+2ko, where ko is the effective 
absorption energy for a (y,m) reaction. ko is in the range 
of 14-18 Mev for all of the isotopes studied, which 
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means that 28-36 Mev is the optimum initial electron 
energy. The experiment was performed over an energy 
range 24-34 Mev. The lower energy was determined 
by the uncertainty in the experimental corrections due 
to energy loss of the electrons between the first and 
second foils. The upper limit was determined by energy 
capabilities of the electron linear accelerator. It would 
be interesting to extend these experiments to both a 
higher and lower energy if the present limitations could 
be overcome.’ A lower energy would give more infor- 
mation about what part of the excitation curve has the 
maximum magnetic dipole and electric quadrupole 
contributions; whereas, a higher energy would enable 
the electric quadrupole and magnetic dipole contribu- 
tions to be separated. This can be seen by observing 
that in general the difference F7(E.D.)—Fr(E.Q.) in- 
creases as Ey increases; whereas, Fr(E.D.)—F7(M.D.) 
increases for EKy—>2k, but decreases for Ey>2k. It 
should be noted at this point that if the Weizsicker- 
Williams approximation is used for both the brems- 
strahlung formula and for representing the electro- 
magnetic field of the electron, Fr is approximately 84/3 
independent of Zo and k. This has been shown by 
Blair.® Also it should be observed that F7—->82/3 as k-0 
for dipole absorption but is equal to zero for electric 
quadrupole absorption. 


IV, EXPERIMENTAL ARRANGEMENT 


The source of electrons for this experiment was a 
35-Mev linear accelerator constructed by Post!* and 
Shiren. This machine is pulsed 60 times per second, 
producing 10*-10° electrons per pulse in a variable 
energy range of 10-35 Mev. The beam pulse length is 
about one microsecond. 

A one-mil aluminum window was placed at the end 
of the accelerator so that the foils could be inserted in 
the target area without disturbing the accelerator 
vacuum. Beyond this window a wedge magnet bent the 
electron beam through a 12° angle into the target area. 
(See Fig. 1.) This magnet selected electrons of the 
desired energy from the energy spectrum and removed 
the gamma-ray contamination resulting from electrons 
striking the sides of the accelerator, the aluminum 
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Fic. 1. Experimental arrangement for the activation of the Cu, 
Zn, Ag, and Ta foils. 


“4 Recently experiments have been performed at lower energies 
for Cu®. See Scott, Hanson, and Kurst, Bull. Am. Phys. Soc. 
(New York Meeting) 29, No. 1 (1954), Abstract JA2. 

6 Richard Freeman Post, Ph.D. dissertation, Department of 
Physics, Stanford University, June 1952 (unpublished). 
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window, and the magnet chamber. The energy interval 
was defined to within one or two percent by collimating 
slits before and after the magnet. The first collimating 
slit of brass, 1/10 in. wide, was situated at the end of 
the accelerator and served as a mount for the one-mil 
aluminum window. The second slit, also 1/10 in. wide, 
was placed 40 inches beyond the analyzing magnet and 
was made of carbon to minimize electron scattering and 
gamma background. The second collimating slit and 
the analyzing magnet were positioned with respect to 
the first slit so as to make the horizontal energy focal 
point of the magnet coincide as nearly as possible with 
the second slit, thus maximizing the beam intensity. 
The magnification of the electron optical system was 
approximately two. The calculations for this system 
follow the methods of Camac.'® 

Preceding the second slit (see Fig. 1) is a tapered 
collimator of aluminum designed‘ to allow only those 
electrons coming from the desired direction to enter the 
second slit. Beyond the carbon slit is a tapered lead 
collimator, the purpose of which is to absorb the 
scattered electrons and gamma rays which are not 
traveling in the direction of the main electron beam 
defined by the brass and carbon slits. 

Radiographs of the beam made at distances between 
0 in. and 12 in. from the end of the lead collimator 
showed a readily explainable structure. By comparing 
the two radiographs, the slit image was observed to 
diverge at the rate to be expected from both the 
multiple scattering in the accelerator aluminum window 
and the analyzing magnet’s focal properties. On either 
side of the slit image (main beam) there are bands 
which correspond geometrically to the electrons scat- 
tered at small angles from the aluminum collimators. 
A third radiograph was exposed at a position 12 in. 
away from the lead collimator with the electron beam 
deflected away from the film by a clearing field (magnet 
No. 2 in Fig. 1). The deflection occurred between the 
lead collimator and the film. Hence, the electron beam 
passed through the collimators and slits in a normal 
fashion but was not allowed to strike the film. The 
blackening of the film was, then, due entirely to gamma 
contamination which is normally present within the 
electron beam and clearly showed that most of the 
gamma contamination was in the “scatter bands.” This 
fact was used to advantage to reduce the effective 
gamma background and will be discussed in Sec. V. 

The fact that the central part of the beam was 
mid-way between the two “scatter bands” (on the 
second radiograph) demonstrated that the wedge mag- 
net was correctly positioned. For first-order theory it 
can be shown that a slight error in magnet position 
would have no effect on the energy resolution, but it 
would shift the central beam relative to the scatter 
bands and would alter the energy calibration of the 


machine. 


‘© M. Camac, Rev. Sci. Instr. 22, 197 (1951). 











Energy Calibration 


The beam was shown to have an energy spread of 
about three percent by taking a radiograph of the beam 
after it had passed through the collimators and had 
been deflected by the clearing field magnet. This is 
quite adequate for the experiment, as Fx, is a slowly 
varying function of energy. The beam energy was 
calibrated at 18.7 Mev by observing the threshold of 
the C"(y,n)C" reaction which is known from isotope 
mass data." The calibration had an internal consistency 
of three percent which again is adequate for this 
experiment. The energy calibration was then extrapo- 
lated to 35 Mev using the B-H curves of the magnet. 


Bombardment and Counting Procedure 


The experimental procedure was as follows: The two 
foils and the copper radiator were placed in the vacuum 
chamber of the second magnet at a position approxi- 
mately 12 in. from the carbon slit (immediately after 
the second magnet—see Fig. 1) and were bombarded 
for a definite period of time after which the foils were 
removed and inserted in Geiger counters. For fast 
counting rates, counting was delayed for at least one 
or two minutes after insertion of the samples in the 
counters to obviate an effect observed with argon 
alcohol-quenched counters whereby the counting rate 
is low by about three percent for the first minute. In 
the case of zinc a one-hour delay was imposed to allow 
some unwanted short-lived activity resulting from 
(y,p) and (y,pn) reactions te decay. The tantalum was 
allowed a 2~-2}-hour delay to allow decay of activity 
resulting from a slight copper content in the aluminum 
foil holders. This was necessary because of the low 
tantalum counting rates. To cancel out the difference 
in efficiency of the two Geiger counters the samples 
were counted a second time interchanging the samples 
with respect to the Geiger counters and averaging the 
two counting rates after making a correction on the 
second count for the decay of the samples. The usual 
counter corrections for dead time and background 
were made. 

In order to reduce errors due to spurious counting, 
the Geiger counters were operated with a multi- 
vibrator-quench unit, giving an electronically controlled 
dead time. 


V. EXPERIMENTAL CORRECTIONS 
Gamma-Ray Background 


In spite of attempts to achieve a clean electron beam, 
a serious gamma background problem existed. Though 
the number of gammas in the beam was small compared 
to the electrons, the photodisintegration cross section is 
approximately 400 times as great as the electrodisinte- 
gration cross section. This gamma background was 


17H. A. Bethe, Elementary Nuclear Theory (John Wiley and 
Sons, Inc., New York, 1947), p. 124. 
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assessed by carrying out a second bombardment identi- 
cal to the above except that the second magnet between 
the collimators and foils was energized, thus deflecting 
the electron beam away from the foils. Any induced 
activity in the foils which is of the correct half-life 
must, therefore, be due to the gamma contamination 
present in the initial electron beam. When this activity 
is normalized to the same incident electron beam as:a 
regular bombardment, the background activity may 
be subtracted from the regular activity thus correcting 
for the gamma contamination. 

The normalization to the same incident beam is 
achieved by monitoring both bombardments with 
ionization chambers as shown in Fig. 1. Chamber 
number one monitors the direct beam and chamber 
number two, the deflected beam. The ratio of the two 
chambers is determined by making a series of short 
runs while the electron beam current is steady—alter- 
nating with second magnet off then on (time on= time 
off), etc. By integrating the current collected in each 
chamber for equal time, the ratio is given by which the 
gamma background run may be normalized with the 
regular runs. To avoid ion recombination effects in the 
chambers as a result of the intense peak currents of the 
microsecond pulses, the ion chambers could not be used 
to monitor the beam directly but were used to monitor 
part of the scattered beam. As a result it was found 
that the internal consistency of the normalization 
procedure was good to only about ten percent. Since 
the gamma background was found to be of the order 
of twelve to twenty percent, the background correction 
has an uncertainty of about two percent. 

As was expected, this background was found to 
depend rather critically upon the collimator alignment 
and was also found to increase with energy. Background 
bombardments were alternated with regular bombard- 
ments. 

Correction for Foil Irregularities 


The foils were cut from a large sheet of chemically 
pure metal with a die of diameter 1} in. Immediately 
around the 1}-in. hole, several ;';-in. diameter pieces 
of foil were cut to check on the foil uniformity. These 
were weighed to 1/100 mg, and the results indicated 
that the copper, zinc, and silver foils were uniform to 
+1 percent and the tantalum to +2 percent. Since a 
large number of foils was used, the effect averages out 
in the final result; moreover, by pairing the foils so 
that in alternate runs their positions are interchanged, 
the error in F due to the nonuniformity can be shown 
to be reduced to less than +0.2 percent in all cases. 


Corrections Due to Multiple Scattering 


The electrons are incident normally upon the first 
foil. Yet they are multiply scattered in the first foil, 
radiator, and second foil resulting in an increase in 
path length or effective thickness of the foils and 
radiator. A correction factor must be made for this 
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effect. Using the methods of Yang"* it is shown that 
this correction should have the form 


1—k(21/E)?, 


where k=0.020, 0.017, 0.022, and 0.022 for copper, 
zinc, silver, and tantalum, respectively. 

A second multiple-scattering correction arises as a 
result of the high gamma background. It has been 
mentioned previously that a large fraction of the 
gamma background is contained in the scatter bands of 
the beam. This fact was used to advantage to reduce 
the effective background by placing apertures over the 
Geiger counters in such a way as to shield the counters 
from the scatter-band activity of the foils. However, 
this leads to a second difficulty—fortunately a minor 
one. The beam is about 0.2 mm broader when striking 
the second foil than it was when striking the first foil 
as a result of multiple scattering in foil and radiator. 
Due to the aperture on the counters, this could and 
does lead to a slight reduction in efficiency of counting 
the second foil’s activity. This effect is estimated to 
vield a correction factor of 1+[0.005(21/E) J. 


Corrections Due to Other Activities 


Since the bombardments are performed at a high 
incident electron energy, reactions other than (y,m) 
are possible. Also where there is more than one isotope 
in the element being bombarded, competing (y,») 
reactions of different isotopes may cause trouble. This 
is especially true in the case of silver. It is possible to 
discriminate against competing reactions in each case 
by an appropriate choice of the irradiation, delay before 
counting, and counting time. Moreover, such activities 
are not in themselves expected to have values of F far 
removed from the value of F of the desired reaction. 
Hence, the actual correction to F,x, will be much less 
than the proportion of the undesired activity present. 
Calculation shows that for our conditions no significant 
correction is needed except in the case of silver where 
the Ag'*’(y,n)Ag'®® 24.5-minute activity competes with 
the desired Ag'™(y,n)Ag'* 2.3-minute activity. By 
observing the ratio of the activities in the two silver 
foils as a function of time, it was verified that the 
necessary correction for the Ag'®’(y,n)Ag'®* contami- 
nation was +1.01+0.005, independent of energy. 
Experimental decay curves for each element were 
plotted and analyzed to show the expected background 
reactions; in every case but silver the conclusion was 
confirmed that the experimental correction necessary 
was less than +0.5 percent. 


Correction for Activity in Foil Holders 


The target foils were mounted in aluminum holders 
to facilitate a reproducible geometry in both the bom- 
bardment and counting. The electron beam is not 


1% C, N. Yang, Phys. Rev. 84, 599 (1951). 
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entirely localized in the foil area and some scattered 
electrons and gamma rays bombard the target holder. 
In the case of copper, zinc, and tantalum the holders 
were an aluminum alloy containing about 4-percent 
copper. The activity induced in the aluminum has a 
six to seven second half-life and is not observable after 
a two-minute delay between bombarding and counting. 
However, the copper contamination has a ten-minute 
half-life and is troublesome. For the tantalum runs a 
two-hour delay allowed the holder’s copper activity to 
decay, but for copper and zinc a correction was made 
by bombarding and counting blank holders. This led 
to a small correction factor of the order of 0.5 percent. 
In the case of silver where it was important to count 
as soon as possible after bombarding, it was found 
necessary to make the foil holders out of pure 2S 
aluminum, thus eliminating all but the foil activity 
and the aluminum six to seven second activity. 


Activity from Backscattered Electrons and 
Gamma Rays 


The electron beam passes through the foils and then 
emerges upon a po}ystyrene block. The beam loses 
energy by ionization in this block without much 
scattering. There may still be some electrons or gamma 
rays backscattered from the walls of the second magnet 
chamber of such an energy that they can induce activity 
in the foils. An upper limit to this may be obtained by 
placing foils on the extreme edges of the polystyrene 
foil mount. Only scattered electrons can reach here. 
Since the backscattered intensity is certainly non- 
directional this is an upper limit to the backscattered 
intensity. The correction is about 1 percent and is 
shown in the table of results. 


Corrections Due to Electron and Gamma-Ray 
Degradation 


Ionization and radiative losses of the electrons com- 
bined with pair production and Compton effect losses 
of the gamma rays in the foils and radiator require a 
modification of the Bethe-Heitler’ thin target brems- 
strahlung spectrum. 

Eyges has calculated a thick-target spectrum by 
expanding the equations for an electron-initiated shower 
in powers of the radiator thickness, retaining only the 
first-order terms. One of the authors” has extended 
this calculation (using a different approach) to include 
the effects of electron ionization loss and electron 
energy loss due to radiation of low-energy quanta. 
Thus, the gamma-ray spectrum inducing activity in the 
foils will not be that predicted by the Bethe-Heitler 
equation, nor will the electron-induced activity be 
exactly that expected from monoenergetic electrons. 

Wilson has shown that the equivalent thick-target 
bremsstrahlung cross section may be expressed to first 


1” L. Eyges, Phys. Rev. 81, 981 (1951). 
” R. Wilson, Proc. Roy. Soc. (London) A66, 638 (1953). 











order in the form 


¢’ (Eo,k,t) = ¢(Eo— 44, k) 


x{1 et (Eo,k’)dk’+o(k 9 
aAS...¢ spent )} ©) 


where $(Eo,k) is the Bethe-Heitler cross section for the 
production of a quantum of energy k by an electron of 
total incident energy Eo; Ni/A is the number of target 
nuclei per cm*; A is the average of small energy losses 
of an electron in traversing a radiator of thickness ¢ 
and may be expressed in the form 


Nt Eo-k— 


i= ae k'b(Eo,k’)dk’, (10) 


0 


where J is the ionization loss which may be taken from 
the calculations of Halpern and Hall.” 

a(k) is the cross section for loss of gammas of energy 
k due to pair production and Compton effect. The 
integral term in the equation for ¢’ arises from the loss 
of “effective” electrons by large radiative transfers; 
these can never again radiate a quantum of energy k. 

In order to apply these corrections to this experiment, 
it is necessary to average 


[(Eo,k) —$' (Eo,k,t) 1/(Eo,k) (11) 


over the values of k<Eo—y for which the (y,) cross 
section is finité. The errors due to uncertainty in the 
shape of this cross section curve have been estimated 
and included as probable errors of the correction. 

Thus far only the gamma induced activity has been 
discussed. A similar correction is necessary for the 
electron induced activity. Since the results of this 
experiment show that F is a slowly varying function of 
energy, this correction may be made by assuming that 
the electrons can be considered as a spectrum of 
“virtual quanta” as in the Weizsicker-Williams approx- 
imation. The modified electron spectrum as a result of 
degradation has the form 


d (Eo,k,t) 01 
Nt p®e 


=¢(E,—A, Hof ys 6(Ea ud | (12) 


Eq—k—yp 


which differs from the gamma spectrum correction case 
by the omission of o(k). The factor 4 is also omitted 
since this is a first-order effect resulting directly from 
the electrons. The quantity 


[o(Eo,k)i—¢’ (Eo,k,t) 1. 1/(Eo,k) 1 


averaged over k thus determines the magnitude of the 
electron degradation correction. 

The combination of these two effects amounts to a 
correction of from three to ten percent in F which 


(13) 


"10. Halpern and H. Hall, Phys. Rev. 73, 477 (1948). 


ELECTRODISINTEGRATION 


449 








becomes smaller as the energy of the bombarding 
electrons is increased. These corrections are shown in 
the table of results. 


VI. ACTIVATION CURVES FOR PHOTONUCLEAR 
(y,n) REACTIONS 


Although a knowledge of the absolute (y,m) cross 
sections is not required for this experiment, the relative 
shape of the cross section as a function of photon energy 
k is required in order (1) to average Fr over cy, .(k) 
so that a comparison with Fx, may be made and (2) 
to evaluate the electron and gamma degradation cor- 
rections to F,x,. Each of the isotopes studied will be 
discussed separately. 

Several experiments have been performed on the 
photodisintegration of copper. The excitation curve as 
a function of photon energy for the Cu®(y,#)Cu® 
reaction has been studied by several investigators.” 
The peak absorption energy kmax as reported by these 
investigators is 22, 17.5, 18, 17.5, and 17.5 Mev, 
respectively; however, the authors differ about the 
shape of the excitation curve above kmax; i.e., whether 
or not, there is a high-energy tail: Strauch,?* Marshall,” 
and Koch ef al.** have measured the effective excitation 
energy by absorption techniques. Strauch finds 18 Mev; 
Marshall reports 17.3 by Compton effect and 21.0 by 
pair production; and Koch et al. find 17.2 Mev. For 
the purposes of this experiment, an effective energy ko 
of 18.0+0.5 Mev is used. The excitation curve of Katz 
and Cameron is used with the restriction that there is 
an uncertainty about the high-energy tail. Katz and 
Cameron indicate the cross section to be essentially 
zero above 21 Mev; whereas, Newkirk’s results indicate 
a tail extending to about 30 Mev. With these limits an 
error is assigned to the degradation corrections and the 
averaging of Fr. 

There are far less data available on the excitation 
curve of the other elements, but the above results for 
copper, give some idea as to the reliability of such 
measurements. For the Zn“(y,n)Zn®™ reaction, results 
of Katz and Cameron,™ Strauch,”* and Marshall” are 
available. From these results it seems likely that the 
shape of the excitation curve is similar to copper. The 
effective absorption energy as determined by Strauch 
is 19 Mev. Marshall gives 16.6 via Compton effect and 
20.0 via pair production. The peak of the Katz and 
Cameron excitation curve is at 18.7 Mev with the tail 
having the same behavior as copper. Corrections 
similar to copper are therefore used for zinc. 





2 G. C. Baldwin and G. S. Klaiber, Phys. Rev. 73, 1156 (1948). 

% B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 

*L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 

2° P. R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 

* L. I. Newkirk, Phys. Rev. 86, 249 (1952). 

27 V. E. Krohn and E. F. Shrader, Phys. Rev. 87, 685 (1952). 

28K. Strauch, Phys. Rev. 81, 973 (1951). 

*® L. Marshall, Phys. Rev. 83, 345 (1951). 

*® Koch, McElhinney, and Cunningham, Phys. Rev. 81, 318 
(1951). 
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Multiple 
scat- 
tering 
affecting 
counting 
effici- 
ency 


Multiple 
scat- 
tering 
path 
increases 


Fexp 
(with 
standard 


Klement deviation) 


Other 
activities 


Backscatter 


Electron 
degradation 
(with 
standard 
deviation) 


Gamma 
degradation 
(with 
standard 
deviation) 


Total 
correction 
factor 


Fexp 
(corrected) 
(with 
probable 
error) 


Elec- 
tron 
energy, 


Eo 
(Mev) 





8.11+0.30 
7.49+40.23 
7.05+0.20 
7.2840.34 
6.62+0.18 


Copper 1.004 
1.004 
1.003 
1.003 


1.003 


0.985 
0.988 
0.990 
0.992 
0.993 


1.004 
1.004 
1.003 


0,987 
0.991 
0.993 


8.09+-0.20 
7.2640.12 
7,330.20 


0.984 
0.987 
0.990 
0.991 


1.004 
1,004 
1.003 
1,003 


6.9340.12 
7.044-0.07 
6.59+0.18 
6.01+0.14 


Silver 


1.004 
1,004 
1.003 


0.983 
0.989 
0.991 


5.9340.33 
5,12+0.25 
5.10+0.17 


Tantalum 


+0.005 
+0.005 
+0.005 
+0.005 
+0.005 


+0.005 
+0.005 
1 +0,.005 


1.01+0.005 
1.010.005 
1.012-0.005 
1.010.005 


1 +0.005 
1 +0.005 
1 +0.005 


1.010.005 
1.010.005 
1.01+0.005 
1.01+0.005 
1.010.005 


1.010.005 
1.010.005 
1.010.005 


1.010.005 
1.010.005 
1.010.005 
1.010.005 


1.010.005 
1.01+0.005 
1.010.005 


1.063+0.021 
1.049+0.016 
1.027+0,009 
1.019+0.002 
1.015+0.002 


1.056+0.019 
1.028+0.009 
1.017+0.002 


1.056+0.019 
1.0352-0.012 
1.025+0.003 
1.018+0.002 


1.043+0.008 
1.027+0.003 
1.019+0.002 





1.036+0.012 
1.031+0.010 
1.024+0.008 
1.018+-0.002 
1.015+0,002 


1.030+0.010 
1.022+0.007 
1.014+0.002 


1.029+0.010 
1.025+0.008 
1.021+0.003 
1.018+0.002 


1.018-+0.003 
1.015+0.002 
1.014+0.001 


1.108 
1.082 
1.054 
1.042 
1.036 


1.087 
1.055 
1.037 


1.093 
1.071 
1.059 
1.050 


1.058 
1.045 
1.037 


8.99+0.24 
8.10+0.20 
7.44+0.16 
7,58+0.24 
6.85+0.13 


8.78+0.20 
7.66+0.11 
7,600.15 


7,580.15 
7.54+0.10 
6.97+0.13 
6.31+0.10 


6.27+0.24 
5.3540.18 
5.29+0.12 


24.5 
27.2 
30.8 
33.7 
35.3 


24.5 
29.2 
33.8 


24.5 
27.8 
30.8 
33.7 


24.0 
29.6 
33.7 








For the Ag!”(y,7)Ag'®® reaction, there seem to be 
only the data of Diven and Almy” available. These 
data show a peak excitation energy of 16 Mev with a 
pronounced dropoff of the tail at 20 Mev. However, 
the uncertainty in their results in this region (20-22 
Mev) necessitates an introduction of a large estimated 
probable error to the degradation correction at low 
energies. 

For Ta'*'(y,n)Ta'® the effective excitation energy is 
lower. Strauch** reports a value of 19 Mev, but believes 
that it is high. This belief is verified by Katz and 
Cameron who find a peak excitation energy of only 
13.9 Mev with the excitation curve dropping to zero 
around 20-22 Mev. The Katz and Cameron results are 
used for this experiment.” 

The copper, zinc, silver, and tantalum excitation 
curves used in this experiment are summarized in Fig. 2. 
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Fic. 2. Photoneutron excitation curves showing the effective 
photon absorption energy ’o adopted for this experiment. 





It should be emphasized that the curves in this graph 
indicate only the relative shape, and no inference of 
relative values of the cross sections for the different 
elements should be made from them. 


VII. RESULTS 


The results of this experiment are shown in Table I 
and in Figs. 3-6. The first column of Table I shows the 
results obtained from reducing the raw counting data 
using the formula for Fx). The standard deviation 
shown with this value of F.x, is obtained from the 
internal consistency of a series of runs at each energy. 
These include the errors due to foil irregularities, 
counting statistics, errors of alignment in bombarding 
and counting geometries, and uncertainty in the gamma 
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Fic. 3. Pr and F.x» as a function of initial electron energy Eo 
(total energy in Mev). The dashed curves correspond to an 
effective value of F which assumes the (y,) cross section to be 
88 percent electric dipole excitation and 12 percent electric 
quadrupole. The heavy dashed curve assumes the effective 
excitation energy of the quadrupole cross section to correspond 
with that of the electric dipole cross section, whereas the light 
dashed curve assumes the effective quadrupole excitation energy 
to be 4 Mev lower than that of the electric dipole cross section. 
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background measurements. A total of 32 copper, 21 
zinc, 35 silver, and 17 tantalum activations were carried 
out, making an average of six for each element at a 
given energy. Two gamma background runs were 
made for every three regular runs. 

The copper radiator was 1/60 of a radiation length 
thick, and the foils were approximately 1/340, 1/720, 
1/300, and 1/600 radiation length thick for copper, 
zinc, silver, and tantalum, respectively. With this size 
radiator, it was found that the ratio of the observed 
activity in foil two to foil one was of the order of two. 

The last column in Table I shows the experimental 
value of F after the various corrections have been made. 
The in between columns indicate the size of each cor- 
rection. The gamma background and foil holder activity 
corrections are not shown here as they were subtracted 
directly from the counting data before evaluating F.xp 
in column four. 
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Fic. 4. Pr and F.xp as a function of initial electron energy Eo 
(total energy in Mev). The dashed curves correspond to an 
effective value of F which assumes the (y,m) cross section to be 
88 percent electric dipole excitation and 12 percent electric 
quadrupole. The heavy dashed curve assumes the effective 
excitation energy of the quadrupole cross section to correspond 
with that of the electric dipole cross section, whereas the light 
dashed curve assumes the effective quadrupole excitation energy 
to be 4 Mev lower than that of the electric dipole cross section. 


It is the corrected values of F.x, with their probable 
error which are shown in Figs. 3, 4, 5, and 6 as the 
experimental points. The theoretical curves are those 
obtained by averaging Fr over the respective (y,n) 
cross sections to obtain what has been defined as Fr. 


VIII. DISCUSSION 


There are several conclusions which may be drawn 
from these results. 

(1) As has been stated previously, if the photo- 
disintegration cross section is known, the Weizsiicker- 
Williams method may be used to approximate the 
electrodisintegration cross section. This method pre- 
dicts a theoretical value of F= 82/3 independent of Eo 
and k and hence independent of Ey and Z. By observing 
Figs. 3-6 it is seen that the Weizsicker-Williams 
approximation underestimates the electrodisintegration 
cross section in comparison with the photodisintegra- 
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Fic. 5. Pr and F.xp as a function of initial electron energy Eo 
(total energy in Mev). The dashed curves correspond to an 
effective value of F which assumes the (y,m) cross section to be 
88 percent electric dipole excitation and 12 percent electric 
quadrupole. The heavy dashed curve assumes the effective 
excitation energy of the quadrupole cross section to correspond 
with that of the electric dipole cross section, whereas the light 
dashed curve assumes the effective quadrupole excitation energy 
to be 4 Mev lower than that of the electric dipole cross section. 


tion, but that it yields a result which is within a factor 
of two of the observed value for tantalum and agrees 
more closely as Z and Epo decrease. For copper, zinc, 
and silver the Weizsicker-Williams value agrees with 
the experimental results within 10-15 percent. 

(2) Levinger and Bethe suggest that the main 
absorption mechanism of nuclei for photons is electric 
dipole absorption. Using the so-called “sum rules,” 
these authors calculate the integrated photonuclear 
cross section for dipole absorption to be 


f Srotai (k)dk<0.044Z Mev barns, (14) 


0 
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Fic. 6. Pr and F.xp as a function of initial electron energy Ee 
(total energy in Mev). The dashed curves correspond to an 
effective of F which assumes the (y,m) cross section to be 
88 percent electric dipole excitation and 12 percent electric 
quadrupole. The heavy dashed curve assumes the effective 
excitation energy of the quadrupole cross section to correspond 
with that of the electric dipole cross section, whereas the light 
dashed curve assumes the effective quadrupole excitation energy 
to be 4 Mev lower than that of the electric dipole cross section. 


J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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where Z is the atomic number of the element. In 
addition they estimate the total quadrupole absorption 
to be of the order of 6 percent of the total dipole 
absorption. By tots: is meant the sum of the cross 
sections for all such processes as (y,m), (y,p), (7,2), 
etc. Comparing the value of their integral with the 
experimentally determined (y,m) cross sections, it ap- 
pears that about one-half of the total photon absorption 
may be attributed to the (y,m) reaction for the case of 
Cu®, Zn, and possibly Ag. In addition to this there 
is evidence that electric dipole absorption may be 
forbidden just above threshold especially in isotopes 
where the threshold is far below the main dipole 
absorption peak,” whereas electric quadrupole absorp- 
tion may occur under these conditions. For example, 
the data of Krohn and Shrader*’? show two peaks—at 
13 and 17 Mev; we suggest that the lower energy peak 
may be due to the quadrupole excitation and the higher 
energy peak, to dipole excitation. 

This suggests that the electric quadrupole contribu- 
tion to photonuclear absorption is predominately to 
the (y,m) reaction. It is expected, therefore, that about 
12 percent of the total (y,) cross section is due to 
electric quadrupole excitation. From this and from the 
definition of F, it follows that the effective value of F 
would be 


Fou= (Fx.v.) (Fx.q.)/(0.12F ¢.n.)+ (0.88F g.9.). (15) 


The dashed curves in Figs. 3-6 correspond to the Fee; 
evaluated by this equation. The heavy dashed curve 
having the larger value of F.¢, assumes that the effective 
excitation energy for the quadrupole cross section 
corresponds to that of the electric dipole, whereas the 
lower curve (light dash) assumes the effective quadru- 
pole excitation to be ~4 Mev lower than the dipole 
peak. Inasmuch as the excitation near threshold is 
predicted to be predominately quadrupole, this lower 
peak value is a reasonable assumption and comparison 
of this curve with the experimental points gives a 
surprisingly good check for copper, zinc, and silver. 
However, for tantalum the experimental points are low 


™See for example, K. Strauch, Annual Reviews of Nuclear 
Science (Annual Reviews Inc., Stanford, California, 1953), Vol. 2, 
p. 110. 
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and the question arises as to whether this is a failure of 
the Blair theory’ or whether the electric quadrupole 
excitation becomes more important for higher Z ele- 
ments. There is no evidence at the present time to 
indicate that the latter should be the case; thus, a 
discussion of the Blair theory is appropriate. It should 
be pointed out beforehand that no mention has been 
made of the contribution of magnetic dipole excitation. 
The magnetic dipole cross section is expected to be 
smal] compared to the electric dipole cross section but 
may be comparable to the electric quadrupole cross 
section." However, by inspection of Fer, which was 
obtained by a weighted averaging of electric dipole 
and quadrupole effects, it is seen that F44z is insensitive 
to the addition of any reasonable contribution of 
magnetic dipole excitation for all elements studied 
except tantalum, and therefore it does not influence 
the results for Cu, Zn, and Ag. 

Blair’s calculation was made in the Born approxi- 
mation assuming a compound-nucleus model. The 
electromagnetic effect of the electrons was represented 
by use of the Mller potentials which is equivalent to 
the use of plane wave solutions for both the incoming 
and outgoing electrons. 

The amount of error introduced into the theory by 
using the Born approximation, by using plane waves to 
represent the electron even at the nucleus, by assuming 
a point nucleus, and by using the long-wavelength 
approximation for multipole moments is uncertain and 
can probably be determined only by devising a better 
theory. Blair® estimates that these effects restrict the 
accuracy of his calculations to a 10 percent theory. The 
Born approximation is expected to be better for low Z 
elements and this may well account for the fairly good 
agreement of experiment with theory for copper, zinc, 
and silver and the disagreement for tantalum. 
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Higher-Order Potential Effects ix. the Radiative Correction to Scattering 
of Slow Electrons*f 
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The radiative correction to the scattering of low-energy electrons by an external field has been calculated 
in first Born approximation in the external field. For strong fields or slow electrons this is not a valid ap- 
proximation. With the assumption that only low-energy virtual photons contribute significantly to the 
effect, the radiative correction to the scattering of slow electrons is calculated to all orders of the external 
field. There is no change in the fractional radiative correction from the Born approximation result. 





HE radiative correction to the scattering of low- 

energy electrons has been calculated in first Born 
approximation in both the radiation field and the ex- 
ternal Coulomb potential. The approximation in the 
radiation field represents the first term in an expansion 
in powers of the small electrodynamic coupling con- 
stant a; however, the approximation in the external 
potential represents an expansion in powers of Zac/», 


where Z is the nuclear charge and » the velocity of the 


electron. For heavy nuclei or slow electrons this is large 
compared to unity so that successive Born approxima- 
tions cannot be expected to give meaningful results. 
The radiative correction to first order in a and all 
orders in the external potential will be calculated 
using the usual nonrelativistic Hamiltonian for an 
electron interacting with a quantized electromagnetic 
field. The Bloch-Nordsieck' transformation is used 
closely following the procedure of Pauli and Fierz? to 
obtain the equation of motion for the state vector® 


[V?+ ket U(r) —2mLaNink WW 
=—[(q:VU(r)+3q@-VPU() Ny, (1) 


where 
ki=2mE, q=mDa(2na/kO)'enQe, 


with e,, the polarization vector, 2 the normalization 
volume for the field, and Q,, the “position” coordinate 
for the kA mode of the field. Vy, is the occupation 
number operator of the kA mode and U(r)= —2mV(r) 
with V(r) the scattering potential. 

The amplitude for the radiationless scattering of the 


electron is 
f= fo— (1/4) qe? (k), (2) 
where 


1)= f eryNvUC)- f ar’Kule)VU OW) 


“{ f Pry ()7U (Wile), (2a) 


* Supported in part by the U. S. Atomic Energy Commission. 

t Part of a thesis submitted in partial fulfillment of the require- 
ments for a Ph.D. at Massachusetts Institute of Technology. 

1 F, Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 

2W. Pauli and M. Fierz, Nuovo cimento 15, 167 (1938). 

3 Units of h=c=1 have been used. 


fo is the exact scattering amplitude for the potential 
V(r) neglecting radiative effects, and 


go’ = (2a/3r)m* | dk/k. 


km 


Kze,(r,r’) is the outgoing-wave Green’s function satis- 


fying 
(V+ k?+ U(r) ]Kn(t,2’)=5(e—r’), (3) 


with k,?==ko’—2mk. y; and yy are the initial and final 
wave functions satisfying the homogeneous equation. 
The upper and lower cutoffs in the momentum integral 
in go” have been used to avoid the divergencies. The 
divergency at the low end will cancel against the corre- 
sponding infrared catastrophe in the one quantum 
bremsstrahlung cross section, while the high energy 
cutoff will be determined so that the Born approxima- 
tion limit for the result from this method agrees with 
the result of the low energy limit of the covariant Born 
approximation calculation. 

In using the Bloch-Nordsieck approximation to 
obtain (1), the recoil of the electron has been neglected. 
This implies that the contribution from high energy 
virtual photons is unimportant. Then as a consistent 
assumption J(k) is replaced by /(0), i.e., in (Rk), Kes 
is replaced by Ki. The integral 7(0) can then be 
evaluated in terms of fo. This is accomplished by using 
the equation for y;, 


[v*+ ko’+ U(r) ]¥i=0. (4) 


Then applying a gradient to this and treating the term 
[VU (r) Wi as an inhomogeneous term in the equation 
for Vy;, an integral equation for Vy; can be constructed 
with the aid of (3). 7(0) can then be written 


1(0)= f @Prp(t)VU (1): (iko— Vile) 
a f Prd ()VUG We). (5) 


A similar procedure is repeated on the first term, and 
then using the fact that 


Lim eK ko(ty’) = — (1/4mr’) exp(iko-r’ y(t) (6) 
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one gets 
I (0) = 42 lim, ...7 exp(—ikr) (tko-V+ke? Wilt). (7) 


Then using the assymptotic form of y; and substituting 
back into (2), the elastic scattering cross section is 


a= | f|*=oo(1—qeak’), ®) 


where 
Ak=k,— ko and ao= | fol’. 


The one-quantum bremsstrahlung cross section is ob- 
tained from (1), the operator q-VU(r) being the one 
which causes the emission. Upon summing over all 
directions of emission and all energies of the photon 
up to a maximum AW, this cross section becomes 


2 


o1=qo"| (1/4) f vilt) VU Wilr)dr|, (9) 


where 


AW 
qo? = (2a /3m)m f dk/k, 
k 


mm 


and y, is the final state with wave vector k;. Since the 
limit AW-— 0 is contemplated, k; can be replaced by 
ky so that y; is replaced by Wy. The integra) in (9) can 
then be evaluated by the method used in obtaining (7). 
The result is 


(1 4x) { vp (0) VU (aCe) r= ido, (10) 


giving 


(11) 


It should be pointed out here that the method of 
evaluation of the integral (10) applies only for potentials 


01 = 0009 *Ak?. 


M. H. MITTLEMAN 


which vanish at infinity faster than the Coulomb 
potential. Indeed the integral of (10) has been evaluated 
directly for the Coulomb field using Coulomb wave 
functions.‘ The result is 


o1= 0090 *Ak*(x/sinhx)’, (12) 
where x= Zac/v. Equation (12) can be applied only in 
the complete absence of screening (i.e., never). 

Clearly the difference arises from the long-distance 
behavior of the Coulomb field. In the integral of (10), 
attention has been focused upon photons of zero energy. 
These have their greatest probability of emission when 
the electron undergoes weak scatterings, i.e., in the 
region where the scattering field is small. Therefore, 
this region may be expected to contribute strongly in the 
integral. However, this is precisely the region which has 
been eliminated by considering a potential which goes 
to zero faster than the Coulomb potential. Therefore 
it is not surprising that there is no continuous transition 
of the value of the integral in the limit of the field 
approaching a Coulomb field. 

Combining (8) and (11) the infrared catastrophe 
disappears and the resultant cross section is 


o=00(1— (2a/3m)(Ak/m)? In(x/AW)]. (13) 


Thus the inclusion of higher-order potential effects in 
the radiative correction changes the over-all cross section 
from the Born approximation result, but it does not 
change the fractional radiative correction. 

The author wishes to thank Professor H. Feshbach 
for suggesting the problem and for his constant aid and 
encouragement. 


4A. Sommerfeld, Wellenmechanik (Ungar Publishing Company, 
New York, 1947), p. 501. 
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The lowest-lying states of isotopic spin T=0 and T=1 are surveyed for odd-odd nuclei with N=Z by 


considering 8-decay schemes and Coulomb energy differences. For A >26 the lowest 7 =0 and T=1 states 
appear to be very close together. The analysis permits certain predictions regarding the decay schemes of 
of these nuclei. Further experimental information is needed on the higher members of this series, from 


Sc® to Cu®, Predicted 8-decay schemes for some corresponding Z= N+2 nuclei are also summarized. 





I. INTRODUCTION 


t Gabdioncmand in isotopic spin' as a relatively valid 
quantum number, at least for light nuclei, has been 
stimulated recently by the experimental evidence for 
associated selection rules in nuclear reactions.? The odd- 
odd N=Z nuclei are especially favorable subjects for 
the study of isotopic spin, since they alone have more 
than one 7 value among their low-lying states. A 
striking affirmation of this fact has been the recent 
experimental discovery® of a 1.4-second ground state 
in Cl*, which must be interpreted‘ as indicating that 
this nucleus has 7'=1 in its ground state. This is con- 
trary to the usual expectation that the ground state 
has the minimum T value possible, in this case T=0. 
It thus becomes an intriguing question to determine 
the relation between the lowest 7=0 and T=1 states 
for all light odd-odd VN =Z nuclei and look for a system- 
atic behavior. The present note attempts to survey the 
possibilities in this regard. The stable nuclei of this 
category—Li®, B®, N™,—have been well explored.® 


We therefore consider mainly the unstable examples: . 


F'8) Na*, Al?*, P®, Cl*, and K**. The uncertain cases 
V**, Mn®, Co™, and Cu® are also mentioned. 

In Sec. II, likely assignments of spin and isotopic 
spin for odd-odd ground states are made on the basis 
of 8-decay schemes and ft values; in Sec. III we study 
the energies of the lowest 7=0 and T=1 states in odd- 
odd nuclei as function of mass number. In Sec. IV the 
previous considerations are employed to make tentative 
predictions regarding energies and decay schemes of 
some odd-odd excited states; these are extended in Sec. 


* Work supported by the research program of the U. S. Atomic 
Energy Commission. 

t Now at University of California in Los Angeles, California. 

1E. P. Wigner, Phys. Rev. 51, 106 (1937); R. K. Adair, Phys. 
Rev. 87 1041 (1952). 

2 We do not discuss the less restrictive condition of isotopic 
parity or charge symmetry of nuclear forces [N. M. Kroll and 
L. L. Foldy, Phys. Rev. 88, 1177 (1952) ], because charge independ- 
ence or isotopic spin conservation seems to be at least approxi- 
mately valid from the equivalence of n-p and p-p scattering at low 
energies and the equivalent energy levels in the T=1 triads at 
A=6, 10 and 14, 

3W. Arber and P. Stahelin, Helv. Phys. Acta 26, 433 (1953). 

4D. C. Peaslee, Nuovo cimento 10, 1349 (1953); O. Kofoed- 
Hansen and A. Winther (unpublished). The latter authors also 
suggest a reduction in the 7=1 and T=0 spacing of odd-odd 
N=Z nuclei as A increases. See also, O. Kofoed-Hansen, Phys. 
Rev. 92, 1075 (1953) and P. Stihelin, Phys. Rev. 92, 1076 (1953). 

5D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
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V to the 8 decay of the analogous even-even nuclei with 
Z=N+2. 


II. BETA-DECAY SCHEMES AND ft VALUES 


The odd-odd nuclei above N" are all unstable, going 
by positron decay to an even-even nucleus with 7=1, 
J =0 in its ground state and T=1, J=2 (generally) in 
its first excited state. If allowed beta-decay occurs to 
either of these states, we can make use of the selection 
rules involved to assign quantum numbers to the odd- 
odd ground state. There is no parity change in allowed 
transitions, and in addition the Fermi matrix element 
has selection rules AJ=A7T*0, the Gamow-Teller 
matrix element has selection rules AJ=AT=0, +1 
(no J=0-0 and of course beta-decay is incompatible 
with 7=0-—0 in any case). 

The introduction of one more rule about nuclear 
levels allows the assignment of unique 7, J values to 
the odd-odd ground states. This rule is that for odd-odd 
N=Z nuclei with neutrons and protons in equivalent 
orbits, the lowest-lying T7=0 levels have odd J, while 
T=1 levels have even J. This rule is strictly true for 
j-j coupling states of lowest seniority; and even in L-S 
coupling there are many more low-lying states in accord 
with the rule than in violation of it. Some empirical 
evidence in support of a general principle of this sort 
follows from the J=0—2—4 and 0—2—2 level se- 
quences in many even-even nuclei with T=0. 

The above rules may be summarized in the statement 
that 

(1) 


for allowed beta-transitions between odd-odd and even- 
even nuclei where neutrons and protons occupy equiva- 
lent orbits. The half-lives are given by® 


log ft= 3.7—log| M|?, 


[AJ|=|AT|=0 ort 


(2) 


where | M |? is a nuclear matrix element which includes 
statistical factors. We may argue that |M|? will 
generally be a maximum for AJ =AT=0 transitions, 
because the two states will be exactly similar and have 
perfectly overlapping wave functions. For the other 
case, |AJ|=|AT|=1 the overlap of nuclear wave 

* A. Winther, Physica 18, 1079 (1952). In accordance with the 
evidence that the Fermi and Gamow-Teller coupling constants 
are equal, we write |M|?= | f1|?+| fe|?. 
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TasLe I. Ground states of odd-odd N=Z nuclei. 








Parent Beta-decay log 


nucleus final state |M|? J, parity 








F'* 0+ . 1,3 1+ 
3+ 
0+ (or 1+) 
1+ 


Na” 2+ , <1 
Al 0+ 3.4 1.5 
ps 0+ . <1 
cH 0+ 3. 2 0+ 
K* 2+ F <1 3+ 
Sc at : ey 
ve (0+) 
Mn” (0+) 
Co (0+) 
Cu* (0+) 


<2 

<2 

<1.6 ge 
«1 (0) 


IVIVIVIV . 
wm Gd Go Go * 
Nu > 


(+) 








* Using 8* maximum energy of 3.3 Mev [(L. Katz (private communica- 
tion) ] 


functions may be poor and | M|* may be considerably 
reduced. Using these principles, we obtain Table I. 

For all the nuclei in Table I a AJ =0 transition with 
perfect overlap has |M|*=| {1|*=2(| fo|?=0), re- 
gardless of whether there is L-S or j-7 coupling. This 
expectation is borne out by the measurement on Cl 
and the known A7=0 transitions in C” and O", It is 
the basis for the probable assignment of Al**. For AT = 1 
transitions, |M|*=| f@|*=2(| f1|?=0) in these same 
nuclei only for perfect Z-S coupling; the value of 
|M|*=1.3 for F'* suggests that L-S coupling is pre- 
dominant but not without some j-7 admixture. We 
therefore take |M|*<2 to mean |A/J|=|AT7|=1 for 
this transition; this same assignment is made to all 
cases with |M|*<1. An unequivocal value of J comes 
from considering decay schemes.” 

The case of Al** is of considerable interest in that it 
probably resembles Cl in having a 7=1 ground state; 
this “ground state” may be isomeric (see Sec. IV). 


III, ENERGIES OF LOWEST T=0 AND T=1 STATES 


It is also of interest to study the energies of the 
lowest T=0 and lowest T=1 states in odd-odd N=Z 
nuclei as function of mass number. All energies are 
taken for neutral atoms relative to the ground state of 
the neighboring even-even N=Z—2 isobar. Energies 
of odd-odd ground states (and the lowest 7=0 state 
in Cl*) are taken from decay schemes.’ Energies of 
lowest 7=1 states in the lightest nuclei are obtained 
from a survey of the excited states.* The results of this 
investigation are shown in Fig. 1. The energy Er-; of 
the lowest 7=1, J=0 state in an odd-odd nucleus, 
relative to the ground state of the neighboring V = Z+-2 
isobar, can also be estimated from the formula for 
neutral atoms 


Er.1=0.60(A —2)A~'—0,78 Mev. (3) 


* Decay schemes except Cl (references 3, 4) taken from R. W. 
King, Ph.D. Dissertation, Washington University, St. Louis, 
Missouri, 1952 (unpublished), and Hollander, Perlman, and Sea- 
borg, Revs. Modern Phys. 25, 469 (1953). 

* Li®, B®, and N* from F. Ajzenberg and T. Lauritsen, Revs. 


Modern Phys. 24, 321 (1952). 
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Here the nucleus is assumed to be a uniformly charged 
sphere of radius R=1.4X10-"A'cm. Figure 1 shows 
agreement to within a few tenths of an Mev between 
empirical results and Eq. (3). The experimental values 
of Er. seem to increase with A slightly faster than 
formula (3) indicates; this is probably due to the 
neglect of exchange terms’ in (3). 

For A <22, the odd-odd ground state lies far below 
the calculated energy for the 7=1 state. The resulting 
assignment 7=0 for ground state of these nuclei is, of 
course, in agreement with considerations from decay 
schemes (Sec. II). The ground states of Al?*, P®, C]*, 
and K** are close to the calculated [Eq. (3)] energies 
for T=1 states. Definite assignments of T for these 
cases have, however, been made by a study of decay 
schemes in Sec. II. The situation for the heavier nuclei 
is still uncertain experimentally. 


IV. SOME PREDICTED EXCITED STATES OF 
ODD-ODD N=Z NUCLEI 


On the basis of the above consideration, it is possible 
to make some tentative predictions regarding level 
schemes and energies of some odd-odd N =Z nuclei. We 
consider here only the fairly well established cases F'*, 
Na”, Al?*, P®, and K**, In all of these cases except Al’*, 
the ground state appears to have 7=0, as was pointed 
out above. The position of the lowest T=1 state, at 
excitation energy Er_:— Er— can be estimated crudely 
on the basis of the theoretical formula [Eq. (3) ]. 
Perhaps slightly better estimates of Ey, can be made 
for these nuclei by adjusting the theoretical curve 
slightly to conform with experimentally known values 
of this energy for Li®, B®, N", Al**, and Cl*. This 
gives excitation energies 1.1, 0.8, 0.5, and 0.1 Mev 
(accurate to, say, 0.2 Mev), for the lowest 7=1 state 
of F'8, Na”, P®, and K*, respectively. 

On the basis of these estimates, the following tenta- 
tive predictions” regarding decay schemes can be made: 





ew T 
LOWEST T+O STATE, EXPERIMENTAL VALUE 
LOWEST T+! STATE, EXPERIMENTAL VALUE r 3 
LOWEST T+I STATE, THEORETICAL VALUE Ca 
ee a v“ 


Co*™ 


al 
34 « 


+ 
a 


ENERGY IN MEV 











ne a —¥y C7) 
MASS NUMBER A 

Fic. 1. Energies (neutral atom) of lowest T=0 and T=1 states 
in odd-odd N=Z nuclei, relative to ground state of neighboring 
even-even N = Z+2 isobar. 


®See L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 
(1953). 

1 Note added in proof.—Experimental investigations of some of 
these cases have already been made [P. Stahelin, Helv. Phys. 
Acta 26, 691 (1953)]. The results are in general agreement with 
the remarks of this section. 





ISOTOPIC SPIN AND ODD-ODD N#Z NUCLEI 


F's 


The lowest T=1, J=0+ state probably occurs at 
about 1.1 Mev above the T=0, J=1+ ground state 
and is expected to decay to this ground state by M1 
radiation of very short half-life. The known excited 
state at 1.050 Mev is produced by a Ne”(d,a) reaction® 
and accordingly must have T=0 (See Adair, reference 
1). Thus, the 1.050-Mev state and the lowest T=1 
state in F'* appear to be distinct but close together. 


Na?? 


The T=1, J=0 state probably occurs at about 0.8 
Mev above the T=0, J=3 ground state. The decay 
of the T7=1 state depends on whether there is a T=0, 
J=1 state below it. If there is, the decay will go to the 
Na” ground state by an M1— £2 cascade of very short 
half-life. If there is not, the T=1 state will decay 
principally to the Na®™ ground state by M3 radiation 
with partial half-life of 10-* to 1 second; in addition, it 
should some of the time decay instead to the Ne” 
ground state by positron emission of Emax=2.5 Mev, 
log ft= 3.4, partial half-life= 10 sec. 


ps 


The T=1 state probably occurs at about 0.5 Mev 
above the 7=0, J=1 ground state and is expected to 
decay to the ground state by M1 radiation of very short 
half-life. 


K* 


In this nucleus the T=0 and T=1 states are very 
close together, probably within 0.2 Mev of each other. 
Although the 7=0, J=3* level seems likely to be the 
lower one, this is not entirely certain. In any case, if 
there is no intervening J=1* level between the 0* and 
3* levels, there will be only a relatively small probability 
of a connecting M3 transition between them. For the 
most part these two states will undergo independent 8 
decay, regardless of their exact order. The T=1 state 
will decay directly to the A** ground state with a 
maximum energy of about 5 Mev and a half-life of 
about 0.5 sec. 


Al*¢ 


It is tempting to speculate at this point that Al** 
may resemble K** in having two lowest levels that un- 
dergo independent 8 decay. At present there is no 
known exception to the rule! that the J of an odd-odd 
N=Z nucleus obeys j-j coupling near the close of a 
subshell. Thus the best estimate for the lowest T=0 
state in Al** appears to be J=5*. Regardless of their 
exact order, two such lowest states would undergo in- 
dependent beta decay. The Al’* “ground” state (prob- 
ably T=1, J=0*) decays to the ground state of Mg”* in 
about 6 sec. A T=0, J=5* state would decay to the 


"R. W. King and D. C. Peaslee, Phys. Rev. 90, 1001 (1953). 


ot 
A 


+ 
| 


Fic. 2. General decay scheme for Z= N+2, A=4n+2 nuclei. 


first excited state of Mg**(J=2+, E..=1.87 Mev) 
with a half-life on the order of 10‘— 10° years. If the 
second excited state of Mg**(Z..=2.97 Mev) has 
J = 4+, an allowed decay can occur with a half-life on the 
order of a day to a month. This decay would be about 
ha!f K capture and half positron emission. 

The above discussion suggests that it is possible to 
make predictions regarding the quantum numbers and 
decay schemes of the lowest lying states in odd-odd 
N=Z nuclei. Naturally it would be of great interest 
to obtain more detailed experimental information on 
the decay schemes of other odd-odd N=Z nuclei such 
as Sc®, V**, Mn™, Co™ and Cu®*. These nuclei can all 
be produced by (,) reactions on stable targets. 


V. DECAY SCHEMES OF SOME Z=N+2 NUCLEI 


The odd-odd N=Z nuclei discussed above appear as 
daughter products in the positron decay of nuclei with 
A=4n+2, Z=N+2. Experimental production of this 
series appears possible for A <42. All members of the 
series should be particle stable by at least 5 Mev, in- 
cluding Ne'* and Ti®. They can be formed by (He’,n) 
on abundant target nuclei of the a-particle type (with 
the exception of Ca**) in reactions with Q values close 
to zero. They are also formed (except for Ti®) from 
the same abundant a-particle nuclei by (7,2) reactions 
with thresholds on the order of 30 Mev. It may therefore 
be of interest to extend the predictions of the previous 
section to include the 8 decay schemes of these nuclei. 

The Z=N-+2 nuclei of this series are even-even 
with ground states 7=1, J=0, from which they make 
superallowed transitions with log ft~3.4 to the corre- 
sponding states in the V=Z nuclei. There will be in 
addition a branch of fractional intensity x (Fig. 2) to the 
T=0, J=1 state of the daughter nucleus. This transi- 
tion has an ft value different from that for the 0O—0 
transition by a factor ranging from about 2 to }, to 
judge by corresponding decays from F'* and P® (cor- 
rected by a factor 3=2J,+1 for the 0-1 transition). 
For three cases (Ne'*, S®, Ti) the situation is already 
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Fic. 3. Fractional intensity x of 0O—1 transition 
in B decay of Z=N+-2, A=4n+2 nuclei. 


defined by present information. The values of A in 
Fig. 2 are 1.1, 0.3 and ~0 Mev, respectively, where 
the last is an extrapolation from all known A=4n+2 
nuclei. Using for the Coulomb energies formula (3) 
adjusted to fit the experimental points of Fig. 1, we 
obtain the results in Table II. Here Eg: is the estimated 
energy of the 0—O transition, Z,=|A| the energy of 
the connecting y ray between 0* and 1* states of the 
final nucleus. The total half-life ¢ and fractional in- 
tensity x«(0<«<1) of the 0—1 branch were obtained 
from the values of the f function for B+ decay.” 

For the four remaining cases we do not know the 
separation A of the 1*+ and O* states in the daughter 


2 EF, Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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nucleus. A is certainly negative for A = 26, 34 and very 
likely negative for A=38; for A=22 it is less certain 
but still probably negative. Although the negative A 
militates against the 0—1 transition, measurement of 
the associated y energy could provide valuable informa- 
tion about the 1*—3* spacing of these particularly 
simple levels. The half-lives are the same order of 
magnitude as indicated in Table II. The fractional in- 
tensity in the 0—1 transition is shown in Fig. 3 asa 


TABLE ITI. Decay-scheme parameters. 








Parent 
nucleus 


Ne!* 2.2 
Ss” 4.0 
Ti* 5.5 


E gt (Mev) t(sec) Ey(Mev) x 





9 
2 
6 


0: 
0. 
~~. 








function of A for A=22 and A=38. These curves are 
uncertain by a factor of order 2 because of uncertainty 
in the nuclear matrix elements. 

Comparison with the spacings in these same nuclei 
of the J=0, J=2 levels known from 8 decay suggests 
that |A|<2 Mev in this region. Observation of the 
weak 0—18 transition with the following y ray does 
not then appear to be beyond the range of experimental 
feasibility. 

In cases where the two lowest V =Z states are J=0* 
and 3+ (A = 38, 34, probably 22) the y decay from the 1+ 
level will comprise an interesting competition between 
1+—0+ (pure M1) and 1+—3* (pure £2). 
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Cerenkov radiation is investigated for the following cases: charged particles and neutrons moving in 
isotropic crystals; charged particles moving in an arbitrary direction with respect to the optic axis in uniaxial 


crystals. 


INSBURG'® investigated Cerenkov radiation of 
uniaxial crystals when an electron moves either 
along or perpendicular to the optic axis, using the 
Hamilton method in electrodynamics of anisotropic 
media. 
Using Ginsburg’s formalism, we obtain for the energy 
radiated by the particle within an angle range ¢, ¢+d9, 
and per unit path length? 


aH; (2r)® 
-——f Ss (Ju @ni)*Wri 
dl upec2x Bnyi>! 


Xm? (00,p)dwy do - a (1) 


where ¢ and 6 determine the relative orientation of the 
propagation vector k, and the uniform velocity of the 
particle vo, ¢ is the angle the projection of k, on the 
XZ plane makes with the X axis, a); is the component 
of the properly normalized vectors of electric field 
strength, j, is the Fourier component of the charge 
density, and m; is the index of refraction.‘ The 7 index 
corresponds to two directions of polarization, the angle 
% is given by 
c 1 
Cosbo;= eR (2) 
Mio MiB 
and wy, is given by 
ky2c? 
u»7= peg 373 c*{ (ky?- ay?) — (kyani)*}. (3) 


Nyi 


In isotropic crystals, let a,, be in the plane deter- 
mined by vo and ky. Integrating (1) with respect to ¢, 


dH, (2mr)® i 1 
ney yr aan 
dl vec? J Bny>1 ny? (w) 8? 
dH,/dl=0. 


For charged particles, 


1 BS, eVo 
f j(r)e~*. *'dr=——_, 
(29)* ¥_. (2m)? 


1V, L. Ginsburg, J. Phys. (U.S.S.R.) 3, 95 (1940). 

2V. L’Ginsburg, J. Phys. (U.S.S.R.) 3, 101 (1940). 

3 The reader is referred to references 1 and 2 for the method of 
calculation. 

4 The results of a special case are given by K. Tanaka, Univer- 
sity of California Radiation Laboratory Report UCRL-1286, May 
1951 (unpublished). 


i= 


as k-r1 over the particle. Substituting (5) into (4), 


we get 
dH, @& 1 
=— f (:- — wt (6) 
dl ¢@ Jpny>1 my? (w) 8? 


which is fhe Frank and Tamm formula® giving the 
total energy radiated by a charged particle through the 
surface of a cylinder per unit length, the axis of which 
coincides with the line of motion of the particle. For 


neutrons, 
1 ae 
f i@emar 
(2m)* 


0 


k= 


=- —f VXm(rje~* "dr 
(24)? J_. 


Be 
(2x)* 


where M is the magnetic moment of the neutron. 
Putting (7) into (4), assuming neutrons are oriented 
randomly in space, we find :* 


dH, M? wn? 1 
f —— ( 1- ———) wd (8) 
dl 30 pn,>1 Cc ny? (w)* 


This distribution depends on two extra powers of 
frequency compared to that of charged particles. 

Comparing (6) and (8), the ratio of dH/dwdl for 
neutrons to that of charged particles is of the order 
10” for the visible region. 

With reference to Fig. 1, we choose the electron ve- 
locity vector Vo so that it determines the YZ plane. The 
optic axis is taken along the Z direction. Indices o and e 
refer to the ordinary and extraordinary rays, respec- 
tively. 


€o= z= Ey, €o= Ex. 

51. Tamm, J. Phys. (U.S.S.R.) 1, 439 (1939). 

* An alternative calculation obtained by expanding the field 
variables of Maxwell’s equation in four-dimensional Fourier series 
and expressing the Poynting vector in terms of the generalized 
current density was reported at the Cambridge Meeting of the 
American Physical Society, January, 1953, by K. Tanaka [Phys. 
Rev. 90, 358 (1953) ]. The results agree with those of the present 
paper. 
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Fic. 1. Relation between the optic axis Z, propagation vector k, 
and electron velocity vector v. 


The results of a calculation for m,? and (29)*(j,+ ay)? 
= ¢"(v,-a,,)* that are to be substituted into Eq. (1) are 
as follows: 


(9a) 


Nyro? = Eo, 


€e€o 





2 
n= ——__——__—_— . 
€o COS*h+ €, sin’h+ (€o— €,) sin’ sin*r 
where 


cos6,; sina+ sind cosa (sin’a—cos’6;+ cos’a sin’p)! 
a sinta-+-coale sin’ 
(10) 
(11a) 
(11b) 





Cosy = 1/€48, 
cosé,= (0/R)!, 


Q=— ——{ B*e,¢,¢(d sin’a+ €, cos*’a sin’) 
(€o— €,)* sin’ 


1 


+ (€.— €o) sin’(€, sin*o cos’a—d sin*a) 
+-2(€o— €)[€e€o(d sin’a+ €, cos*a sin*p) |! 


8 cosa sina sin*¢}, 


Preto 3; # 
R= ( ) — 2(sin’a— sin’ cos*a) 
€o>—€,/ sintd 


Brecéo 
X41, 
(€o— € sin*?) 


d= €, cos’p+ «, sin’¢, 
e=sin’a+cos’a sin’. 


cos’ sin’a(1—sin?r) 





(Vo * @y,)? = 09" 


(12a) 
€9(cos’*p+ sin’r sin’) 


(Vo: @ye)’= N/D, (12b) 


where 

N=¢*{ (—sin’a sin*@+ cos*a sin‘) sin‘r 
+ (sin’ sin’a-+ 2 cos‘a sin*p) sin?r-+cos*a 
+2(€,/€.) sina cosa(cos*#+ sin*r sin’) 


X sinz[sin’ (1— sin?) }$}, 


€o €o 
D= “| (sino cost ) _ (:- ~) sin’ sin| 
€e € 


X {cos*@+ sin’r sin’9}, 


and sinr is given by (10). 

One may easily find Ginsburg’s results when the 
charged particle is traveling along and perpendicular 
to the optic axis, by taking the angle which determines 
the position of the velocity a=0 and a=x/2. 

The author is indebted to Professor Robert Serber 
for helpful discussions and Dr. E. J. Hellund for his 
interest. 
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The total neutron cross sections averaged over resonances have been measured for Nd, Sm, Er, Yb, and 


Hf as functions of neutron energy from 0.06 to 3 Mev. 


The cross-section curves have shapes which change 


gradually with atomic weight and are in agreement with the values predicted by the theory of Feshbach, 


Porter, and Weisskopf. 





OTAL fast neutron cross sections averaged over 

resonances of many medium and heavy elements 
have been measured as functions of neutron energy.'~* 
Although the cross sections of neighboring elements 
exhibit similarities, there are changes in the shape of 
the cross-section curves of elements widely separated 
in atomic weight.‘ Feshbach, Porter, and Weisskopf*® 
have proposed a theory based on a single-particle 
interaction which has been successful in reproducing 
the slow variations in the cross sections. The present 
article presents the measured total cross sections of Nd, 
Sm, Er, Yb, and Hf. These elements, which are in the 
rare earth portion of the periodic table, were not 
investigated previously because samples of size suffi- 
cient for total cross-section determinations had not been 
available. 

Total cross sections were measured by means of 
transmission experiments in which the scattering 
samples were placed midway between the neutron 
source and detector. Neutrons were produced by 
bombarding lithium and tritium targets with protons 
from the Wisconsin electrostatic generator. The lithium 
targets, which were used for the production of neutrons 
with energies less than 1 Mev, were prepared by evap- 
orating lithium on a tantalum backing. For higher 
energies a tritium target in which the tritium was ad- 
sorbed in a thin layer of zirconium evaporated on a 
wolfram disk was used. 

The averaging of the total cross sections over reson- 
ances was accomplished experimentally through the 
use of a neutron beam having an energy spread which 
was large compared with the level spacing in the nuclei 
being investigated. Such a beam was produced with 
thick targets which also had the advantage of large neu- 
tron yields. The target thickness, which is the energy loss 
of protons in the target, was measured by the rise 
method at the threshold of the reactions.* Most of the 
measurements in which Li targets were used were made 


* Work supported by the U. S. Atomic Energy Commission and 
the Wisconsin Alumni Research Foundation. 

1 Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
(1952). 

2 Walt, Becker, Okazaki, and Fields, Phys. Rev. 89, 1271 
(1953). 

3.N. Nereson and S. Darden, Phys. Rev. 89, 775 (1953). 

4H. H. Barschall, Phys. Rev. 86, 431 (1952). 

6 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 

*R. F. Taschek and A. Hemmendinger, Phys. Rev. 74,373 
(1948). 


with targets 120-kev thick for protons near the threshold 
energy. Sm and Yb measurements below 600 kev were 
done with a 40-kev Li target. A 120-kev thick T target 
was used in the higher energy measurements. 

The scattering samples of Nd, Er, and Hf were in the 
form of metallic cylinders about 1 inch in diameter. 
Sm and Yb were available only in the form of the 
oxides Sm,O; and Yb2O;. Before being sealed in brass 
cans of 1-in. inside diameter and 3y-in. walls, the oxides 
were heated to red heat in a platinum crucible to drive 
off adsorbed water and CO». 

In the case of the rare-earth oxides, transmission meas- 
urements include the effects of scattering from the O 
nuclei. Subtraction of the O cross section was done 
experimentally by measuring transmissions of SnO, 
samples containing the same number of oxygen nuclei 
per cm? as was present in the rare-earth oxides. Simi- 
larly the cross section of Sn was subtracted using 
metallic cylinders of Sn containing the same number 
of Sn nuclei per cm? as was in the SnO, samples. The 
cross section o of the rare earths was then calculated 
by use of the relation 


e-N*=T(s)T(Sn)/T(SnO), 


where NV is the number of rare-earth nuclei per cm’, and 
T(s), T(SnOz), and T(Sn) are the transmissions of the 
rare-earth oxide sample, SnO2, and Sn, respectively. 

A check for proper subtraction of the O cross section 
was made by measuring the cross sections of Sm and 
Yb with a thin target over the large resonance in O 
which occurs for neutrons of 440-kev energy.’ The 
absence of a peak in the cross sections at this energy 
indicated that the number of O nuclei not properly 
subtracted was less than 2 percent of the number of 
rare-earth nuclei. 

Neutrons were detected with a recoil counter, which 
was filled with 27 atmos of He for measurements with 
neutrons above 1 Mev in energy and with approximately 
7 atmos of H for lower-energy neutrons. Measurements 
were made in the forward direction with respect to the 
incident proton beam with the exception of those below 
150-kev neutron energy, which were made at an angle 
of 115 deg. In the forward direction, the solid angles 
subtended at the source and detector by the samples 


7 Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 
(1949). 
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Fic. 1. Total cross sections of Nd, 
Sm, Er, Yb, and Hf. 
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were less than 0.016 sterad while at 115 deg the 
solid angles were less than 0.031 sterad. 

Figure 1 shows the total cross sections of Nd, Sm, 
Er, Yb, and Hf plotted as functions of neutron energy. 
The uncertainties in the cross sections arising from the 
statistical errors in the number of neutron counts are 
in most cases less than 3 percent. The results have not 
been corrected for the effect of neutrons scattered by the 
samples into the detector; consequently, the cross 
sections are probably too small. Previous measure- 
ments at this laboratory indicate that for the geometry 
used in this experiment, the correction to the cross 
section of Bi for neutrons of 3-Mev energy is of the 
order of 4 percent. Since the forward scattering and, 
hence, the amount of inscattering increases with energy 
and atomic weight, it is expected that the corrections 
to the present measurements are less than 4 percent. 

The average total cross section divided by the 
geometrical area of the nucleus is plotted as a function 
of neutron energy and atomic weight in the upper half 
of Fig. 2. The nuclear radius R was calculated assuming 
that it is given by 


R=1.45 X 10-“A'cm, 


where A is the atomic weight. To illustrate the gradual 
variation in the shape of the cross-section curve, a 
smooth surface was drawn through the experimental 


curves, most of which were obtained earlier at this 
laboratory.'? The present results, which are plotted 
between atomic weights 144 and 179, fit smoothly on 
the surface. 

Feshbach, Porter, and Weisskopf have calculated 
total cross sections on the assumption that the inter- 
action of the neutron with the nucleus is described by a 


Fic, 2. Total neutron cross section as a function of neutron 
energy and atomic weight. The upper part of the figure is a plot 
of the experimenta] values. The lower half is a plot of the cross 
sections calculated by Feshbach, Porter, and Weisskopf using 
the constants indicated. 
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complex potential of the form 
V=—Vo(1+i) for 
V=0 for r>R, 
where Vo=19 Mev and ¢=0.05. Comparison of the 
measured cross sections with the calculated values 
shown in the lower part of Fig. 2 shows that the gradual 


change in cross section is reproduced by this theory. 
In the region investigated in this experiment the broad 


r<R, 
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maximum at 1-Mev energy, evident in the Nd curve, 
slowly disappears with increasing atomic weight, a 
behavior which is predicted by the theory. 

We wish to thank Dr. F. H. Spedding, Mr. David 
Dennison, and Dr. Jack Powell of the Ames Laboratory 
of the U. S$. Atomic Energy Commission, Iowa State 
College, for their interest in this work and for their 
efforts in preparing the pure Nd and Er metal cylinders 
and the Sm and Yb oxides used in this experiment. 
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If it is assumed that the range of nuclear forces is small compared to the size of the deuteron and the 
wavelength of the incoming particle (“zero-range” approximation) and something like the impulse approxi- 
mation is used, a connection between the cross sections for elastic and inelastic p-d or n-d scattering is 


derived. 


The results of this simple theory are compared with available experimental data, and the agreement 
between the two is much better than the crude assumptions of the theory merit. 

An interesting consequence of the theory is that the connection between the elastic and inelastic scattering 
cross sections is independent of the properties of the two-body forces. The elastic scattering cross section 
depends hardly at all on the exchange properties of the two-body n-p potential (provided it gives the 
binding energy of the deuteron correctly) and the n-n potential, and the connection suggests that the 
same is true of the inelastic scattering cross section. This is in disagreement with more elaborate calculations 


of Bransden and Burhop. 


I, THE BORN APPROXIMATION FOR THE INELASTIC 
SCATTERING CROSS SECTION 


FORMULATION of the Born approximation 
for the inelastic scattering cross section has been 
given in several papers.':? The initial and final states 
are the following: 
Initial State. A neutron (say) is incident on a 
deuteron. The wave vector of the neutron is k: 


(1) 


where v is the velocity of the neutron in the center of 
mass system and £ is the kinetic energy of both particles 
in the center-of-mass system. 

Final State. A neutron is ejected with wave vector k’ 
(the “scattered” neutron). A deuteron remains in an 
excited (continuum) state described by a wave vector 


k”: 


pi t= 


M 
— fi" 
h? 


1R. L. Gluckstern and H. A. Bethe, Phys. Rev. 81, 761 (1951). 
? Ta-You Wu and Julius Ashkin, Phys. Rev. 73, 986 (1948). 


where v’ and E’ have the same meaning as v and £, 

’ is the velocity of the neutron (say) belonging to the 
deuteron in the center-of-mass system of the two 
particles forming the deuteron, and E”’ is the excitation 
energy of the deuteron. Thus, with the usual definition, 


M 


a’=—E), 
2 


(3) 


where £, is the binding energy of the deuteron, conser- 
vation of energy 
E'+E”=E-E, 
gives 
k’?-+- (4/3) hk’? = k?— (4/3)a?. (5) 


The differential cross section for the scattering 
process corresponding to a transition from this initial 


to this final state is [reference 1, Eq. (13b) ]: 
1 1 4M? k’ 
do = - —_— —— = M |*dQ'dk"’, 
4 (2r)® 3h? k 


(6) 


or, equivalently [reference 2, after Eq. (51) ], 


: 2G. s 
do= a 


4 (2x) Sh’ kk’ 


5(k’—[R2— (4/3)k’2— (4/3)a®)}!) | M|2dk'dk’”, (7) 
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where [reference 1, Eq. (25) ] 
M={(1—PrisW xs, (LV nn(13)+-V np (12) Wixs}. (8) 


Whereas for elastic scattering Eq. (8) leads to three 
kinds of integrals,’ it now leads to six kinds of integrals, 
because the deuteron wave function which appears in 
¥, depends on the direction of k’’. These integrals are 


Jit= f exn(23)f'(1)U(A3) 6(23) faridradrs, 
i= f oxr(13)/"2)U(13)¢(23)f)aridradrs, 


; i= f ex(23)/1)U(13) (12) f)aridradrs 


and three more, J/;~, J:~, and J;~, obtained by reversing 
the argument of gy; for example, 


Js = f exe(31)Q)U 03) 923) fA)drudrates (10) 


Performing the spin sums in Eq. (8) and defining a, to 
be the coefficient of J,*, etc., as in reference 3, Eq. (9) 
and Eq. (10), we find for S=3/2, triplet continuum 
states: 


=‘)... : 
= HV ust + PV os 
PV at HPV op", 
HV ast BV ag 
4 — Van, 
Y= PV apt — FV ay; 

for S= 1/2, triplet continuum states: 

= PVanttP Van, 

a= PV gt +hV ag + PV ast + PV aos 

6, =}V,,+— 


B = BY), t+} V ap ’ 


1317 
2°} np» 


= SIL 13V 
+= 7') an’ 4 J mn 3 


FEV net PV np; 


7-=}' 


, 1317 
J ap’ 4°) np 


*R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953). 
We follow the notation of this paper in the following. 
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for S= 1/2, singlet continuum states: 
v3 

dy, = —-—(! Vant—*Van), 
4 


v3 
a= aCe Vig + , Vay’ + ' Vap)s 


v3 
b.= it ital 


v3 
=~ (Vat 'Vas"), 


v3 
7+™ ——(OVant+3Van), 
4 


v3 
oR” dit danatelti ne teil Aided 


and [compare reference 1, Eq. (31) ] 


| M|2=2|M(S =3/2)|2-+4|M(S=1/2, triplet states) |? 
+4|M(S=1/2, singlet states)|*. (14) 


Equations (11) and (12) can be compared with Eqs. 
(9) and (10) of reference 3. Were the deuteron wave 
function in wy, the ground-state wave function, inter- 
changing the particles in its argument would make no 
difference, so that for elastic scattering J;+=J,-, for 
example. In fact, comparing the two sets of equations, 
we see that 


(15) 


a=a,+a_, 


for example, where a is given by Eq. (9) of reference 3. 


II. COORDINATE SYSTEM 


If 1 is the “incoming” neutron (say) and 2 and 3 are 
the proton and neutron in the deuteron, respectively, 
we use 


—rit4(ret+rs)=q. (16) 


r3—r2=r, 


III. CONTINUUM STATES OF THE DEUTERON 


In the following, we use zero-range potentials for the 
two-body potentials. As explained in reference 3, it is 
not necessary to think of this as a strict zero-range 
approximation. It is perhaps better to imagine that is 
an approximate way of evaluating the integrals in 
Eq. (9) in which it is assumed that the range of the 
two-body nuclear forces is short compared to the size 
of the deuteron and the wavelength of the incident 
particle, and then it does not seem such a crude way 
of proceeding. 

Consistent with this approximation, we take for the 
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wave function of the ground state of the deuteron 


ope (-) = 
2r r 


and for the triplet continuum states‘ 


(17) 


gu’ (r) = exp (ik’’-r) 


{exp(2i59(k’’))} — 1 exp(ik”’r) 
+ ——_______- ——.. (18) 
2ik”’ r 


Equations (17) and (18) indicate that the wave func- 


tions reach their asymptotic form at once. The condition 
that gy and ¢ be orthogonal requires that 


k” cotis= —a, (19) 


as may be calculated from Eqs. (17) and (18) by setting 


J eeude= 0. 


A further assumption contained in Eq. (18) is that 
in a two body n-p collision only the S-state interaction 
is important and no interaction takes place in states 
with 1/21. This is known to be very nearly the case, 
especially for low energies. 

It should be noted that we are not making the usual 
assumption that the wave functions for continuum 
states of the deuteron are plane waves. 


(20) 


IV. THE ZERO RANGE APPROXIMATION 


With these coordinates and wave functions, we find 


itm fort) exp(—ik’- q) 
X U(|q+4r!) ¢(r) exp(tk- q)drdq, 


Jyt= fee*atin exp[ — tk’: (—}q+4r) ] 


xX U(|q+4r|)¢(r) exp(ik-q)drdq, (21) 


‘Very accurate continuum wave functions for the deuteron 
may be obtained for a Yukawa potential in this same way. For 
the ground state a well-known approximation is [see for example 
G. F. Chew, Phys. Rev. 74, 809 (1948) ] 

- (sete 4 {exp(—ar)} —{exp(—Sr)} 
2x (B—a)? r 7 
For the approximate continuum wave function, 





ex (r) = exp (ik’’- q) 

4 Leribe CON =F (exp (2ik’’r)) — (exp(—Br))); 

2ik"'r 

Eqs. (19) and (20) lead to 
sop per laae A 
we&+h”? B+k'? ~ atB 28 B+k’”? a+ hk’? 
which corresponds to a scattering length of 5.26X10~" cm as 
compared to the accepted value 5.29+0.04X 10~" cm. For the 
90-Mev n-p scattering it gives a *S phase shift of 54° as compared 
to the accepted value 60°+5°. 





k”’ cotde(”)[ 


Iit= fev" exp(—ik’-q)U(|q+4r|) 
xX ¢(|q—4r]|) exp(—ik- ($q+49r))drdq. 


The sign of the argument of ¢ is changed for 
Ji, Js, Je. With a zero-range potential, 


U(\q+$r|)=U0d(|q+4r}), 


integration over r gives 


(22) 


r= —2q, (23) 


so that 


4dr 
Jit —ntUo f ev*(— 2q) 
xX exp(— tk’: q) ¢(2q) exp(tk-q)dq, 


4dr 
: rVven (re) f exp(2ik’- q) ¢(2¢) exp(ik- q)dq, 


Ji*= 


4a : 
J; y riVof ev*(—2a 


X exp(—ik’- 4) ¢(2¢) exp(ik- q)dq. 
Since 
limre?U (24) 
ro 
is finite, 
(25) 


limr,’ U5 
rq 


vanishes, and J,;+ and J;* vanish. But 


limre® gx’: (ro) Vo= limrogy: (ro) lim (re? Uo) 
rq-0 ro rq 


{exp2ido(k’’)} —1 
<3 agile 





limr,? Uo. (26) 
ro0 


This is independent of the direction of k’’, so that in 
this approximation 


4m {exp2ido(k’’)} —1 


Jga ds ‘limr?Uo 


xf expQaik’-a) 6020) exp(ik-q)dq, (27) 


and all other integrals vanish. 
For elastic scattering, instead of Eq. (27) we find, 
in the same way, 


4nr far?! 
t==(<) limr,? Uo 
3 \2e/ 
x f exp(aik’-a) 6(20) exp(ik-q)dq. (28) 


Using Eqs. (11), (12), (13), and (14), we find for the 
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inelastic scattering 
| M |*=$|J2|?+yy|J2|?+2('Vnpt)*| J2(singlet)|?, (29) 
and for the elastic scattering 


| M|?=4|J2|?. (30) 


V. CONNECTION BETWEEN THE INELASTIC AND 
ELASTIC SCATTERING CROSS SECTIONS 


Equations (27) and (28) are very much alike. The 
k’”’s which appear in them are different, because in 
Eq. (28) (elastic scattering) 


|k’| = |kj, 
whereas for Eq. (27) (inelastic scattering), Eq. (5) 


applies. However, following the procedures of the 
impulse approximation,’ we overlook this, so that 


’ 


J2(inelastic) (= 4 {exp (2i50(k’”’))}—1 
Ta(elastic) % =] 


| Jo(inelastic)|? 2x sin%So(k’’) 


| Je(elastic) j2 a 


(es 


(32) 


Then Eqs. (29) and (30) and Eq. (6) and the corre- 
sponding equation for elastic scattering give 


2m k’ 4n 
- — sin’59(k’’) dk!'dQ’. 
r)3 


ah (2m) 


(33) 


doin= Fel 


a1 depends on the angle between k’ and k. The last 
4m in the numerator comes from dk’ =4mrk’"dk’’, and 
the 1/(2m)* comes from the fact that the cross section 
for elastic scattering has a 1/(2x)* instead of the 
1/(2)* in Eq. (6). Sometimes a 1/(27)! is put in front 
of Eq. (18) to make the equations corresponding to 
Eq. (6) the same for elastic and inelastic scattering; 
but, however we do it, we have the 1/(2r)* at the end. 
Still following the ideas of the impulse approximation, 
we proceed as follows.* To calculate an inelastic cross 
section we put the experimental n-d angular distribution 
into Eq. (33) and values of sin*5o(k’’) calculated from 


R’” 


sin’59(k’’) = —— - 
[k’’ cotéo(k’’) P+k’”? 


(35) 


Ee 
k”’ cotdo(k’’) =— -+-—r9(k'")?, 
a 2 


where we use the best values of the scattering lengths 
and effective range. Of course, in view of Eq. (29), 
part of the time we use the triplet scattering length and 


5G, F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952). 

* Gluckstern and Bethe (reference 1, p. 770) also replace terms 
occurring in a result calculated in Born approximation by observed 
values wherever possibie. 
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effective range and, part of the time, the singlet scat- 
tering length and effective range. Equation (33) written 
more fully, with Eq. (29) taken into account becomes 


oe k’ 1 


doin or —k’” 
mwa k (k”’ cotd)* triplet + Rk’? 





(: Vay*)* 1 
3 (k”’ COt5)*singier +k’? 





| axa, (36a) 


or alternately, according to Eq. (7), 


Vin>= i 


ie kk’ 
x 5(k’—[k?— (4/3) k’?— (4/3) a? }!)dk’dk’”’. 


Cel 1 


(36b) 


VI. EMISSION OF NEUTRONS AND PROTONS 
IN n-d INELASTIC SCATTERING 


In n-d inelastic scattering, two neutrons (a “scat- 
tered” neutron and a neutron “ejected” from the 
deuteron) appear and one proton (a proton “ejected” 
from the deuteron). 

The wave-number vectors of these particles are as 
follows: 


(37a) 
(37b) 
(37c) 


“scattered” neutron: k’, 
S,= —tk’+k", 
S,= —}k’—k”. 


“ejected” neutron: 
“ejected” proton: 


k” may be eliminated from do;,, Eq. (36b), by the 
use of one of Eqs. (37b) or (37c). 

If we want the energy and angular distribution of 
the “scattered” neutron (do.at,), we express Eq. (36b) 
in terms of k’ and §S, (say) and integrate out the 
directions of S,. [The magnitude of §, is fixed by 
Eq. (37b) and Eq. (5).] This is easy to do since it is 
equivalent to putting k” and dk” from Eq. (5) into 
Eq. (36a), which gives the energy and angular distri- 
bution of the “scattered’’ neutrons at once. 

Graphs of doscatterea 28 functions of E,, the energy 
of the scattered neutron in the laboratory system, and 
6,, the angle through which it is scattered, are presented 
in Fig. 1.7 

7 Transformation to the laboratory system is accomplished as 


follows. First, we express Eq. (36a) in terms of energies by using 
Eqs. (1)-(5). We find 


1 Cel 


JE’ ’ 
=— —~—— (Eian— FE’ —4E;)* 
2e /Ey VE ino 4 im 

1 (V.p*)* 1 | 1 Jey 

Daripier * 3 ey oer, 
where 
he 
D=FL(k" cots)*+k”) 


and Ejay is the energy of the incident particle in the laboratory 
system. This may be expressed in terms of laboratory energies 
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If we want the energy and angular distribution of 
the “ejected” neutron (dociectea), We express Eq. (36b) 
in terms of k’ and §,, and integrate out the directions 
of k’ [the magnitude of k’ is fixed by Eq. (37b) and 
Eq. (5) ]. This time there is no easy way to do the 
calculation. The procedure for carrying it through is 
described in reference 2, paragraph C, p. 996. 

Let E, be the energy of the ejected neutron and 6, 
the angle it makes with k (both measured in the 
laboratory system). The wave-number vector of the 
ejected neutron in the laboratory system is 


p»=S,+4k, (38) 
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Fic. 1. Energy distributions of inelastically scattered particles 
at two angles. The contributions of triplet deuteron continuum 
states to the cross sections for emission of protons and scattering 
of neutrons are labeled A and D, respectively. The corresponding 
curves for singlet deuteron continuum states are labeled B and E. 
The cross sections for emission of protons and neutrons are 
labeled C and F, respectively. 


and angles by using 
- , 2VEn cos0, — +/ Eo 
cos(k’,k) OE. +4E)— J BoE, cos)” 
E’=4(E,+}Eo—(EoE»)* cosOn), 


dE'd cos(k’,k) = | J|dEnd cos0,, 
where Ep is 4£,»/9 and J is the Jacobian of the transformation: 


3/3 En\t 
1=3(33)- 
Numerically, with the energies in Mev, 


Deriplet = 1.431 +0.455(Ejan—1.5E’ —1.5Es)+0.00782( )?, 
Dainglet = 0.0743+-0.743 ( )+0.0195 ( ). 





and 
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(z) 
Sy 








oe 
” € be 





KP os 


Fic. 2. Coordinate system to which k’ is referred in performin, 
the integrations to obtain angular and energy distributions o 
ejected particles. 


so that 


p= (2M/W)E,. (39) 


In integrating out the directions of k’, we refer to 
S, as polar axis (u=cosk’,S,), the azimuth, ¢, being 
measured from the plane of k and S,, (see Fig. 2). The 
angle between k’, k which appears in ¢,: in Eq. (36b) 
must be expressed in terms of variables appropriate to 
this reference system. 
cos(k’,k) = sin(k,S,,) (1—*)# cose+yu cos(k,S,,) = y. (40) 
Actually, Eq. (37b) and Eq. (5) leave two values of k’ 
possible: 

ky’ =4[—S,ut (S.3—4S,2+3k?—40*)*), 
kh’ =4[—Sau— (Sa2u?—4S.2-+3k?— 402)!], 
Only real positive values of k,’ and k_’ are permitted. 
This restricts the allowed values of yu for a given S,. For 


0SS,2S3h—a’, 


k,’ is real and positive for all yu. k’ is negative for all 
u and thus is excluded. For 


iP —o<S,’s h— (4/3)a’, 


both k,’ and k_’ are real and positive when 


(41a) 
(41b) 


and are either complex or negative when u>—v. For 
S,2>h— (4/3)a’, 


both k,’ and k_’ are complex for all 4, and this region 
is excluded. (This is an obvious consequence of conser- 


vation of energy.) 
Any function f(k’) of k’ labeled ft+(k’) or f-(k) 

means f(k,’) or {(k_’) in the following. Let 
oei(y) 1 

[= ee He, (42) 
4a (k” cotd)?+ hk’? 


where k” coté is given by Eq. (35) expressed in terms 
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Fic. 3. Angular distribution of disintegration protons from 
14.1-Mev inelasiic n-d scattering. 


of k’ and S, through Eq. (37b). Then Eqs. (55) and 
(56) of reference 2 become 


(43) 


M fn 
Acejected = x —T(En,On)dEndQn. 
hk 


For 
0<S,2< ih’ —a, 


3 2n 1 
I(E,,0,) = f def du 
24 ae 
k,” 


Sagas I+, (44a) 
(3k? — 40?—4.8,,°+-S 22)! 





For 
IP —ak< S,2<k’— (4/3)a’, 


3 29 —v k,”? 
I Emin) =~ f dof du— I 
25 1 (3—4e?—45,?+S,2y*)! 
3 7" . k_” 
+ f de f jp nieces Seal" pgs 
275 1 (3k—4e?—45,2+5,2y?)! 


Graphs of dogjecteq a8 a function of E, and 6, are 
presented in Fig. 1. It can be seen that the energy and 
angular distribution of the ejected neutron and ejected 
proton are the same in the present theory because 
Eq. (36b) depends only on the magnitude of k’’, so 
that expressing (36b) in terms of k’ and S, or k’ and 
S» give the same result. 

The cross section for the emission of neutrons is 
composed of two parts: 





(45) 


do,= 4 scattered tI ejected: 
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The total cross section for the scattered neutrons 
obtained by integrating doscatterea over E, and 6, must 
be the same as the total cross section for the ejected 
neutrons because every time a neutron is scattered one 
is ejected. That we must get this result follows on a 
moment’s reflection. We have integrated Eq. (36b), 
expressed in terms of k’ and S,, in only two different 
orders, so that we ought to get the same result from 
them. This requirement serves as a useful check on the 
numerical work. 
Since two neutrons appear in the final state, 
Finelastic, total > } (Cscattered, total + Fejected, total) (46 
he vs ) 
= Oscattered, total > Fejected, totals 
whereas the total cross section for emission of neutrons 
is larger than this by a factor of two, whereas the cross 
section for emission of protons is equal to it. The total 
scattering cross section is 


(47) 


A scattered ANA do ejected Cannot be observed separately, 
of course [without auxiliary assumptions like 
da cjectea (proton) = da ejectea (neutron) }. 

In Sec. VII, the triplet and singlet -ross sections are 
combined by taking 'V,,;+=0.69 in Eq. (36), and the 
scattered and ejected neutrons are combined by using 
Eq. (45). 


total = Felastic total t inelastic total- 


VII. COMPARISON WITH EXPERIMENTS 
A. 14.1 Mev 


The cross section for emission of protons is compared 
with the results of Allred, Armstong, and Rosen® in 
Fig. 3. The theoretical curve has been modified to take 
account of the fact that only protons of energy greater 
than 2 Mev were observed: 


Emax 


o(E,O)dE. 


2 Mev 


a(0)= (48) 


Allred, Armstrong, and Rosen also observed high- 
energy disintegration protons (protons whose range in 
the emulsion is greater than the range in the emulsion 
of deuterons elastically scattered at the same angle). 
Figure 4 shows E,(6ia»), the energy of a proton whose 
range in the emulsion is the same as the range in the 
emulsion of a deuteron elastically scattered at the same 
angle, as a function of @,,. Then the cross section for 
emission of high-energy disintegration protons is 


Emax 
o(o)= f o(E,O)dE. (49) 
x 


p() 


The total cross section at 14.1 Mev has been measured 
with precision by the transmission method, and is 
802 mb.° It is extremely doubtful that the total cross 


~ ® Allred, Armstrong, and Rosen, Phys. Rev. 91, 90 (1953). 
® Poss, Salant, Snow, and Yuan, Phys. Rev. 87, 116 (1952). 





INELASTIC SCATTERING OF PROTONS AND 


section for elastic scattering is greater than 650 mb.’ 
This leaves 150 mb for the total cross section for 
emission of protons. Allred, Armstrong, and Rosen 
observed 57+13 mb for the total cross section for 
emission of protons of energy greater than 2 Mev. This 
work was undertaken partly in order to determine 
whether the cross section for emission of protons of 
energy less than 2 Mev could be sufficiently large to 
explain the difference between 150 mb and 57+ 13 mb. 
This appears to be the case. We find 144 mb for the 
total cross section for emission of protons and 80 mb 
for the cross section for emission of protons of energy 
greater than 2 Mev. 

On the whole the theoretical results seem in good 
agreement with the experimental results. From Fig. 3 
it might be concluded that the theoretical energy 
distributions have too many low-energy protons and 
too few high-energy ones, but in view of the experi- 
mental uncertainties, this conclusion is not certain. 


B. 9.66 Mev 


At this energy we may compare our results with the 
experimental results of Juanita H. Gammel.'® She 
observed protons of energy greater. than 1.3 Mev 
emitted in p-d scattering (the names “proton” and 
“neutron” have to be interchanged for comparison 
with the calculated n-d angular distributions). This 
was allowed for as in Eq. (48). Figure 5 shows that 
theory and experiment are in excellent agreement (no 
doubt fortuitously). She found 


130° 
f sin6d@ 
20° 


Emax 
dEo(E,0)= 114 mb, 


1.3 Mev 


90° 
8 lob 


Fic. 4. The energy of a proton having the same range in the 
emulsion as a deuteron elastically scattered at the same angle as 
a function of the laboratory angle (14.1-Mev n-d scattering). 


1 Juanita H. Gammel (to be published). 
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Fic. 5. Angular distribution of protons emitted in 9.66-Mev 
inelastic p-d scattering. 
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and we find 126 mb for the same quantity. It is inter- 
esting to note that the total cross section for emission 
of protons is more than twice this, or 233 mb. About 
one-half of the protons have an energy less than 1.3 
Mev. 

Coulomb effects were neglected in the calculation. 
They might be taken into account approximately by 
use of the following as a Coulomb penetration factor: 


Co(k+4k)Co(|k’ +4’ +k’ |); (50) 


that is, we use the relative momenta of the two protons 
in the initial and final states. Here, as usual, 


Co=2xn/Lexp(24n)—1], 1=6/hrretarive- 
For the initial state, 
k= Mt retarive/h ; 
and for the final state, 


gk’+k’| ” M retarive/h- 


(51) 


(52) 


(53) 


C. Total Cross Section 


A graph of the n-d inelastic cross section is presented 
in Fig. 6. 
VIII. DISCUSSION 


Bransden and Burhop have presented some calcu- 
lations which show that the inelastic cross section 
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Fic. 6. Total disintegration cross section for n-d scattering as 
a function of energy. 


depends sensitively on the nature of the nuclear forces." 
This does not result from our calculation. The con- 
nection (36a) between the inelastic and elastic cross 
sections involves only 'V,,*+, the value of which is 
determined by the singlet n-p scattering length. Since 
Christian and Gammel’ found that the elastic cross 
section depends hardly at all on the unknown properties 
of the nuclear forces, it follows from Eq. (36a) that the 
same is true of the inelastic cross section. The dis- 
crepancy between this result and that of Bransden and 
Burhop arises partly perhaps from the crudeness of our 
theory, but the problem should be studied more care- 
fully if possible. 

Another point of interest is the following. Use of 
plane-wave wave functions for the continuum states of 
the deuteron in calculating the integrals (the J’s) would 
have made them all vanish. One is led to believe, first, 
that the nonplane-wave parts of the deuteron-con- 
tinuum states should make the most important contri- 
bution to the inelastic cross section even in calculations 
better than the one made here, and, second, that it is 
doubtful that the use of plane wave-continuum wave 
functions could give a better approximation to the total 


“HB, H. Bransden and E. H. S. Burhop, Proc. Phys. Soc. 
(London) A63, 1337 (1950). 


GAMMEL 


scattering cross section than the inelastic scattering 
cross section as is sometimes stated (one would hardly 
want to get zero for the total scattering cross section, 
especially after calculating a nonzero elastic scattering 
cross section as Christian and Gammel did using the 
same zero-range approximation used here). 

It might not be out of place to point out one further 
motivation for carrying through such a long calculation 
based on such doubtful premises as the zero-range 
approximation, the impulse approximation, and the 
replacement of quantities calculated in the Born 
approximation by exact quantities. 

The “phase shifts” which occur in an analysis of n-d 
elastic scattering at energies greater than 3.342 Mev 
must be complex numbers since inelastic scattering also 
takes place. We have developed a method of calculating 
complex phase shifts for which it is necessary to know 
the absorption from each partial wave by inelastic 
scattering. Since the connection Eq. (36a) between the 
inelastic and elastic cross sections is independent of the 
angle between k and k’ and of the direction of k’’, the 
ratio oin,1/oe1,1 is independent of / (/ is the angular 
momentum of the partial wave) and is equal to gin/geu. 
This makes it simple to compte ojn,; when gin, el, 
and g,),; are known. 

Thus the calculation was carried out partly in order 
to determine whether such a simple relation as Eq. 
(36a) could be in agreement with experimental evidence 
at low energies. 
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The directional angular correlation of three different gamma-ray cascades in Ta'*' have been measured 
with a fast delayed-coincidence scintillation spectrometer employing NaI phosphors as detectors. An 
interpretation of the results, in combination with measured K-shell internal-conversion coefficients, indicates 
that an unambiguous assignment of the angular momenta of three excited states in Ta™ and a classification 
of the gamma rays are possible. The spin sequences are as follows: for the 132-480 kev gamma-ray cascade 
5/2(£2)9/2(E2+-M1)7/2 with 50, the square root of the intensity ratio of electric quadrupole to magnetic 
dipole radiation, equal to — 1.25; for the 132-345 kev gamma-ray cascade 5/2(£2)9/2(E2+M1)9/2 with 
5345 1.0+0.2; and for the 345-135 kev gamma-ray cascade 9/2(E2+M1)9/2(E2+M1)7/2 with 8345=0.95 
+0.10 and 6;3;=0.5-+0.05. The observed angular correlation functions for the 132-480 kev and 132-345 
kev cascades indicate an appreciable attenuation by perturbing interactions in the intermediate state of 
the nucleus by its surroundings, even in the liquid state. For polycrystalline hafnium metal and hafnium 
compounds, the attenuation coefficients are smaller than the “hard core” values for a static electric quad- 


rupole interaction. 





I, INTRODUCTION 


HE radiations from the decay of Hf'*' have been 

studied by many investigators.' In spite of the 
numerous activities produced by neutron-irradiated 
Hf, the general features of the decay scheme of Hf'* 
given originally by Chu and Wiedenbeck*‘are probably 
correct.’ Several different sets of spins have been 
assigned the excited states in Ta'* on the basis of 
relative gamma-ray intensities, lifetimes, K/L ratios, 
and internal-conversion electron data.*~* It is apparent 
that the data and assignments are not all consistent. 
In the level assignments by Goldhaber and Sunyar® 
and Fan,® nearly all the spins (dsj2, ds2, and S12) 
predicted by the nuclear shell model were included. 
As we shall see from the interpretation of the results in 
this paper, the primitive version of the nuclear-shell 
model has practically no value for predicting level 
assignments in Ta'*', Fan concluded that all of the 
gamma-ray transitions were pure multipoles on the 
basis of internal conversion coefficients obtained from 
electron intensity measurements. These conclusions 
are not in accord with some recent measurements of the 
K-shell internal-conversion coefficients of the gamma 
rays in Ta!*!,? 

In many nuclear gamma transitions, a measurement 
of K-shell internal-conversion coefficients will permit 
an unambiguous assignment of multipole order and 
character of the transition. However, in some cases 
of a mixed multipole transition, a measured conversion 
coefficient will not distinguish between a parity-favored 
or a parity-unfavored transition.’ If these measurements 


1 Nuclear Data, National Bureau of Standards Circular 499 
(U. S. Government Printing Office, Washington, D. C., 1950) 
and Supplements 1, 2, and 3. “New Nuclear Data 1952 Cumula- 
tion,” Nuclear Science Abstracts 6, No. 24B (1952). 

2 K. Chu and M. Wiedenbeck, Phys. Rev. 75, 226 (1949). 

3 A. Hedgran and S. Thulin, Phys. Rev. 81, 1072 (1951). 

4W. C. Barber, Phys. Rev. 80, 332 (1950). 

5M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

6 Chang-Yun Fan, Phys. Rev. 87, 252 (1952). 

7F. K. McGowan, Phys. Rev. 93, 163 (1954). 


are supplemented by directional angular correlation 
measurements, it should be possible to infer, in addition 
to the spins of the states, both the character of the 
gamma rays and relative parity of the states. In this 
paper, the application of a fast delayed coincidence 
scintillation. spectrometer to the measurement of the 
directional angular correlation of three different gamma- 
ray cascades in Ta'* is described. The experimental 
measurements and results are presented. Finally, an 
interpretation of the results, in combination with the 
K-shell internal-conversion coefficients,’ is discussed. 


II. APPARATUS 


For the detection of the radiations, scintillation 
detectors consisting of thallium-activated sodium 
iodide crystals mounted on RCA type 5819 photo- 
multiplier tubes were used. The lateral sides and front 
face of the crystals were covered with 30 mg/cm? of 
MgO and 0.010 in. of Al.* Fluorothene source holders 
with 0.025-in. wall thickness were located at the 
intersection of the axes of the cylindrical crystals at a 
distance of 7 cm from the front face of each crystal. 
The delayed coincidence scintillation spectrometer 
which uses the fast-slow coincidence method has been 
described previously.” The windows of the differential 
pulse-height analyzers of the coincidence spectrometer 
in the angular correlation apparatus are always set to 
include only the full-energy pulse spectrum peak of the 
gamma ray. Most of the data in these experiments were 
recorded automatically at 90°, 135°, 180°, 225°, and 
270°. The time for the collection of a fixed number of 
coincidence counts was printed on a paper tape by a 
printing timer, but the angular positions were changed 
manually. 


III. EXPERIMENTAL MEASUREMENTS AND RESULTS 


Sources of Hf'*' were prepared from samples of Hf 
metal and HfO, irradiated with pile neutrons for four 


*C. J. Borkowski, Rev. Sci. Instr. 24, 1046 (1953). 
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Fic. 1. A differential pulse height spectrum of the gamma 
radiation from Hf'*!+Ta!*, 


weeks. The sample of HfO, was enriched in Hf'* 
(93.96 percent).® With this enrichment, the intensity of 
the 342-kev gamma ray of Hf!” in the source relative to 
the 345-kev gamma ray of Hf'*' is about 4 percent. 
With sources of normal Hf, the intensity of the 342-kev 
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Fic. 2. Decay scheme of Ta'* with the spin assignments of the 
excited states and the character of the gamma rays. 


*Obtained from the Isotopes Division of the Oak Ridge 
National Laboratory. 
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gamma ray is equal to the 345-kev gamma-ray intensity 
three weeks after the end of the irradiation. A differ- 
ential pulse-height spectrum of the gamma radiation 
from Hf'*\—+Ta'* is shown in Fig. 1. 


A. 132-480 kev Cascade 


Since the intermediate state of this cascade (see 
Fig. 2) is metastable with a half-life of 10-* sec, the 
initial experiments were devoted to measurements of 
the anisotropy, A’=(C(mx)/C(x/2)]—1, as a function 
of the chemical and physical state of the source, where 
C(m) and C(x/2) are the coincidence counting rates 
at @=, and w/2, respectively. For this cascade, sources 
prepared from normal Hf may be used because coinci- 
dences from the Hf'”® gamma-ray cascades are not 
detected under the conditions for which the data were 
collected. Since a resolving time, 27», of 0.18 usec was 
used, the measurements represent the anisotropy of the 
integral angular correlation, i.e., all of the 480-kev 
gamma rays are detected with equal probability with 
regard to the time of emission of the gamma ray. In 
Table I, the anisotropy, A’, of the 132-480 kev gamma 
cascade in Ta'*'-with different sources of Hf'* is sum- 
marized. Since Hf is a rather difficult element to work 
with from the standpoint of chemistry, only a few 
compounds were studied. The largest anisotropy found 
is exhibited by solution sources of Hf metal and 
HfO, taken up in concentrated HF as a solvent. Unless 
otherwise specified, this type of source was used in all 
experiments to be discussed in this paper. 

A series of experiments was performed to measure 
the coefficients A, and A, of the terms in the expansion 
of the correlation function in Legendre polynomials for 
the 132-480 kev gamma-ray cascade. These measure- 
ments included both the integral and differential direc- 
tional angular correlation, i.e., directional angular 
correlation as a function of the time of emission of the 
480-kev transition. The operating conditions and the 
angular correlation coefficients, corrected for finite 
angular resolution,’ are tabulated in Table II. The 
true coincidence counting rate for this cascade was 
of the order of 3 counts per sec while the random rate 
is about 15 percent and 1 percent of this for 2r79>=0.18 
usec and 1.32 10~* sec, respectively. From the results 
in Table II the anisotropy in the angular correlation of 
the 132-340 kev gamma-ray cascade is independent of 
the emission time of the 480-kev transition to within 
+3.2 percent. 


B. 132-345 kev Cascade 


To obtain the experimental angular correlation func- 
tion for the 132-345 kev gamma-ray cascade, the coin- 
cidences were collected at a time delay of 10 sec, 
which is sufficient to resolve all prompt coincidences 
due to the 345-135 kev gamma-ray cascade. Only sources 
of Hf'*' prepared from irradiated samples of HfO, 


0M. E. Rose, Phys. Rev. 91, 610 (1953). 
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enriched in Hf'® were used in these measurements. 
The window of one differential pulse height analyzer, 
which accepted only the full-energy pulse-spectrum 
peak of the 345-kev gamma ray, also accepted a small 
portion of the Compton recoil electron pulse distribution 
from the 480-kev gamma ray. Thus, the data collected 
represented a composite correlation function of the 
132-480 kev and 132-345 kev gamma-ray cascades. 
The contribution from the 132-480 kev gamma-ray 
cascade was removed from the composite data by a 
direct measurement of the 132-480 kev gamma-gamma 
correlation at the same time delay and by a determina- 
tion of the number of counts in the window of the 





10° - 








— —+ 


a 
Sa EES 
Eke 


cemeemnd | Reeercipmendiiccaneeen 
— DECAY OF To'e! — 
= - 




















DELAY TIME (sec X10") 


Fic. 3. Curve (1) is the number of coincidences as a function of 
the time delay obtained between the 132-kev and 480-kev gamma 
rays of Ta'*' which represents the decay of Ta'*"” (10~* sec). Curve 
(2) is a time-resolution curve for prompt events obtained between 
annihilation gamma rays from Na”. 


analyzer from the 480-kev transition. A procedure for 
constructing the shape and intensity of the Compton 
recoil electron pulse distribution of the 480-kev gamma 
radiation from a differential pulse-height spectrum of 
the 512-kev gamma radiation from Sr* has been 
described previously.’ In this way and with a knowledge 
of the window width, the number of counts in the 
window from the 480-kev transition was obtained by 
(a) an integration of the differential pulse-height 
spectrum over the width of the window used in the 
angular correlation measurements and (b) a direct 
measurement of the counts in window with a source of 
Sr* corrected for the difference in the intensities of 
the two Compton distributions.’ Good agreement was 
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TABLE I. Effect of chemical and physical state of Hf sources on the 
angular correlation of the 132-480 kev gamma-ray cascade. 








Anisotropy 
Lie) 
C(w/2) 


— (0.06+0.01) 
— (0.38-+0.01) 
— (0.38+0.02) 
— (0.3140.02) 
— (0.26+0.02) 


— (0.22+0.02) 


Sample Solvent Form of the source 


Hf metal 
Hf metal 
Hf metal 





Polycrystalline Hf 
0.10 ml of solution 
0.10 ml of solution plus 

0.10 ml HCIO, - 24,0 

Above source 24 hr after 
preparation 

Above source 48 hr after 
preparation 

Above source 21 days 
after preparation 

0.10 ml of solution 

0.10 ml solution of 
HfOCl, 

Hf extracted into a ben- 
zene layer containing 
TTA 

Gelatinous 

Dry 

0.02 ml of solution 

0.02 ml of solution 

Polycrystalline HfF, 
and HfOF; 


27N HF 
27N HF 


27N HF 
27N HF 


Hf metal 
Hf metal 
Hf metal 27N HF 


Hf metal 
HfF;, 


Hf metal 


— (0.32+0.02) 
— (0.28+0.01) 


0.27N HF 
12N HCl 


— (0.12+0.01) 


— (0.10+0.01) 
— (0.09+0.01) 
— (0.19+0.02) 
— (0.38+0.01) 
— (0.08+0.01) 


Hf(OH), 
Hf(OH)« 
Hf(NOs)4 
HfO, 
HfO, 


8N HNO; 


8N HNO; 
27N HF 





obtained between the two measurements. The composite 
coincidence rate was of the order of 1 count per sec 
while the random rate was about 3 percent of this. 
The contribution from the 132-480 kev cascade to the 
composite coincidence rate was between 20 and 30 
percent of this. The results from the measurements are 
given in Table II. 


C. 345-135 kev Cascade 


In order to get a measurement of the angular correla- 
tion function of the 345-135 kev gamma-ray cascade, 
the following set of experiments was performed. At a 
time delay A of Fig. 3, coincidences were collected 
resulting from the 132-480 kev, 132-345 kev, and 


TasLe II. Directional angular correlation coefficients for the 
132-480 kev and 132-345 kev gamma cascades in Ta'*, 


Cascade 


132-480 kev 
132-480 kev 


Operating conditions A: As 
—0.2789 —0.0565 
—0.2747 —0.0554 
—0.2820 —0.0587 


27o=0.18 psec 
2r0 =0,18 msec 


132-480 kev 
132-480 kev 
132-480 kev 
132-480 kev 
132-480 kev 
132-480 kev 
132-480 kev 
132-345 kev 
132-345 kev 


132-345 kev 


279 = 0.18 ywsec 

279 =0.18 usec 

2ro= 1.32 10~* sec; time 
delay = 6X 10° sec 

2ro = 1.32 K 10°* sec; time 
delay = 6X 10~* sec 

2ro= 1.40X 10° sec; time 
delay = 10~* sec 

2ro= 1.40X 10° sec; time 
delay = 10~* sec 

2ro= 1.40X 10~* sec; time 
delay = 10~* sec 

27o= 1.40X 10° sec; time 
delay = 10~* sec 

27o= 1.40X 10™* sec; time 
delay = 10~* sec 

27o= 1.40X 10~* sec; time 

delay = 10~ sec 





—0.2747 —0.0554 
—0.2765 —0.0700 


—0.2622 —0.0524 
—0.0487 


— 0.0664 


—0,2866 
—0.2787 
—0,3061 —0,0623 
0.1306 0.0045 
0.1081 0.0529 


0.0909 0.0303 
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345-135 kev gamma-ray cascades. Since the observed 
angular correlation functions for the 132-480 kev and 
132-345 kev gamma-ray cascades are independent of 
the time of emission of the 480- and 345-kev transitions, 
their effect in the composite correlation function was 
was removed by a direct measurement. That is, the 
coincidence rates for the 132-480 kev and 132-345 kev 
gamma-ray cascades were measured at a time delay B. 
At this time delay, these coincidence rates are equal to 
the contributions of the 132-480 kev and 132-345 kev 
cascades to the coincidence rates at time delay A. A 
determination of the time delays A and B used in these 
measurements was obtained from a measurement of 
time resolution curves for both prompt and delayed 
events. For instance, these latter experiments involved 
a measurement of a shift of 6 10-" sec of the centroids 
of two time resolution curves to within +5X10-" sec. 
In Fig. 3, curve (1), the number of coincidences are 
plotted as a function of the delay time obtained with a 
source of Hf'*'. This delayed-coincidence resolution 
curve was recorded with the window of one analyzer 
accepting only the full-energy pulse spectrum peak of 


Tasie III. Directional angular correlation coefficients for the 
345-135 kev gamma-ray cascade in Ta'*, 








Experimental Coefficients 
Form of the source A: As 


0.2003 —0.0343 
0.2292 —0.0541 
0.2010 —0.0962 
0.2196 —0.0712 
0,1908 —0.0547 
0.1710 —0.0086 





Hf'*0, in 27N HF as a solvent 
Hf'*0, in 27N HF as a solvent 
Polycrystalline HfF, and HfOF, 
Polycrystalline HfF, and HfOF, 
Hf'*'O, in 27N HF as a solvent 
Polycrystalline HfF, and HfOF, 








the 132-kev gamma ray and the window of the other 
analyzer accepting only the full-energy pulse spectrum 
peak of the 480-kev gamma ray. Without a change in 
the apparatus, a resolution curve for prompt events 
(curve 2) was obtained between annihilation gamma 
rays from a source of Na”. However, in the angular 
correlation measurements the window of one analyzer 
included only the full-energy pulse spectrum peak of 
the 345-kev gamma ray. A second time resolution curve 
for prompt events with the window set for pulses 
corresponding to 345 kev was taken (not shown in 
Fig. 3). This curve was shifted 6X10-" sec towards 
positive time delays with respect to curve (2) of Fig. 3. 
Thus, a delayed coincidence resolution curve of 132-480 
kev and 132-345 kev coincidences with the window of 
the analyzer on the full-energy pulse spectrum peak of 
the 345-kev gamma ray would be shifted a like amount. 
In the angular correlation measurements the time 
delays A and B corresponded to —7.7 and 15.4X10~° 
sec, respectively. 

In addition to the contribution from the 132-480 
kev and 132-345 kev gamma-ray cascades, there was 
another source of coincidences at a time delay of 
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—7.7X10~ sec which was not present at a time delay 
of 15.4X10~ sec arising from the Compton scattering 
of the 480-kev gamma ray between the detectors. 
This effect was small because the position and width of 
the windows of the analyzers discriminated almost 
completely against such a source of coincidences. 
However, this source of coincidences was measured 
directly using the 512-kev gamma ray from Sr*, The 
coincidence rate was an isotropic 10 percent effect and 
was removed from the composite data. 

To check the influence of perturbing interactions in 
the intermediate state by extranuclear fields on the 
angular correlation of the 345-135 kev gamma-ray 
cascade, the measurements were taken with a solution 
source of HfO, in hydrofluoric acid and with a poly- 
crystalline source having a probable composition of 
HfF, and HfOF;. This polycrystalline source was 
prepared from the same solution as was used in the 
liquid source by evaporating the solution to dryness in 
a fluorothene source holder under a heat lamp. Identical 
angular correlation functions were obtained, indicating 
that the intermediate state is prompt or that the 
perturbing interactions are small compared to those 
observed in the 132-480.kev gamma-gamma angular 


TABLE IV. Mean values of the angular correlation coefficients for 
the gamma-ray cascades in Ta!*, 








Number Anisotropy 
of A= 
coin- 


_W() 


cidences Experimental coefficients i 
W(x/2) 


Cascade collected As As 





— (0.058 +0,.003) 
0,029 +0.014 
— (0.053 +0.014) 


— (0.280 +0.004) 
0.110 +0.012 
0.202 +0,009 


132-480 kev 4.3 X10* 
132-345 kev 6.8105 
345-135 kev 1.6108 


0.192 
0.295 











correlation. This result also assures one that the 
contributions from the 132-480 kev and 132-345 kev 
gamma-ray cascades have been removed from the 
composite data properly because the contributions 
from these two cascades are quite different for liquid 
and polycrystalline sources (see Table I). The angular 
correlation coefficients, corrected for finite angular 
resolution,” for the 345-135 kev gamma-ray cascade 
are tabulated in Table III. The contribution of the 
132-480 kev and 132-345 kev coincidences to the 
composite coincidence rates was about 20 percent, 
where the composite rates were of the order of 1.5 
counts per sec. 


IV. INTERPRETATION OF RESULTS 


In Table IV the directional angular correlation 
coefficients for the gamma-ray cascades in Ta'*® are 
summarized. An analysis of these results, in combina- 
tion with the measured K-shell internal conversion 
coefficients’ shown in Fig. 2, indicates that an un- 
ambiguous assignment of the angular momenta of 
these excited states in Ta'*' and a classification of these 
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gamma rays are possible. Many spin sequences must be 
considered in the analysis and for completeness those 
that are excluded by the experimental results are 
enumerated. In the case of the 132-480 kev gamma-ray 
cascade, none of the following spin sequences fit 
experiment: j+2(£2+M3)j=7/2, 7/2+1(0+D) 
X7/2; j or jt1(Q+D)j=7/2, 7/241(0+D)7/2; 
J, fA, or j42(E2)j=7/2, 7/241(0+D)7/2, except 
the decay sequence 5/2(E2)9/2(Z2+M1)7/2. In this 
notation j;=j, j+1, or j+2 and all combinations are 
considered. The unperturbed angular correlation coeffi- 
cients," A» and A,, are shown in Fig. 4 as a function of 
|52|, where 5,* is the ratio of squares of the reduced 
matrix elements and is defined as the intensity ratio 
(in this case) of quadrupole to dipole radiation in the 
480-kev transition. The experimental values of A» and 
A, and the value of 649 obtained from the K-shell 
internal-conversion coefficient on the assumption that 
the transition is E2+M1 radiation are plotted in Fig. 
4. A mixture of Ei+M2 radiation is excluded by the 
fact that (A4)exp is larger than the unperturbed A,. 
These results indicate an appreciable attenuation in the 
directional angular correlation coefficients. The per- 
turbed angular correlation function can be written as 


W (0)=1+>,G,;A,P,(cosé), 


where G,; are the attenuation coefficients which 
represent the effect of perturbing interactions in the 
intermediate state of the nucleus. These attenuation 
coefficients are independent of the nature of the 
transitions to and from the intermediate state.” For 
540= — 1.25, the experimental attenuation coefficients 
are Goo2=0.63 and G4 o/2=0.60. If these attenuation 
coefficients are attributed entirely to the time-dependent 
interaction® of the nuclear electric quadrupole moment 
of the 480-kev state with the gradient of the electric 
field from its surroundings (liquid state), these values 
are not too consistent. However, for 549= —1.7, a con- 
sistent set of attenuation coefficients, G2 92.=0.735 and 
Gi9/2=0.497, is obtained. This leads to a*(480 kev) 
=2.8X10-, which is still in fair agreement with the 
measured value. 

From this consistent set of attenuation coefficients 
for 5430= — 1.7, one may make an estimate of the electric 
quadrupole interaction energy.” For ry=1.5X10- sec, 
and if the correlation time 7, is taken to be 10™ sec, 
then eQ(0°V/dz")/h is 1949 Mc/sec. If the electric 
quadrupole moment of the 480-kev state in Ta'* is 
comparable to the ground-state quadrupole moment of 
6X10-* cm?, which is one of the largest quadrupole 
moments known, than this quadrupole interaction is 
probably by no means unreasonably large. 

Since many spin sequences are already excluded by 
the 132-480 kev angular correlation function, only two 


1 L, C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

” Kurt Alder, Helv. Phys. Acta 25, 235 (1952). 

18 A, Abragam and’R. V. Pound, Phys. Rev. 92, 936 (1953). 
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Fic. 4. Unperturbed angular correlation coefficients as a function 
of |&| for the decay sequence 5/2(Q)9/2(Q+D)7/2. The 
curve labelled (A,), corresponds to taking 4: positive. Note added 
in proof.—The curve labelled (A); should read (A2)_ and cor- 
responds to taking 4, negative. The change of sign is due to a 
misprint in Eq. (70c) of a prepublication copy of the paper re- 
ferred to in reference 11. 


spin sequences need be considered in the analysis of 
the 132-345 kev angular correlation data. These are 
5/2(E£2)9/2(0+D)9/2 and 5/2(E£2)9/2(0+D)X7/2. 
The sign of the coefficient (A4)ex, immediately 
excludes the latter spin sequence. The unperturbed 
angular correlation coefficients, A, and A,, 1s a function 
of |4:| are shown in Fig. 5. The attenuation coefficients 
determined from the 132-480 kev angular correlation 
data should, of course, be the same in the 132-345 kev 
angular correlation and are used in the analysis to 
determine 634;. Unperturbed experimental coefficients, 
(Ay) exp/Gy,9/2, for d40= —1.25 are plotted in Fig. 5. 
From the value of (A2)exp/Geo/2, one finds 534,=0.93. 
If the consistent set of attenuation coefficients corre- 
sponding to d40= —1.7 is used, 5345 is equal to 1.08. A 
final value for 534; determined from the 132-345 kev 
angular correlation data is 1.0+0.2. This value is in 
good agreement with the absolute value of 5345 obtained 
from the K-shell internal-conversion coefficient on the 
assumption that the transition is E2+M1 radiation. 
Although a* .x,(135 kev) indicates that the transition 
is predominantly M1, the uncertainty in the measure- 
ment does not exclude a small admixture of £2 radia- 
tion. However, the presence of a P,(cos@) term in the 
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Fic. 5. Unperturbed angular correlation coefficients as a function 
of |4| for the decay sequence 5/2(Q)9/2(0+D)9/2. The 
curve labelled (A2), corresponds to taking 4: positive. 
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Fic. 6. Unperturbed angular correlation coefficient A, as a 
function of 5, for various values of 6; for the decay sequence 
9/2(Q0+D)9/2(0+D)7/2. 


observed angular correlation function of the 345-135 
kev gamma-ray cascade requires an admixture of £2 
radiation. This is the first correlation which has been 
observed in which each transition is a mixture of electric 
and magnetic multipole radiation. An explicit form of 
the directional angular correlation function for a mixed- 
mixed gamma-ray cascade has been derived by Rose." 
A computation of the angular correlation coefficients 
for a mixed-raixed gamma-ray cascade for all possible 
values of 6; and 6 and many possible spin sequences 
is quite tedious. However, in this case of the 345-135 
kev gamma-ray cascade the coefficient A, is independent 
of the sign of 5; and 6 and a*,x,(135 kev) restricts 
|82|<0.5. As a result many of the possible spin 
sequences, j, j+1(Q0+D)j=7/2, 7/24%1(Q0+D) 
7/2, that need be considered are excluded by examin- 
ing the sign of the coefficient A,. Only the spin sequence 
9/2(E2+M1)9/2(E2+-M1)7/2 fits experiment. The 
angular correlation coefficients, A, and A,4, are shown 
as a function of 5, and 4, in Figs, 6 and 7, respectively. 
From the 345-135 kev angular correlation another 
independent determination of 345 is obtained which is 
in good agreement with the value from the analysis of 
the 132-345 kev angular correlation data. 

A summary of the interpretations obtained from the 
analysis of the angular correlation results, in combina- 
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Fic. 7. Unperturbed angular correlation coefficient A, as a 
function of |4:| for various values of |6,| for the decay sequence 
9/2(Q+-.D1)9/2(Q4+-D)7/2. 


4M. E. Rose, following paper [Phys. Rev. 93, 477 (1954) ]. 


tion with the measured K-shell internal-conversion 
coefficients, is given in Table V. 

Since we know within limits the unperturbed angular 
correlation function for the 132-480 kev gamma-ray 
cascade, it is of interest to examine the magnitude of 
the anisotropies quoted in Table I for polycrystalline 
Hf metal and polycrystalline HfF, and HfOF:. The 
unperturbed an isotropy for 543.= —1.25 and —1.70 is 
—0.6092 and —0.5622, respectively. The “hard core” 
limits'® of the attenuation coefficients for a static 
quadrupole interaction with an electric field having 
axial symmetry and with no degeneracies would lead to 
predicted anisotropies of —0.1335 and —0.1185 for 
540= —1.25 and —1.70, respectively. Taking into ac- 
count the finite angular resolution of the detectors, these 
values become —0.1212 and —0.1069 which may be 
compared directly with anisotropies A’ (not corrected 
for finite angular resolution) in Table I. The experi- 
mental values are definitely smaller than the “hard 
core” limit, which is a lower limit because the G,(lim) 
can be larger than 1/(2v+-1) when there are degeneracies 
or when there are fields of lower than axial symmetry." 


TABLE V. Spin assignments of the excited states and character 
of the gamma-rays in Ta!*. 








Spin sequence by 


5/2(£2)9/2(E2+M1)7/2 


Cascade 


132-480 kev 





wae 
_ 1.25 | 922 
6345= 1.0+0.2 
6345=0.95+0.1 
§135=0.50+0.05 


5/2(E2)9/2(E2+M1)9/2 
9/2(£2+ M1)9/2(E2+M1)7/2 


132-345 kev 
345-135 kev 











Vv. CONCLUSIONS 


The ambiguity’ that existed in the classification of 
the 345-kev and 480-kev gamma rays of Ta'*' from the 
measured K-shell internal-conversion coefficients has 
been removed by the directional angular correlation 
measurements. Although several of the gamma rays 
are mixed multipoles and only perturbed angular 
correlation functions were observed for cascades via the 
10-* sec intermediate state, it appears that there exists 
an unambiguous assignment of the spins and relative 
parties of the excited states in Ta'*'. This spin sequence 
is certainly different from those suggested by Goldhaber 
and Sunyar,’ Goldhaber and Hill,'® and Fan® in terms 
of the nuclear shell model. At least for Ta'*, the shell 
model could be very misleading if one considered only 
spin sequences covered by the shell model in the 
interpretation of the results presented above. 

The logs (ft) value of the beta transition from 
2Hf'* to the 22-usec state in Ta'* is 7.2.'* An assign- 
ment of p32 for the ground state of 72Hf' is inferred by 
the nuclear-shell model which has met with considerable 


18M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 


(1952). 
16 A. M. Feingold, Revs. Modern Phys. 23, 10 (1951). 
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success for ground state assignments. This assignment 
is consistent with a first forbidden transition as sug- 
gested by the logio (ft) value. 

The observed angular correlation functions for the 
cascades via the 10~* sec intermediate state indicate an 
appreciable attenuation by perturbing interactions in 
the intermediate state of the nucleus by its surroundings 
even in the liquid state. Also, the measured anisotropy 
of the 132-480 kev angular correlation for polycrystal- 
line Hf metal and Hf compounds indicates that the 
attenuation coefficients are smaller than the “hard core” 
values for a static electric quadrupole interaction. 

Since the expected unperturbed angular correlation 
functions are known with fair certainty, the cascades 
132-480 kev and 132-345 kev provide a good case in 
which to study the influence of electric and magnetic 
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fields on angular correlations. The coefficients of 
P,(cos@) and P,(cos@) for both cascades are reasonably 
large so that all attenuation coefficients can be measured 
with reasonable precision. For the cascade in Cd", 
which follows the decay of In", the unperturbed 
coefficient of P,(cos@) is rather small (A,=—0,001). 
However, Hf'*' possesses the disadvantage that Hf 
compounds are difficult to prepare. 
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Mixed Gamma-Mixed Gamma Angular Correlation 


M. E. Rose 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received October 19, 1953) 


The y-y correlation in which both radiations are mixed, with arbitrary admixture ratios, is discussed. 


ECENT experimental evidence indicates that the 

occurrence of mixed y radiation (E,+Mz1z,4,; or 
M,+E_z,:) is not uncommon.' There are also several 
cases in which the intensity ratio & of 24*' pole to 2% 
pole is of order unity (& neither <1 nor >1). Therefore 
it should not be surprising if a y-y cascade occurs in 
which both radiations are mixed. Indeed, the 345-135 
kev cascade in Ta'*! appears to be such a case* (both 
radiations E2+ M1) and for both &~1. For this reason 
it seems worth while to give the correlation function 
applicable in such cases. 

The general! theory of angular correlation covers the 
case of an arbitrary y-y cascade, and the required 
correlation function can be obtained from the general 
formula given by several authors.’ For the cascade 
jx(Li,L1')j (L2,L2’)j2 with 5? equal to the intensity ratio 


1 The evidence has been summarized by R. M. Steffen, Indiana 
Conference on Nuclear Spectroscopy and the Shell Model (un- 
published). 

2 F. K. McGowan, preceding paper [Phys. Rev. 93, 471 (1954)]. 

3 For small admixture ratios the explicit correlation function 
was given by S. P. Lloyd, Phys, Rev. 83, 716 (1951). For the more 
general case one obtains the desired result by using, for example, 
Eq. (64) in L. C. Biedenharn and M. E. Rose, Revs. Modern 
Phys. 25, 729 (1953), referred to as BR. We use the notation of 
this reference. Further references to the general formulation are 
to be found in that paper. 


of 2"*’ to 2“ poles, the correlation function is 
W 8) =>.P,(cosd) {FP (Lijij)+62F,(Li'j1J) 
+ 26; (— [27+ 1) (221-41) (2L)' +1) PG (Lili'jif)} 
XK (F (Lejoj)+62?F, (Le'joj)+ 252 (— )*- 
X[(2j+1) (2L2+ 1) (2L2'+ 1) PG, (LaLa’j2j)}. (1) 


The normalization is to (W (8) = (1+6;")(1+6,). In 
practice L;/=1,+1 and L,/=L,+1. The coefficients 
F, and G, are defined in BR [Eqs. (69b) and (70d) ]and 
are tabulated in Tables I and II of that reference. Of 
course, when spin coupling is present the correlation 
function is modified in the usual way by inserting at- 
tenuation factors Q, which are independent of the prop- 
erties of the emitted radiations.‘ 

The presence of two adjustable intensity ratios (the 
signs of 5; and 6, may be +) makes the case under 
consideration somewhat overly flexible. However, it is 
quite likely that the study of the mixed-mixed correla- 
tion will be useful in conjunction with other experi- 
mental data which serve to fix one of the 4’s (or &’s). 
For example, there may be internal conversion data for 
one of the transitions or, as in the case of Ta'*, one of 
the radiations participates in another cascade the 
correlation for which can be measured separately.” 


i K. Alder, Helv. Phys. Acta 25, 235 (1952); A. Abragam and 
R. V. Pound, Phys. Rev. 92, 936 (1953). These authors denote 
the attenuation coefficients by G,. 





PHYSICAL REVIEW 


VOLUME 93, 


NUMBER 3 FEBRUARY 1, 1954 


Annihilation of Positrons in Condensed Materials* 


T. A. Ponpt 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received October 9, 1953) 


Approximately 4 percent fewer positrons are found to annihilate with emission of two photons in amor- 
phous solids and benzene than do so in metals. Fused quartz shows the same effect when compared with 
crystalline quartz. Assuming, with Bell and Graham, that this defect is due to triplet positronium in the 
amorphous materials, the mean life of triplet positronium against three-photon annihilation in the various 
materials is found to be approximately that observed in gases. Addition of a free radical to the benzene 
partially quenches the difference between pure benzene and metals. High-purity crystalline germanium is 


found to be similar to crystalline quartz. 


ELL and Graham! find that, while the annihilation 

of positrons in all types of solids is predominantly 
two-photon, the mean lives of approximately 30 
percent of those stopped in amorphous solids are an 
order of magnitude longer than the remainder, or of 
those stopped in crystalline or metallic solids (all of the 
order of 10~" sec). They suggest that the anomalously 
rapid annihilation in the latter cases is due to the forma- 
tion of positronium before the positrons are thermalized. 
The slow component in amorphous materials they 
attribute to collision-induced two-photon annihilations 
of triplet positronium. If this is correct, three-photon 
annihilation will occur in a fraction of the slow com- 
ponent given by the ratio of its observed lifetime to the 
lifetime of triplet positronium in the solid against 
three-photon annihilation. Thus in Teflon,’ using the 
free-space triplet mean life, 1.4 10~’ sec,?* 0.8 
percent of the positrons should annihilate with three 
photons. 

The apparatus shown in Fig. 1 was used to detect 
this effect by comparing the two-photon annihilation 
rates in an amorphous solid and a material in which 
the slow component is absent. The small-diameter 
source (~0.2-mC Na™) was mounted between alumi- 


























Fic. 1, Apparatus for comparing the two-photon 
annihilation rates of positrons in different materials. 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. Some of these 
results were reported at the 1953 Washington Meeting, American 
Physical Society [Phys. Rev. 91, 455 (1953)]. 

¢ Present address: Department of Physics, Washington Uni- 
versity, St. Louis 5, Missouri. 

1R, E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 

2 A. Ore and J. L. Powell, Phys. Rev. 75, 1696 (1949). 

3M. Deutsch, Phys. Rev. 82, 455 (1951). 


num or plastic foils of about 75-percent positron- 
transmission. The source was enclosed by identical 
sandwiches of the two substances under comparison, 
each layer thick enough to stop the positrons. The two 
NalI(T1) scintillators were mounted on 1-inch Lucite 
light-pipes. This, combined with the sharp collimation 
of the beam to one of the crystals, made the system 
relatively insensitive to positron range differences. 
Reversing the sandwiches thus changed the stopping 
material without appreciably altering the geometry or 
the effects of positron range and y-ray scattering. The 
coincidence circuit gave a resolving time of 3 KX 1077 
sec. The high stability required was obtained by 
careful electronic regulation and very frequent reversals 
of the sandwiches. A directly measured correction for 
the annihilations in the source itself was applied to 
all data. 

The results of various comparisons of two-photon 
annihilation rates are shown in Table I. The consistency 
of the various comparable triads of ratios is within 
the probable errors, which were computed from the 
scatter in the many individual determinations. The 
quartz data agree with the observation of a slow 
component only in the fused-quartz lifetime.! Com- 
parison of duraluminum, magnesium, Polystyrene, and 
Teflon shows consistent defects in the two-photon 
rates in the latter two amorphous solids. These effects 
cannot be attributed to density or Z differences. This 
possibility was further eliminated by placing sufficient 
aluminum to stop the positrons between the source and 
the sandwiches. Reversal of the sandwiches then 
showed no effect outside of statistics. Sandwiches of 
copper and duraluminum annihilators gave a two- 
photon coincidence-rate ratio, Cu to Al, of 0.9994 
+0.0010. The effect is in the direction that would be 
produced by annihilation in flight and is 3 the esti- 
mated size.‘ Since this was by far the greatest range of 
Z compared, no correction is made in the other data 
for this effect. 

The slow-component fractions and lifetimes of 
reference 1 can be combined with these data to give the 
mean life of triplet positronium against three-photon 


‘H. A. Bethe, Proc. Roy. Soc. (London) 150, 129 (1935). 
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TABLE I. Ratio of two-photon coincidence rates in various pairs of materials. Densities (g/cm*) : 
Teflon 2.14, Polystyrene 1.18, magnesium 1.74, duraluminum 2.90. 








0,050-in. Duraluminum/0.050-in. Teflon 
= 1.0055 +0.0008 


0.050-in, Duraluminum/0.125-in, Polystyrene 
= 1.0056 +0.0011 


0.050-in. Tefion/0.125-in. Polystyrene = 1.0007 +0.0008 


0.070-in. Magnesium/0.050-in. Teflon 
= 1.0064 +0.0009 


0.050-in. Duraluminum /0,070-in. Magnesium 
=0.9997 +0.0010 


0.070-in. Magnesium/0,125-in. Polystyrene 
= 1.0058 +0.0006 





0.070-in. Crystal quartz/0.060-in. Fused quartz 








0.060-in. Duraluminum /0.060-in. Fused quartz 0.060-in. Duraluminum /0.070-in. Crystal quartz 
= 1.0058 +0.0012 = 1.0057 +0.0009 


= 1.0007 +0.0008 








annihilation in the amorphous materials: Teflon, 
(1.7+0.8) X 10-7 sec; Polystyrene, (1.50.7) X 10-7 
sec ; fused quartz, (0.9+0.5) K 10-7 sec. The proximity 
of these values to the free-space triplet lifetime seems 
fortuitous, since considerable corrections for the 
polarizability of the materials and for possible compres- 
sive effects of the lattices would be required before a 
meaningful comparison could be made. 

Samples of crystalline germanium of 45 ohm-cm 
resistivity® were compared with copper. The coinci- 
dence-rate ratio, Cu to Ge, was 0.9991+0.0009. If 
exchanges with the conduction electrons were to cause 
the observed absence of an effect due to thermal posi- 
tronium comparable to that found in amorphous 
materials, the destruction cross section by these elec- 
trons, as estimated from the resistivity,* would have to 
exceed 10-" cm*. Thus it is more probable that this 
absence places germanium in the class with crystalline 
sulfur and quartz.! 

Annihilations in benzene were studied using sand- 
wiches of thin-windowed (0.0006-in. Al) cells, each 
4 in. thick. Two-photon coincidence rates in pure 
benzene, and in benzene in which the free radical, 
diphenyl picryl hydrazyl (DPH), had been dissolved, 
were compared. The energy required to invert the 
unpaired electron in DPH has been shown to be neg- 
ligible compared to thermal energies.’ The results are 
the open circled points in Fig. 2. The point at DPH 
concentration 5.1 mg/cm* of benzene is at the limit of 
solubility of DPH. The boxed point is the ratio of the 
two-photon coincidence rate in magnesium to that in 
pure benzene: 1.0072+0.0008. This is taken to be the 
ratio of infinitely concentrated DPH in benzene to pure 
benzene. This interpretation is supported by a measure- 
ment of the coincidence-rate ratio of magnesium to 
the 3.40 mg DPH/cm* of benzene sample: 1.0044 


5S. M. Christian, Radio Corporation of America Laboratories, 
Princeton, New Jersey, kindly supplied the germanium. 

®W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 246. 

7 Hutchison, Pastor, and Kowalsky, J. Chem. Phys. 20, 534 
(1952). 





+0,0012. The difference between the magnesium 
comparisons of pure and 3.40 mg DPH/cm’ benzene 
is then equal, within statistical uncertainty, to the 
directly determined coincidence-rate ratio for the 3.40 
mg DPH/cm’ to pure benzene: 1.0033+0.0011. 
Assuming thermal triplet positronium of mean life 
2 X 10~* sec, the calculated curve of Fig. 2 corresponds 
to a destruction cross section of 1.1 X 10~' cm’, or an 
electron-exchange cross section of 4.4 & 10~ cm’. 
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Fic. 2. Percent excess of two-photon annihilations in solutions 
of diphenyl picryl hydrazyl in benzene over those in pure benzene 
(circled points). The boxed point is the ratio of magnesium to pure 
benzene. 


This is close to the value found for exchange in nitric 
oxide.® 

These results are consistent with the hypothesis of 
Bell and Graham. In particular, the work with DPH 
seems to give direct evidence for the presence of triplet 
positronium in benzene. 

It is a pleasure to thank R. H. Dicke for valuable 
discussions. 

*M. Deutsch, Massachusetts Institute of Technology Labora- 


tory of Nuclear Science and Engineering Quarterly Progress 
Report, August 31, 1951 (unpublished). 
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H. G. Dene tt, H. G. Rosinson,* AND WALTER GorDy 
Depariment of Physics, Duke University, Durham, North Carolina 


(Received October 16, 1953) 


Five nuclear quadrupole resonance lines have been observed in polycrystalline HgCl:. From their fre- 
quencies, the magnitudes of the quadrupole coupling constants eQg,.(Hg™')=720 Mc/sec and eQg.s(Cl*) 
= 44.3 Mc/sec were evaluated. Comparison of the Cl** coupling constant in HgCl: with that known for the 
free Cl atom from atomic beam experiments facilitates the discussion of the molecular structure. A quadru- 
pole coupling constant of 1000 Mc/sec per p electron in the 6s6/ configuration of free Hg is deduced from 
the Hg™ coupling in HgClz. This value can be directly compared with the coupling of the 656), *P2 HgI 
term, ¢Qgs(Hg™"', p,) = 780 Mc/sec, which is equivalent to the value of the quadrupole parameter B =0.27 
X10~* cm™ known from optical hfs investigations. Whereas a standard analysis of the hfs of the *P2 term 
had given Q(Hg™') =0.5X10-* cm’, a discrepant value Q(Hg™!) =0.210~** cm? was obtained from the 
'P, term. Our results yield a value 0.6X10™ cm?, in fair agreement with the larger value found for the 


*P, term. 





IVE rf magnetic absorption lines caused by nuclear 
quadrupole resonance of the mercury isotope Hg”! 
occurring with its natural abundance of 13.2 percent 
and the chlorine isotopes Cl**.*” have been observed in 
polycrystalline HgCl,. A number of other mercury- 
containing crystalline compounds have been tried also, 
so far without success. A superregenerative spectrom- 
eter, similar to that described by Dehmelt' but with 
increased sensitivity because of the use of narrow-band 
recording techniques, was employed. 
Pure nuclear quadrupole resonance in solids detected 
first by Dehmelt and Kruger* is treated in a review 
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Fic, 1. Recording of the Hg™' nuclear quadrupole resonance 
line at 354 207460 kc/sec in HgCl, at room temperature, Besides 
the strong main line in the center, two strong and two weaker 
super-regeneration satellites appear on the recording; the distance 
between the lines is equal to the quench frequency of 200 kc/sec. 
Capacitive frequency modulation and detection of the second 
harmonic of the modulation frequency with a time constant of 
about 0.15 sec were used. 
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1H. G. Dehmelt, Z. Physik 130, 356 (1951). 

*H. G. Dehmelt and H. Kruger, Z. Physik 129, 401 (1951). 


article by Dehmelt.* No previous detection of such 
resonance for Hg” has been reported, although a 
theoretical prediction of the Hg” resonance frequency 
in HgCl, was published by Bassompierre* after our 
measurements on this substance had been made. His 
predicted frequency, 230 Mc/sec, is appreciably lower 
than the actual frequency, 360 Mc/sec, observed in the 
present work (see Fig. 1). Bassompierre mentions the 
unpublished observations of two Cl* lines at 22.26 and 
22.07 Mc/sec by Buyle-Bodin and Monfils. These in- 
dependent observations are in essential agreement with 
our measurements of the Cl** frequencies. 

The frequencies of the lines observed in HgCl, are 
given in Table I. They have been assigned on the 
assumption that only one line is expected per isotope 
and lattice site, as the spin of the Hg" isotope as well 
as that of the Cl isotope is $. The known quadrupole 
moment ratio of the Cl isotopes served to identify the 
Cl lines. Distinct, nearly linear, Cl—-Hg—Cl molecules 
are discernible in the crystal.° However, the two Cl 
atoms do not have identical surroundings in the lattice. 
This explains the occurrence of two closely spaced lines 
for each Cl isotope. 

For further interpretation of the experimental results, 
we shall make the assumption that the HgCl, crystal 
is made up of essentially separate Cl-Hg—Cl mole- 
cules. The justification is provided by the smallness of 
the heat of evaporation, 14 kcal/mole, as compared with 
the heat of formation of the molecule from the elements, 
about 110 kcal/mole, and by the fact that the Cl 
coupling is almost identical to that found® for Cl in 
gaseous CH;HgC! (eQq for Cl**= —42 Mc/sec). Further- 
more, the observed coupling in solid HgCl, (44 Mc/sec) 
is that expected for free HgCl. from the relation of the 
number of unbalanced ? electrons to the electronega- 
tivity difference of the bonded atoms.’ 


3H. G. Dehmelt, Am. J. Phys. (to be published) ; see also R. V. 
Pound, Phys. Rev. 79, 685 (1950). 

4M. A. Bassompierre, Compt. rend. 236, 596 (1953). 

5C28 type, Strukturbericht (Akademische Verlagsgesellschaft 
M.B.H., Leipzig, 1937), Vol. III, p. 23. 

6 W. Gordy and J. Sheridan, J. Chem. Phys. (to be published). 

7™W. Gordy, J. Chem. Phys. 19, 792 (1951). 
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NUCLEAR QUADRUPOLE RESONANCE 


The treatment of the electronic structure of the 
molecule which will yield information on the nuclear 
quadrupole moment of Hg™ is facilitated by the 
following : the nuclear quadrupole coupling constant per 
unbalanced atomic p electron for the free Cl** atom is 
known from atomic beam experiments® to be — 109.746 
Mc/sec, and the Cl** coupling of —44.3 Mc/sec found 
in HgCl, can be compared with it. To describe the 
structure of the molecule, we assign a localized molecu- 
lar orbital occupied by two electrons with antiparallel 
spins to each of the two Hg—Cl bonds. These molecular 
orbitals can be expressed approximately as 


Wugci= a(1/v2) (s+ pz) ng FO(p:)cr. (1) 


The (s+ p,) ug denotes a hybrid consisting of equal parts 
of normalized real atomic 6s and 6p eigenfunctions of 
the mercury atom; (p,)ci is a corresponding Cl 39 eigen- 
function. The a and 6 are positive real numbers; and 
the upper signs hold for one bond, the lower ones for 
the other bond. One should expect Vygci to represent 
the true molecular orbital best in the immediate 
neighborhood of the nuclei. Fortunately, the quantities 
we are interested in, namely, the gradients of the electric 
fields at the sites of the nuclei, are mainly determined 
by the parts of the molecular electron cloud near to 
the nuclei, where the approximation is best. If we try 
to normalize Vugci, we get 


i= f WVucrdV = 0+0h+ 2ab 


x|* f (1/92) (0p. )ne Poa | (2) 


where the factor in brackets, the ‘‘overlap integral,’’ is 
a positive quantity and may have a value as large as 
0.5. However, the approximation of the true molecular 
orbital by atomic orbitals is necessarily rather crude in 
the overlap region. The experimental evidence for 
elemental molecules like Cl. * and Br2,"” of which the 
quadrupole couplings agree within 1 percent with the 
couplings found by atomic beam methods for the free 
chlorine* and bromine" atoms, does not support the 
thinning out of the electron cloud around the nuclei 
which would be demanded by normalization in this 
form. Taking away electronic charge from the neighbor- 
hood of the nuclei in order to build up a concentration 
of charge in the overlap region of the bonding orbitals 
should result in an increase in the molecular quadrupole 
coupling over that in the free atoms, which is observed 
for neither Cl, nor Bre. 

For the reasons given above, we assume the normal- 
izing conditions, a?+?=1, to apply for the present 
purposes. Now 6 is connected with the expression for 


8 V. Jaccarino and J. G. King, Phys. Rev. 83, 471 (1951). 
9 R. Livingston, J. Chem. Phys. 19, 803 (1951). 
1H. G. Dehmelt, Z. Physik 130, 480 (1951). 


"J. G. King and V. Jaccarino (private communication). 
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TABLE I, Nuclear quadrupole resonance frequencies in HgCls. 








Frequency 
ratio of Cl 
isotopes 


Line 
width 
kc/sec 


Frequency of 
resonance lines 
ke/sec 


Lattice 


Temperature 
Isotope __ site *¢ 





361966 +40 75 
354207 +60 50 


22 230.3 +0.8 1 
17 519.7 +0.9 


22 050.5 +0.7 1 
17 378.941 


—186 +4 


Hg™ 26.1 40.5 


9 30 40.5 
crs 


> 30 +0.5 








the contribution of one bonding electron to the molecu- 
lar field gradient at the Cl nucleus: 


Jze(Cl, bond) = f Wuecrror*(32cr—rer)dV. (3) 


Here roi, 2c; are the coordinates of one bonding elec- 
tron with respect to the Cl nucleus as origin. Approxi- 
mately, we obtain from (1) and (3) 


Q22(Cl, bond) =? f (pcrrer*(32cr—rer*)dV (4) 


= bq..(Cl, pz); 


where g,.(Cl, p,) stands for the field gradient caused by 
an atomic p electron in the substate m,=0 and with 
decoupled electron spin. Now we have still to relate 
the contribution of one bonding electron, g,.(Cl, bond), 
to the total molecular field gradient : 


Gez(Cl, molecule) = 2q,2(Cl, bond) — 2qr2(Cl, p.). (5) 


The factor two of the first term on the right arises 
because there are two bonding electrons. The last term 
is a result of the four nonbonding p electrons on the 
Cl atom. By combining Eqs. (4) and (5) we get 


€04z2(CI**, molecule)/eQges(Cl”, p,.)=2(6—1). (6) 


With the molecular Cl** coupling observed here, —44 
Mc/sec, and the atomic beam value of —110 Mc/sec, 
Eq. (6) yields b?=0.8. Effects of possible sp hybridiza- 
tion of the Cl orbitals have been neglected here in 
view of the rather approximate nature of the whole 
analysis. Also any reduction of the molecular field 
gradient against that in the neutral Cl atom, because 
of an excess negative charge on the Cl atom, has been 
considered negligible. 

Now we shall relate the field gradient per unbalanced 
p electron in the 6s6p configuration of neutral Hg, for 
which optical hfs data are available, with that in the 
HgCl, molecule. The contribution of one electron in the 
one Hg—Cl bond is given by 


Ju (Hg, bond) =f Wnecirng*(3en—rud)dV. (7) 
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This yields, approximately, 
Ges(Hg, bond) = (a?/2)qse(Hg, ps). (8) 


The meaning of the symbols corresponds to the meaning 
of those used in the Cl formulas. The molecular field 
gradient is simply four times as large since there are 
two electrons in each of the two bonds and no non- 
bonding electrons on the Hg atom, 


dez(Hg, molecule) = 2a"q,.(Hg, p,). (9) 


With the value of 8, 0.8, obtained from the Cl 
coupling, the normalization a’+?=1 gives a’?=0.2. 
This value of a* suggests that the bonding creates an 
electronic charge deficit of 1.2e on the Hg atom, so that 
it is essentially ionized to Hgt. In terms of the valence 
bond resonance concepts, the contributing structures 


TaBLe II. Values for quadrupole counns and 
quadrupole moment of 








Coupling 


Pa, le Quadrupole 

ance moment 
cOdn (p:) 
Mc/sec 


State of 6s6p 
configuration 


Measured*® 
Experimental 
of Hg atom 


coupling 
<cOqu 
method sec 


Optical atomic hfs Ps 390 780 0.5 
iP; 168 312 0.2 


10-* cm? 





bonded in 720 1000 0.6 


Nuclear quadrupole 
HgCls 


resonance 








* The optical hfs values given in this column are the B values of 
references 12 and 15 converted with the help of the formula given in 
footnote 14, While these couplings depend upon the term for which they 
are obtained, the eOg::(p.) values calculated from them should be the 
same; this, however, is not the case. 


would be 
Cl-Hgt— Cl 
Cl—HgtCl 
Cl-Hg**Cl 


40 percent 
40 percent 
20 percent. 


Since the fine structure doublet separation of the 6p 
electron of HgII (Hg*) is considerably larger than that 
in the 6s6p configuration of neutral Hgl, we have to 
correct for this positive charge. It is Av(6p, HgI1) = 9322 
cm™', whereas Av(6p, Hg!), after correction for spin- 
orbit interaction of unlike electrons, is 5622 cm=." 
Therefore, we assume a fractional increase of (9322/ 
5622) —1=0.66 per positive elementary charge on the 
Hg atom. Applying this correction, we obtain 


9zz(Hg, molecule) 
= (2a°[1+-0.66X 4(0.5—a*) ])gee(Hgl, px) 
=0.72q.:(Hg, p:). 

"9H. Schuler and T. Schmidt, Z. Physik 99, 285 (1936). 


(10) 


ROBINSON, 


AND GORDY 


[Note that g,.(Hg, molecule) is not particularly sensitive 
to variation of a?. ] With the measured Hg™ coupling in 
HgCl2, eQg.2(Hg™, molecule)=720 Mc/sec, Eq. (10) 
yields for the atomic coupling constant per p electron 
in the 6s6p configuration of Hg, 


e0"'9,.(Hgl, ~,) = 1000 Mc/sec. 


This is expected to be equal to the quadrupole coupling 
measured for the *P: state of the 6s6p configuration 
which is independent of the type of coupling between 
the two electrons.” The value B=0.27X10~* cm for 
the quadrupole hfs parameter obtained from optical hfs 
measurements then is equivalent"* to 


e0”"9,.(Hgi, p.) = 780 Mc/sec. 


This value, when g,.(Hgl, ~.) is calculated from the 
doublet separation and small relativistic corrections are 
applied, leads" to 


O(Hg”™"') = 0.5 10-* cm?, 
whereas our results indicate that 
O(Hg™"') = 0.6 10-* cm’. 


Recently the optical hfs of the 'P; term also has been 
investigated.'® Its analysis is somewhat more compli- 
cated because the type of coupling between the two 
electrons enters into it. The calculations give 


Q(Hg”™') = 0.2 10-* cm’. 


Our result favors the value obtained from the *P2 term. 
The difference between the optical value of 0.5 and our 
value of 0.6, however, cannot be considered significant. 
The various results are summarized in Table II. 

Murakawa and Suwa report significant differences 
between the ratios of the magnetic hfs parameters A of 
the Hg'*® and Hg”! isotopes depending upon the term 
for which they are measured. Since only the magnetic 
moment of the Hg'® isotope is known from nuclear 
magnetic resonance measurements, an experiment is 
under way to determine the Hg™! magnetic moment 
from the Zeeman effect of the nuclear quadrupole 
resonance line. 


%H. Kopfermann, Kernmomente (Akademische Verlagsgesell- 


schaft, Leipzig, 1940), Sec. 13. 
4 The hfs parameter B and the atomic quadrupole coupling 
constant for the aligned state m,;=J are related in this way: 


€0Ge2(m y= J) = (8/3)B-1(21—1)-J(2J—1). 


In the discussion of p bonds, it is convenient to use the atomic 
coupling for a p electron with decoupled electron spin in the sub- 
state m,;=0 instead of m;=1 which is double the latter one. 
Further, it can be shown that the coupling constants for a 
pi(ms=J = §) electron and a p(m,=1=1) electron with decoupled 
spin are the same. 

16K, Murakawa and S. Suwa, J. Phys. Soc. Japan 5, 429 (1950). 
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These cross sections were measured by the process of passing a deuteron beam into a thin gas target 
contained behind a thin window of evaporated silicon monoxide. The energy loss in the window was meas- 
ured by a deceleration technique. Charged particles from the reactions were observed at 90° in the laboratory 
system with proportional counters. Some results are as follows: for the reaction D(d,p)T, by use of the 
angular distribution reported by Wenzel and Whaling, the total cross section ¢ is 15.4 mb with a probable 
error of 3.2 percent at 100-kev incident deuteron energy ; = 0.629 mb+5 percent at 25 kev. For the reaction 
D(d,n) He’, o=15.2 mb+3.2 percent at 100 kev; ¢=0.592 mb=+:5 percent at 25 kev. The sum of these two 
cross sections follows a Gamow function below 50 kev. For the reaction T (¢,n) He‘, isotropy in the center-of- 
mass system being assumed, o shows a peak value of 4.95 barns+2.8 percent at 107 kev; at 40 kev, o=0.72 
barn +3.2 percent; at 19 kev, ¢=0.045 barn+5 percent; below 19 kev, o follows a Gamow function. For 
the reaction He*(d,p)He‘ with isotropy assumed, ¢= 16 mb-+3 percent at 93 kev; o=0.124 mb+5 percent 
at 36 kev; and @ follows a Gamow relation below 100 kev. 


INTRODUCTION 


DETERMINATION of the reaction cross 

sections for the reactions D(d,p)T, D(d,n)He’, 
T(d,n)He‘, and He*(d,p)He* at deuteron bombarding 
energies below 120 kev was considered to be of general 
interest. At the time this investigation was started in 
the fall of 1950, the D(d,p)T cross section was known 
below 100-kev deuteron bombarding energy from thick 
target measurements! by use of an uncertain value for 
the stopping power of heavy ice and from a brief 
advance report of results using a thin target method.’? 
The cross section for the neutron branch depended upon 
the same measurements and upon the branching ratio 
measurements of Pepper,’ McNeill, Thonemann and 
Price,‘ and McNeill and Keyser.® Recently, the reaction 
cross section and angular distribution for D(d,p)T have 
been reported on more fully by Moffatt, Roaf, and 
Sanders,* who provide independent data, and by Wenzel 
and Whaling,’ whose work was carried out in coordina- 
tion with the present work. 

The cross section for the reaction T(d,n)He* has been 
measured previously® but the results were not entirely 
consistent with measurements at higher energies.’ 
Several measurements of the cross section for the 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Schlumberger Oil Well Prospecting Company, 
Ridgefield, Connecticut. 

1 Bretscher, French, and Seidl, Phys. Rev. 73, 815 (1948). 

? Sanders, Moffatt, and Roaf, Phys. Rev. 77, 754 (1950). 

$T. P, r, Can. J. Research 27A, 143 (1949). 

4 McNeill, ,- wheeenel and Price, Nature 166, 28 (1950). 

5K. G. McNeill and G. M. Keyser, Phys. Rev. 81, 602 (1951). 

6 Moffatt, Roaf, and Sanders, Proc. Roy. Soc. (London) A212, 
220 (1952). 

7™W. Wenzel and W. Whaling, Phys. Rev. 88, 1149 (1952). 

8 E. Bretscher and A. P. French, Phys. Rev. 75, 1154 (1949); 
D. L. Allan and M. J. Poole, Proc. Roy. Soc. (London) A204, 
500 (1951). 

*T. W. Bonner, Proc. Harwell Nuclear Physics Conf. (Septem- 
ber, 1950); Argo, Taschek, Agnew, Hemmindinger, and Leland, 
Phys. Rev. 87, 612 (1952). 


reaction He*(d,p)He* have been made,” but no meas- 
urement at deuteron energies below 100 kev was known 
to the authors. 

The measurement of these cross sections presented 
several problems which are peculiar to the low-energy 
range. These may be summarized as follows: 

(1) o is a steep function of energy. At 20 kev, a 
100-v change in energy causes a 2 percent change in 
cross section for T(d,z)He*, while at 10 kev, 100 v of 
change cause a 6 percent change in cross section. 

(2) The stopping power of most substances passes 
through a maximum in the region of 50- to 100-kev 
deuteron energy so that, combined with (1) above, 
even monatomic layers of contamination on targets 
can introduce significant error. 

(3) At the time when these considerations arose 
(1950), the stopping power for likely target materials 
was certainly not known to within +20 percent at 
these low energies. 

(4) The cross sections for the charge-exchange 
reactions 


Dt++X°—D°+Xt 
and 

D+ X°—D~+Xt 
become large when the velocity of the beam deuteron 
approaches the velocity of an orbital electron, which is 
the energy range of the present experiment. The 
charge-exchange cross section approximates molecular 
dimensions (10~'* cm*). Thus the beam current measure- 
ment can be complicated by exchange with the normally 
negligible residual gas in high vacuums. 

When this experiment was being planned, it seemed 

that thick target methods were ruled out by (3), since 


” Baker, Holloway, King, and Schreiber, U. S. Atomic Energy 


Commission Declassified Report No. 2189, 1948 (unpublished) ; 
J. Hatton and G. Preston, Nature 164, 143 (1949); Lillie, Bonner, 
and Conner, Phys. Rev. 86, 630 (1952); Yarnell, Lovberg, 
Stratton, and Stratton, Phys. Rev. 88, 158 (1952). 


483 





484 ARNOLD, PHILLIPS, 
in such cases 
o=(dY /dE):- (dE/dx). 


On the other hand, thin targets could be made so that 
the error introduced by an uncertainty in dE/dx by, 
say, 20 percent introduced an inappreciable error. 
This result called for a target density in the region of 
10~* g/cm’, and, in such a case, we obtain the cross 
section 

a= N/(nynlQ), 


where V=number of disintegrations, m;=number of 
bombarding particles from the beam current, m.= target 
density in particles/cm’, /=beam-path length in the 
target, and {=the counting system solid angle. 
Although it was perfectly possible to obtain films of, 
say, tritiated ice or tritiated zirconium of sufficient 
thinness, the problem of estimating mz in such films 
seemed unattractive for an absolute experiment, and, 
in addition, backscattering of particles from the sup- 
port which such films require was a further complication. 

A thin target consisting of several centimeters of 
path in gas at 1-mm pressure seemed ideal for precise 
determination of m, and /, m2 being defined by the readily 
measurable gas composition, pressure, and temperature 
and / being large enough for direct measurement. 

Such gas targets are commonly operated by admitting 
the beam through an aperture from the high-vacuum 
region and disposing of the outflowing gas by a fast 
differential pumping system. However, at the low 
energies reason (4) rules against this: the pressure in the 
antechamber, combined with the large charge-exchange 
cross section, makes the beam current measurement 
untrustworthy. Moffatt, Roaf, and Sanders® avoided 
this difficulty by abandoning measurement of beam 
current and measuring beam power calorimetrically. 

The solution adopted here was to interpose a thin 
window between the gas target and the high vacuum. 
The problem then became one of knowing the energy 
loss in this window with sufficient accuracy and correct- 
ing for the scattering and straggling in the beam pro- 
duced by the window. 

Although in principle it was possible to correct for 
any degree of scattering and straggling, such corrections 
impaired the reliability of the results, and in designing 
this experiment our aim was to keep the total magnitude 
of such corrections below the planned probable error of 
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Fic. 1. Cross-section apparatus. 
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6 percent. The requirement that the scattering correc- 
tion be less than 6 percent proved equivalent to the 
requirement that half the beam be included within an 
angle of 5°, or, for 20-kev deuterons in window material 
with an atomic number in the region of 13(Al), a 
thickness of 10yg/cm*. The straggling correction 
depended on the curvature of the o vs E curve and was 
most serious at the lowest energies. We found, for 
example, from the measured o vs E curve for T (d,n)Het* 
that at 20 kev, if Ao is the error, Ac/o=0.46(E)/E, 
where 5(£) is the root-mean-square deviation in the 
straggling. Hence 6(Z) must be <3 kev for a correction 
<6 percent. 

It proved possible to develop windows fulfilling 
these requirements. They consisted of evaporated films 
of SiO, of thickness about 7 ug/cm? (not known pre- 
cisely), with capability to withstand 1-mm gas pressure 
on a diameter of 8 mm, of substantial durability under 
bombardment by 1 ya of deuterons, and with sufficient 
constancy in thickness. A characteristic film has a mean 
energy loss of 5 kev at 30 kev, straggling of +0.4 kev, 
and average scattering angle of 5°. The films have been 
discussed elsewhere." 

The beam current was determined by measurement 
of the charge accumulated by the target chamber and 
window as a whole. The beam-defining apertures and 
guard rings were maintained in a high vacuum so 
that the guard rings could be effective and the charge 
exchange small. 

Other considerations 
experiment were: 

(1) Error in the target density, m2, produced by 
(a) Temperature differences between manometer and 
target chamber; (5) Local change of gas density pro- 
duced by heating which resulted from passage of the 
beam or from contact with the hot window. This effect 
might be detected by an apparent change of o with a 
change in beam current. None was found. 

(2) Repassage of beam particles through the target 
volume caused by backscattering in the rear of the 
the chamber. This effect turned out to be negligible on 
account of the combination of steep fall-off of o with 
E and the small angle subtended by the target volume 
from the rear of the chamber. 


taken into account in the 


EXPERIMENTAL PROCEDURE 
Accelerator 


The high voltage, supplied by a conventional 
Cockcroft-Walton voltage doubler, was fed through a 
surge resistor to a box containing the probe and focus 
voltage supplies. The center of the two-gap accelerating 
tube was tied through surge resistors to the half- 
voltage point. 

The apparatus is shown schematically in Figs. 
1 and 2. 

The high voltage was measured by means of a series 


1G. A. Sawyer, Rev. Sci. Instr. 23, 604 (1952). 
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Fic, 2. Target chamber and decelerator for the measurement of low-energy cross sections. 


of 30 high-voltage resistors (Shallcross Type 505) of 
5 megohms each, rated at 7.5 kv each. The total 
resistance of the resistors was measured in the Los 
Alamos Standards Laboratory and fell weil within the 
0.1 percent accuracy specified by the manufacturer. 
A type K potentiometer measured the potential drop 
across a 1000-ohm standard resistor at the bottom of 
the stack. The high-resistance stack was checked for 
linearity and corona by applying twice the working 
gradient. No deviation exceeding 0.05 percent was 
found. 

The top of the high-voltage measuring stack was 
connected to the anode of the ion source (which had 
the potential closest to that of the ions). The ions 
started out at a potential slightly below this, and the 
necessary correction will be discussed under “Energy 
of Beam in Target.” 

The ripple on the high voltage, when all parts of the 
apparatus were functioning, was calculated to be 1 v/kv 
and checked by measurement to be of this order. 

The high voltage was held constant manually, and 
it was possible to hold the drifts in the high voltage to 
less than 50 v. 

The rf-ion source was copied from the Oxford source.” 
This ion source with plasma focusing and magnetic 
excitation yielded more than 90 percent of the total beam 
as Dt. 


2 Thonemann, Moffat, Roaf, and Sanders, Proc. Phys. Soc. 
(London) 61, 483 (1948). 


Energy of Beam in Target 


The energy of the ion beam in the target chamber 
differed from the energy represented by the high- 
voltage measurement by (a) a small-voltage drop 
(~100 v) between the ion-source anode and the ion 
plasma in the ion source, (b) a much larger loss of 
energy (~5 kev) in the thin window of the target 
chamber, and (c) an energy loss of the order of 300 ev 
in the target gas. A decelerator was used to measure 
the energy of the ions after they passed through the 
window and, hence, to measure (a) and (b), whereas (c) 
was evaluated by a separate measurement of dE/dx in 
the target gas. 

A gate valve at the rear of the target chamber could 
be opened when the chamber was evacuated to allow 
the beam, degraded in energy by the thin window, to 
pass into the decelerating gap of the decelerator of 
Fig. 2. The accelerator high voltage conveniently pro- 
vided the main deceleration potential. Since the deu- 
terons of the beam had lost some energy, this voltage 
was too high and had to be reduced an amount AV equal 
to the amount of energy lost in the film before the deu- 
terons were able to reach the collector of the decelerator. 

In operation, deceleration curves such as those in Fig. 
3 were obtained. The “no-foil” curve shows that the 
energy spread of the beam was about 100 ev, and the 
average energy of the ions about 100 ev below the 
high-voltage reading. Since these amounts were included 
in the deceleration curve which was obtained with an 
SiO window in place, they were included in the differ- 
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Fic. 3. Typical deceleration curves for no foil and for two SiO foils. 


ential voltage, AV, subtracted from the high potential 
to obtain the energy of the ions in the target chamber, 
and were of importance only if they changed between 
a deceleration and a run. The constancy of these 
ion-source drops was checked carefully and found to be 
a function only of the ion-source gas pressure, which was 
held constant during cross-section measurements. 

The type of deceleration curves obtained with an 
SiO window is shown to the right in Fig. 3. One foil 
shown had an average thickness of 5360 ev, along with 
straggling of about 500 ev. The straggling will be 
discussed later under SiO foils. 

During a deceleration of the positive ions in the 
measurement of the thickness of a foil, any negative 
ions caused by charge exchange in the window would, 
of course, be accelerated. Thus, when the voltage of the 
decelerator was such as to collect no positive ions, the 
reading on the electrometer would be an indication of 
the number of negative ions. The small negative current 
observed was assumed constant throughout the de- 
celeration since there was no change in the electrometer 
reading as the deceleration voltage was varied (except 
when positive ions were being collected). 

Although charge equilibrium would be expected to 
have been reached in the window, there was a possibility 
that the negative ions did not have the same energy 
distribution as the positives. We removed this doubt 
by running the machine at low incident voltages, 
reversing the polarity of the voltage supply in the 
decelerator, and decelerating the negative ions. When 
corrections were made for the biasing voltages on the 
guard rings, the loss of energy resulting from passage 
of both positive and negative ions through the foil was 
found to be the same. 

The decelerator received and measured the energy of 
only that part of the beam within a cone of semiangle 
0.8°. The more widely singly-scattered particles had on 
the average less energy both from having traversed 
more window thickness and from nuclear scattering 
through a larger angle. At 25-kev deuteron energy and 
with an SiO window having a mean energy loss of 5 kev, 
these effects amounted to 15 and 20 ev, respectively, 
at a scattering angle of 6° and were thus not serious. 
However, at lower energies, they became serious and 
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contributed to a fall-off in the accuracy of the ex- 
periment. 

The energy loss in SiO windows as a function of 
energy was measured carefully, and this variation with 
energy is shown in Fig. 4. Thus, although a given series 
of runs was made at a variety of energies, it was 
necessary only to decelerate at one energy before and 
after the series to be able to calculate the energy loss 
at other energies. 

The energy loss in SiO windows increased slowly 
during bombardment : to allow for this growth, we made 
studies of its characteristics, and it proved justifiable 
to interpolate the growth in terms of the charge passed 
by the window, provided beam intensities were held 
reasonably constant, that the gas pressures were normal, 
and that the total growth from start to finish stayed 
less than 500 ev. 

Although the target was thin, the energy loss of the 
deuterons in passing through the gas from the window 
to the axis of the collimators was large enough to need 
a correction, especially at the lower energies. dE/dx 
values measured with the decelerator were used to 
make this correction (Fig. 5). The energy loss in the 
gas target was about 300 ev. 


Vacuum System 


After passing through the probe channel of the ion 
source, the beam passed through two focusing gaps 
used to obtain the desired diffuse beam on the target- 
chamber window. It then proceeded through two 
accelerating gaps to an analyzing magnet which 
deflected the desired mass-2 beam through 30°. The 
operating pressure in this part of the system ran at 
about 12 10~* mm Hg. The beam then passed through 
an 8-in. section of }-in. diameter tubing held at liquid 
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Fic. 4. Energy loss as a function of energy for a typical SiO foil. 
The curve shown is the average of many SiO foils normalized to 
a typical energy-loss scale. 


3 J. A. Phillips, Phys. Rev. 90, 532 (1953). 
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air temperatures and with j-in. diameter diaphragms 
at each end. This liquid-air trap removed condensable 
vapors near the window. The beam then emerged into 
the “clean” part of the apparatus where great pains 
were taken to eliminate, as far as possible, sources of 
condensable vapors which would lead to an increase in 
the thickness of the target-chamber window. Lead 
gaskets were used in this region instead of Neoprene 
O-rings. A side arm pumping system was also used at 
this point to reduce the pressure to 4 10~* mm Hg and 
thereby reduce the amount of beam neutralization. 


Target Chamber 


The target chamber is shown in detail in Fig. 2. 
The beam entered at the left through the deflecting 
magnet (used to measure neutralization), the 5-mm 
diameter collimating hole, and the electron-suppressing 
guard ring. The beam then impinged on the 8-mm 
diameter SiO entrance window of the target chamber. 
At the right the target chamber was closed by a vane- 
type valve which could be opened to admit the beam to 
the decelerator. Glass insulators were used to insulate 
the target chamber from the accelerator tube and de- 
celerator whereas thin mica rings insulated the target 
chamber from the counters. The target chamber was 
insulated so the beam current to it could be measured. 


Target Atoms 


Since a gas target was used, the calculation of the 
number of target atoms per cubic centimeter depended 
upon measurement of pressure, temperature, and purity. 


A. Pressure 


Measurement of pressure was complicated by the 
requirement that condensable vapors in the target 
chamber be kept to an absolute minimum, for reasons 
that will be discussed below under “Purity.” This 
condition ruled out the use of oil or mercury manometers 
in direct contact with the tritium gas in the target 
chamber. Instead, a Consolidated Engineering Com- 
pany micromanometer was used to measure tritium gas 
pressure. The micromanometer was not absolute and 
had to be calibrated with a fluid manometer. 

The micromanometer has a diaphragm which is 
deformed by the pressure to be measured, changing 
the capacity between the diaphragm and a fixed plate. 
This capacity is in one arm of a capacity bridge which 
may be balanced by placing a standard variable 
condenser in another arm and adjusting to balance. 
This micromanometer was designed originally to work 
over the pressure range 1-100u, and modification of the 
bridge was required for the pressure range 1-1000u. 
As ordinarily used, the manometer was found to be 
subject to zero shifts and temperature effects. It proved 
necessary to follow a strict procedure in applying pres- 
sures to the gauge to eliminate the zero shifts and to 
control the temperature of the gauge to 0.1°C by a 
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thermostat to eliminate the temperature effects. The 
measuring bridge gave readings of the pressure in the 
10C0-u region to 1 part in 1000. 

The fluid manometer used for calibration consisted 
of a U-tube constructed of 1-cm bore precision glass 
tubing. Collimated light from two sources striking the 
respective menisci were viewed through two microscopes 
mounted on a vertical cathetometer. The cross hairs 
were set on the first dark line of the diffraction pattern 
produced at the fluid-air interface, and the setting was 
very reproducible. The calibration of the gauge was 
checked periodically throughout the series of runs and 
did not vary by more than +0.3 percent throughout. 
It was necessary to calibrate at the end of a day’s 
running so that the manometer vapor introduced into 
the gauge during calibration could be pumped out 
overnight. Analytical quality butyl phthalate was 
used as the manometer fluid, and, as a precaution 
against errors of composition, its density was measured 
over a range of temperatures with a standardized 
pycnometer. 


B. Temperature 


Two measurements were made: (1) the temperature 
of the target chamber body as read by a thermometer, 
and (2) the temperature difference between the gas 
and the chamber body as measured by a fine wire 
thermocouple in the gas. Use of the thermocouple was 
discontinued after no temperature difference was 
observed between gas and chamber body. 


C. Purity 


Attainment of purity proved to be one of the major 
difficulties in the experiment. Tritium was supplied 
from a small uranium reservoir and after use was 
collected into another uranium trap. About one-third 
of the gas from each filling was taken as a sample for 
analysis. The tritium gas was analyzed on a mass 
spectrometer before and after use. However, the gas 
sample was collected at about 800 to 1000 dynes/cm? 
(about 4-mm Hg) and then compressed by a Toeppler 





488 ARNOLD, PHILLIPS, 
pump to 1 cm Hg during the mass analysis. For this 
reason a condensable vapor might not have been 
detected. One check on condensable hydrocarbons was 
to look at the CT, mass spot in the mass spectrometer 
since CT, would be formed from hydrocarbons in an 
ionized tritium atmosphere. Very small amounts of 
CT, were observed, but there was no way of getting a 
quantitative check on hydrocarbons, 

The method used for condensable vapors was to try 
to eliminate rather than measure them. It was found 
during the first runs that the measured yield fell, with 
time, about twice as fast as could be accounted for by 
growth of the target window and was frequently an 
erratic function of pressure changes caused by adding 
or removing part of the tritium. The difficulty was 
apparently caused by an increase in the partial pressure 
of oil vapors which started building up the moment the 
target chamber was isolated. Such a rise in pressure 
could be noted on the Consolidated gauge and was much 
worse immediately after calibration (which involved 
exposing the systems to fluid vapors). 

The pressure rise was reduced to less than 0.3 dyne/ 
cm’ min at pressures of less than 5 dynes/cm? in the 
target chamber by pumping at least overnight after 
calibration. Although this rate of rise extrapolates to 
predict a 2 percent drop/hr in cross section, the drop 
actually observed was in almost all cases less, indicating 
that vapor reached an equilibrium pressure. 

The gas entered the target as 99.5 percent tritium 
plus 0.5 percent hydrogen, and the mass analysis after 
running was usually about 96 percent T, 2 percent H, 
2 percent N. The absence of oxygen to go with the 
nitrogen indicated that air had entered the chamber 
during the run instead of during handling of the sample 
and that the oxygen had been converted to T,O in the 
ionized target gas. The T,O could not be measured 
on the mass spectrometer because of background 
difficulties. However, water vapor (T,O) was not a 
cause of error since the number of tritium atoms per 
unit pressure is the same as for T, gas. The increase in 
hydrogen was undoubtedly the result of exchange of 
tritium with hydrogen in hydrocarbons on the chamber 
walls. At very low deuteron energies (below 20 kev), 
the rate of hydrogen contamination of the tritium was 
greatly increased, possibly because of widely scattered 
beam particles striking the Gelva (polyvinyl acetate) 
used to anchor the collimator slits in the collimator 
tube. This was one of several factors which decreased 
the accuracy of the very low energy measurements. 


Thin SiO Window 


The foil window at the entrance to the target chamber 
served to contain the target gas and to admit the 
deuteron beam to the target chamber. 

The SiO windows used in the experiment were 
5-10 ug/cm? (about 300 atoms thick) and were made 
by evaporating SiO onto a thin Zapon backing which 
was later removed by bombarding the film in the ion 
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beam of the accelerator. The SiO films have been 
discussed more fully elsewhere." The windows were 
glued to their holders with dextrose. In the early stages 
of this work much difficulty was experienced with 
windows rupturing when exposed to the beam under 
vacuum conditions, for example, during a deceleration. 
The rupturing was completely overcome by having a 
supply of electrons (~1 ya) available from a small 
tungsten filament during deceleration operations. With 
gas in the chamber, no auxiliary electron supply was 
required. 

Electrons were removed from the window both by 
being pushed out by the beam and by charge exchange. 
When the window became charged in this way, 
the beam was decelerated in approaching it. Thus 
dE/dx was changed, as was the energy loss. By measur- 
ing this change in stopping power, and referring to Fig. 
4, it was possible to estimate the potential reached by 
the window with the electren supply cut off. In one 
such case the potential was calculated to be 2 kv. The 
rupturing was attributable to electrostatic forces. 

The scattering and straggling in these films which 
depended on the nature of the film had a bearing on the 
interpretation of the results of this experiment. For if 
the observed straggling of, say, 300 ev in a film of 
stopping power 3.5 kev were the result of variations in 
thickness, it would follow that the least scattered 
deuterons would have come from the thin parts of the 
film and on the average would have had more energy 
than the more widely scattered deuterons. Since the 
decelerator on which the energy measurements are 
based accepted only a narrow pencil of deuterons 
(estimated semiangle 0.8°), a systematic overestimate 
of the mean deuteron energy could have arisen. There 
were two independent reasons for believing that such 
did not occur. 

The films were prepared by evaporating SiO from a 
tungsten coiled filament onto a Zapon film about 15 cm 
away in vacuum. Knowledge of the actual density of 
the films, in SiO atoms/cm’, was based only on the 
geometry of the evaporation of a weighed amount of 
SiO and on weighing extensive films deposited on mica 
sheets. These methods agreed to 20 percent and gave 
an estimated surface density of 1.4+0.210" SiO 
molecules/cm’. 

The following types of film can be identified : 


(1) Pure SiO films, prepared by washing off the 
Zapon backing. These are tiresome to prepare. 

(2) SiO films in which the Zapon backing had been 
largely driven off by deuteron bombardment. 

(3) SiO films of either of the above types, in which 
appreciable (~500 ev) growth had occurred presumably 
because of the deposition of carbon films from the 
residual gas. 


When decelerator current was plotted against energy 
for films of type (1), a Gaussian distribution was 
obtained; in fact, the data appeared as straight lines 
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when plotted on probability paper. These films showed 
an essentially constant relation between energy loss AE 
and straggling S, where S is defined as the interval 
which includes half the current on either side of the 
peak of the Gaussian distribution. 

Films of type (1) gave the data shown in Table I 
(30-kev incident deuterons). If the film were uniform, 
and if the straggling arose from the fluctuations in the 
number of interactions .V, then 


S/AE=0.674NY/N, 


and N=(0.6744E/S)?. This equation gives for the 
three films above, V=181, 158, 153, and the energy 
per interaction «= 39, 33, 31 ev, respectively. 

Such consistent behavior suggests that the films 
were uniform. Films of type (2) are believed to retain 
a skeleton of decomposed Zapon, which contributes 
one-third of the total stopping power. These films were 
similar to type (1) films in their relation between 
stopping power and straggling. Type (3) films showed a 
larger S/AE, suggesting that the matter deposited 
under bombardment in vacuum took place non- 
uniformly. Preferential deposition of this kind has been 
observed on electron microscope preparations. 

Nonuniform carbon deposition has, however, neglig- 
ible effect on the angular distribution since, for Ruther- 
ford scattering, the probability of scattering at @ 
into dé is 

2NeZ*2? db 
P(0)d0= ——, 
? ¢ 


and most of the scattering is due to Si, the highest Z 
component. Secondly, an energy analysis of the 
scattered deuterons has been made by Wenzel (private 
communication) on a type (2) film using a double 
focusing spectrometer. Most of the intensity in such an 
analysis can be identified as due to Rutherford scatter- 
ing from the Si and O components with only a minor 
contribution from carbon and an extremely faint trace 
from tungsten. 

Scattering in these films was essentially plural for 
the least scattered one-third and single for the re- 
mainder. A calculation of the scattering in one of these 
films, by use of the theory of Moliére, and a Fermi- 
Thomas screening model for Si gave a calculated 
scattering of 40 percent of the observed scattering; 
and this is all that can be expected, considering the 
modest resolving power of the scattering measurements 
(1.2°) and the uncertainty in density and composition 
of the films. 


Beam Measurement 


In the design of this experiment, all particles incident 
upon the thin window passed through target gas which 
was visible from the proportional counters. Thus the 
whole target chamber could be made a Faraday cup, 
and the chamber was insulated for this purpose. To 


TABLE I, Energy straggling in SiO films. 








Energy at } 
intensity, ev 


6740 
4870 
4500 


Energy at 4 
intensity, ev 


7080 


5140 
4770 


Energy at } 
intensity, ev 


7450 


5420 
5020 





Film I 
Film II 
Film IIT 








translate the current measured to the target chamber 
into incident particles, the following precautions had 
to be observed. 


A. Stray Currents 


Conduction between target chamber and ground 
was made negligible by good insulation. An appreciable 
electron current was found from electrons knocked out 
of the window by the incoming beam and was suppres- 
sed by a negatively charged electrode between window 
and beam defining slit. The potential required to 
suppress the current was proportional to the energy of 
the incoming beam; 1 v of suppression per kilovolt of 
beam energy reduced it to zero. Deuterons scattered 
from the window or through the window from the 
interior of the target chamber were not suppressed 
and, by calculation, should have been quite negligible. 

Undesired parts of the incoming beam were removed 
by the 5-mm defining slit, the edges of which were 
sharp enough so that there should have been no apprec- 
iable scattering at these energies. Another source of 
spurious charge was the selective collection of ions 
produced by the beam in the residual gas of the vacuum 
outside the window. The target chamber was held 10 to 
16 v positive with respect to ground by the current 
integrator and hence could have collected negative 
ions from this region. However, the electron suppression 
electrode was 100 to 150 v negative and could have 
collected positive residual gas ions from the same regions 
so that the positive current to it gave an indication of 
the error from this source. The error was quite negligible. 


B. Corrections for Neutralized Deuterons in the Beam 


A fraction of the beam incident on the target was 
neutral because of charge exchange with the residual 
gas between the analyzer magnet and the target 
chamber and gave reactions although not registering 
as charge. These reactions were estimated by the 
following procedure. The incident beam was adjusted 
until it was as steady as possible, and three runs were 
made. The first and third were made with both charged 
and neutral particles entering the target whereas the 
second was made with the charged particles being 
deflected by a neutralization magnet placed directly 
in front of the SiO window so that only neutrals entered 
the target. From the data for these three runs the 
percentage of neutrals was calculated. The accuracy of 
the measurement of the percentage of neutrals was only 
10 percent, but, since the neutral beam was, at most, 
5 percent of the charged beam, there was an uncertainty 





ARNOLD, PHILLIPS, 












































00 “6 -12 -6 -4 O #4 #8 +412 16 +20 
SCATTERING ANGLE (DEGREES) 


Fig. 6. Scattering in a typical SiO foil. 


of less than +0.5 percent in the total number of incident 
particles. At the lower energies, some negatively charged 
deuterons were produced ; and these, if numerous, could 
have produced an error in the beam currerit measure- 
ment since the method used to detect neutrals did not 
indicate the presence of negatives. Measurements of 
the positive-neutral-negative ion proportion as a func- 
tion of energy, made in another apparatus, show that 
the energies do not go low enough in these correction 
measurements for the negative ions to reach significant 
proportions. 


C. Beam Contamination 


For most of the data the mass-2 beam spot was used, 
and contamination of the D+ ions with H,* had to be 
considered. However, as discussed previously, the ion 
source used produced over 10 times as many atomic 
ions as molecular ions, and, since the deuterium used 
contained less than 1 percent hydrogen, the H,* should 
have been less than 0.1 percent of the mass-2 beam. 
A check was made by the comparison of cross sections 
obtained with mass-2 and mass-4 beam; these checked 
within the statistical error of 1.5 percent. 
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Fic. 7. Semiangle of the cones which include 50, 90, and 99 
percent, respectively, of the total beam transmitted by a typical 
SiO window, as a function of energy. 
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D. Current Integrator 


The current integrator used has been described 
elsewhere.” It was not absolute and so was calibrated 
with a potentiometer and a standard resistor. Calibra- 
tions had an internal consistency of 0.3 percent. The 
absolute accuracy appears to be 0.5 percent for currents 
above 0.04 ya. 


Counters 


The counters were 2 in. in diameter and 6 in. long, 
with a 2-mil central wire, and were operated in the 
proportional region. Two counters were used simultan- 
eously (with separate amplifiers and scalers) for the 
purpose of detecting and correcting for possible asym- 
metry in the primary beam. For one counter, the 
geometry was sensitive to such displacements. Both 
counters were used throughout the experiments, 
although the counts observed in the two channels 
turned out to be the same, within statistics, so that the 
double counter precautions were not needed. 
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The counter window thicknesses and gas pressures 
were adjusted to give optimum discrimination for the 
wanted particles in each case and are given under the 
separate headings. 

Counter pulses from each counter were recorded 
separately with a Los Alamos Model 101 amplifier and 
a Model 750 scaler. At a counting rate of 1000/sec, 
counting losses caused by the insensitive time of the 
amplifier after a pulse amounted to 0.2 percent. 
Accordingly, counting rates were always kept below 
1000/sec. 


Solid Angle and Path Length 


The length of the paths of the deuterons in the target 
volume and the solid angle of acceptance of the counters 
at different points along the path varied with the 
inclination and orientation of the beam path. It was 
first necessary to know the angular distribution of the 
beam as scattered by the window. This was measured 
by building an apparatus in which an arm with a small 
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Fic. 9. Schematic diagram of target chamber showing geometry. 


shielded Faraday cup rotated about the center of the 
window as an axis. The current collected by this cup 
as a function of scattering angle @ gave data of the type 
shown in Fig. 6. A series of such curves taken at various 
energies was translated into curves showing how the 
percentage of beam current included inside a given 
angle varies with energy (Fig. 7). 

In these measurements, the angular resolving power 
was of the order of 1.2°, and an unscattered beam 
would have had an angular half-width of 1.1° at 
half-maximum. 

For application of these scattering measurements to 
the solid-angle correction, it was necessary to construct 
a universal curve from which the divergence produced 


by windows of differing thicknesses could be read off 
at various energies. 

It was found experimentally that the data could be 
well represented by a universal curve (Fig. 8) in which 
intensity was plotted against (E/AE')6, where AE is the 
energy loss in the film measured at a standard 30-kev 
energy, and, therefore, a measure of the film’s thickness 
and E was the average deuteron energy in the window. 

In application of the universal scattering curve to 
the correction, for counter solid angle, the approxima- 
tion was made that the distribution could be represented 
by scattering at three angles, @;, 02, and 63, each contain- 
ing one-third of the total beam (this approximation 
was considerably better than needed to keep within 
the desired accuracy). From the curve in Fig. 8, one 
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Fic. 10. Solid angle subtended by the counters as a function of 
distance from the SiO window along the beam for several angles 
of inclination of beam to axis. 


finds that 
6, = 33(AE)'/E, 
6.=71(AE)*/E, 
6;= 137(AE)'/E. 


Thus for any given run, knowing AE and E, three 
average angles representing the scattering could be 
calculated. 

The next step was to calculate the average solid 
angle and target path length as a function of 6, the 
divergence. 

Using the geometry of Fig. 9, the value of 2 was 
calculated algebraically for points on any particular 
ray of inclination to the axis @ and azimuthal angle a 
as a function of distance along the ray /. Figure 10 
shows such 2 plotted against / for three inclinations: 
6=0°, 10°, 20°; a=0° and 180° (corresponding to 
going toward one counter and away from it). Similar 
curves were prepared for oblique pencils, a=45° and 
135° and a=90°. By summing the areas over a=0°, 
45°, 90°, 135°, and 180° and averaging for the two 
counter-slit systems (which differed by mechanical 
tolerances), an average value of Q/ was obtained for a 
given value of @. Figure 11 shows the resulting 9/ 
averages as a function of 0. 

It turned out that this geometrical factor Q/ is 
insensitive to @ over the range zero to 30°, varying 
only 2 percent. At @=32°, Q/ jumped by nearly 10 
percent, and this occurred when particles passed inside 
the counter-slit system. In these experiments few 
particles were scattered out to @=32°. From Fig. 7, at 
20 kev we see that in one particular case 99 percent of 
the beam lay within = 25° for beam energy 20 kev. 

These linear approximations to nonlinear functions 
used in calculating the effect of scattering were more 
than sufficiently accurate since the whole correction to 
QU because of the scattering was only 1 percent, and the 
uncertainty in Q/ because of other factors was larger. 
The corrections are included in this report mainly 
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because it was not immediately obvious that the 


correction for divergence would be so small. 


Errors 


An effort was made to keep the errors in the experi- 
ment as small as possible. In Table II the errors are 
listed under five headings: number of incident particles, 
number of target atoms, number counted, solid angle, 
and energy. Values listed under energy are the errors 
in voltage translated into errors in cross section by 
use of an empirical formula for the cross-section curve. 
The experiment was designed to go down to 20-kev 
deuteron energy, and, as may be seen from the table, 
the accuracy falls off rapidly below 20 kev. 

The standard error (the root of the sum of the 
squares) which appears at the bottom of each column 
was based on the assumption that each of the individual 
errors is Gaussian in character. Such was most probably 
not the case ; therefore, the error assigned was arbitrarily 
twice this. 


ABSOLUTE DETERMINATION OF THE D(d,p)T 
REACTION CROSS SECTION 


In the deuteron-deuteron reactions, there are three 
resultant charged particles, H, T, and He’, which can 
be detected by a proportional counter. It was necessary 
then to identify positively each of the counter pulse 
groups with the corresponding reaction particle and to 
count only the desired group. For the D(d,p)T branch, 
it was determined that the tritons could conveniently 
be detected with the counters filied with argon to a 
pressure of 10 cm of mercury, with mica windows 1.5 
mg/cm? thick, and operated with 550 v on the center 
wire. Under these conditions, He* particles from 
D(d,n)He* did not get through the window, protons 
from D(d,p)T lost 120 kev energy in the counter gas, 
and tritons lost 270 kev. Tritium contamination in the 
target would have produced a’s which would have lost 
1.9 Mev in the counter gas. A pulse-height analyzer 
was used to examine the pulse-height distribution of 
the counters. The tritons were well resolved from the 
protons. The protons were poorly resolved from the 
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Fic. 11. Product of solid angle subtended by the counters and 
beam path length as a function of scattering angle. 
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TABLE IT. Errors. 








D(d,p)T and D(d,n)He® 
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. Number of incident particles 
a, Current integrator 
b. Neutralized beam 
c. Secondary particles 
d. Beam contamination 


. Number of target atoms 
a, Pressure 
b. Gas purity 
c. Temperature 

. Number counted 
a. Efficiency of counters 
b. Statistics 

. Solid angle 
a. Beam not central 
b. Measurement of slit system 
¢. Error in calculation 

approximations 

. Energy 
a. High-voltage measurement . ; 0.1 
6. Variation in high voltage 0.04 
c. Spread in particle energy 0.03 
d. Film thickness 0.07 
e. Energy loss in gas 0.05 

Standard error ; i 1.6 
Assigned error ’ ; Sd 
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noise. A very small counting rate of a particles from 
T(d,n)He* showed that there was a slight tritium 
contamination. At these bombarding energies the 
protons and tritons came off in almost opposite direc- 
tions. Since the top and bottom counters were located 
opposite each other, it was possible to count these 
pairs of reaction particles in coincidence when both 
particles entered the counters. Coincidences did occur 
and gave a check on the identification of the particles. 

The one other reaction particle which could be 
detected in the counters was the neutron from the 
D(d,n)He*® branch. This neutron had an energy of 
2.47 Mev and could cause recoils in the gas of the 
counters. To measure the number of these recoils, the 
counters were provided with brass shutters which 
could be drawn across the counter windows to prevent 
any charged particles from entering the counter. It was 
found that 0.3 percent of the pulses assigned to the 
tritons were from neutron recoils, and the number of 
tritons detected was so corrected. 

The target gas, deuterium, was supplied from a small 
uranium reservoir, from which it was admitted to the 
target by careful heating. The pressure in the target 
was controlled by means of needle valves. A sample of 
gas was taken from the target before running for analysis 
on a mass spectrometer to obtain the initial purity. 
Another sample was taken and analyzed at the comple- 
tion of a half-day of running to obtain the final purity. 
The variation in purity was then interpolated linearly 
with bombardment time. 

Before and after each series of runs, the thickness 
of the window was measured with the decelerator at a 
high voltage of Eo. Then, with deuterium gas in the 


target, runs were made at a series of different high 
voltages, but always beginning and finishing with runs 
at Ey. At each high voltage three runs were made, 
first with the total analyzed beam entering the target, 
second with the charged part of the beam deflected so 
as to determine the neutral component, and third with 
the total beam again. For each run, the time, target 
pressure, and temperature at the beginning and end of 
the run, the high voltage, the integrated beam current, 
and the number of triton counts from each counter 
were recorded. 

The mean energy in the target was calculated for 
any particular run by subtracting from the high voltage 
one-half the gas thickness and the window thickness 
at the energy of the run. The window thickness was 
computed from the thickness at Eo, interpolated for 
the midtime of the run, by means of the thickness vs 
energy curve of Fig. 4. 

The density of the target nuclei, in number per cubic 
centimeter, was calculated by the equation 


Ni=CmNoPTo/V oP oT, 


where C=the purity of the deuterium gas, m is the 
number of atoms per molecule (2 for deuterium), 
No= Avogadro’s number, P and T are the pressure and 
absolute temperature of the gas, and Vo» is the molar 
volume at pressure Py and temperature 7». The number 
of incident deuterons was calculated by the relation: 


n;=q/[e(1—») ], 


where g is the integrated beam current in coulombs, 
e is the electronic charge in coulombs, and » is the frac- 
tion of the total beam that is neutral. The differential 
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TaBLe III. Cross sections derived from smoothed curves. 








Deuteron 
energy 
(key) 
7.5 0.000275* 
9.0 0.000939" 
13.0 0.0352 0.0329 0.00780* 
19.0 0.213 0.200 0.0448" 
22.0 0.391 0.367 0.0859 
25.0 0.629 0.592 0.144 
30.0 1.14 1.08 0.278 
33.0 1.54 1.46 0.394 
36.0 1.98 1.88 0.519 
40.0 2.56 2.43 0.723 
46.0 3.58 3.42 1.11 
53.0 4.98 4.78 1.62 
60.0 6.50 6.25 2.18 
67.0 8.14 7.86 2.82 
73.0 9.59 9.30 3.36 
80.0 11.2 10.9 3.93 
93.0 13.9 13.6 4.74 
100.0 15.4 15.2 4.90 
107.0 16.5 16.6 4.95 
110.0 17.1 17.0 4.95 
113.0 17.5 17.4 4.94 
120.0 4.70 


He*(d,p) Het 


T (dn) Het 
(millibarns) 


D (dn) He 
(barns) 


D(d,p)T 
(millibarns) 


(millibarns) 











* Derived from extrapolated Gamow curve. 


reaction cross section at 90° was then calculated ky the 
equation 


(da/dw) y= Y/(N mw), 


where Y is the total number of triton counts in both 
counters and w is the average geometry of counting for 
the two counters in steradian-cm. Finally the total 
cross section was computed by the formula 


Ttotal = 4mgh (E) (da/dw) 99°, 


where g is the correction factor to the counter solid 
angle for motion of the center of mass, and h(E) is the 
correction factor for the angular anisotropy of the 
reaction products in the laboratory system. The 
correction g was applied although its maximum value 
was only 1.02. The factor h(Z) has the form 


1 
h(E) «-——_—_—__—— 
- 1+$C2+§Cit+[(3/2)Co+ (30/8)C.]p" 


where C2, and C, are experimentally determined coeffi- 
cients in the Legendre polynomial expansion of the 
anisotropy, taken from Wenzel and Whaling,’ and 


p?= cos’? = 3E/ (8000+), 


where @ is the center-of-mass angle that corresponds to 
90° in the laboratory system and £ is the energy in kev. 

Values of the total cross section as a function of 
energy for the reaction D(d,p)T are given in Table ITI. 
A plot of the total cross section as a function of energy 
for the reaction D(d,p)T is shown in Fig. 12. The lowest 
energy at which the cross section was measured was 
determined by a balance between the low yield and the 
growth of the SiO windows, i.e., the longer running time 
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required to obtain a sufficient number of counts caused 
greater uncertainty in the determination of the energy 


loss in the SiO window. 
THE D(d,n)He? CROSS SECTION 


Although the D(d,n)He’ reaction can be detected by 
counting either neutrons or He’ particles, the latter can 
be counted with higher precision because of their 
charge. The He’ particles have a range in air of only 0.4 
cm; therefore, thin counter windows made of Zapon, of 
0.1-cm air equivalent, were used. The counters were 
filled with an argon-CO, mixture to a pressure of 3 cm 
of mercury. The He’ particles and the tritons from the 
D(d,p)T reaction were well separated from each other 
in pulse height and from noise. The He’ particles were 
stopped in the counter gas whereas the tritons passed 
through the counter volume. This provided a test of 
the identification of the pulses, for the He* particles 
gave not only the larger pulses but their pulse heights 
were not appreciably changed by small changes in 
counter gas pressure whereas the triton pulses were 
almost proportional to the pressure. No coincidences 
should occur between the tritons in one counter and 
He’ particles in the other, and none was observed. 

The thin Zapon windows had a serious disadvantage 
in that it was impossible to make them gas-tight, and 
the deuterium gas in the target chamber quickly 
became contaminated with argon. At the higher 
bombarding energies the deuterons in the beam were 
scattered by the argon with enough energy to penetrate 
the counter windows. These deuterons gave a large 
number of small pulses, and pile-up of these pulses 
occurred which rendered the counters inoperable when 
the argon contamination became high. An absolute 
determination of the cross section was attempted at a 
few energies, but, because of the uncertainty in the 
knowledge of the target gas composition and difficulties 
in counting, the accuracy was poor. 

A better procedure was found to be to measure the 90° 
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Fic. 12. D(d,p)T cross section. 





CROSS SECTIONS 


yields for the two reactions D(d,p)T and D(d,n)He® by 
counting tritons and He’ particles simultaneously and 
combining this ratio with the previously determined 
D(d,p)T cross section to give that for D (d,n)He* branch. 
Such a procedure had the advantage that since the 
ratio is essentially independent of target gas parity and 
density, a constant stream of target gas could be used, 
which swept out argon contamination and reduced 
scattering to acceptable limits. The D(d,n)He’® cross 
section derived from this ratio, assuming similar angular 
distributions for the two branches, is given in Table ITI.f 
The results are shown in Fig. 13. Each point plotted 
represents the average of about five experimental 
determinations. The ratio at 20 kev is 0.94 and it 
increases with increasing energy to a value of 0.99 at 
100 kev. The D(d,n)He’ cross section, derived from this 
ratio and the measured D(d,p)T cross section, is 
presented in Table III, as is the total cross section. 
The resulting total cross section is shown on a Gamow 
plot in Fig. 14. If the finite height of the Coulomb 
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Fic. 13. Ratio 90° yield D(d,n)He*/D(d,p)T 0s energy. 


barrier is allowed for," this introduces a departure from 
the zero energy slope (44.4 kev!) amounting to 0.2 
percent at 10 kev and 7.2 percent at 100 kev. The best 
straight line was drawn through the experimental points, 
with a slope of 45.8, i.e., 


2.88X 10° 


o=— 


exp(45.8E~) barns, 


with E in kev. 


THE ABSOLUTE DETERMINATION OF THE 
T(d,n)He* CROSS SECTION 


Tritium gas was used as the target. It was supplied 
from a small uranium reservoir and after use was 
collected into another uranium trap. About one-third 
of the gas for each filling was taken as a sample for 
analysis. Analyses were made on a mass spectrometer 
before and after use. 

t Note Added in Proof—Eliot, Roaf, and Shaw, [Proc. Roy. 


Soc. (London) A216, 57 (1953) ], report markedly differing angular 
distributions for the two branches, based on observations at two 


angles, 90°+15°, and 125°+15°. 
4 H. Bethe, Revs. Modern Phys. 9, 163 (1937). 
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Fic, i4. Gamow plot of total d—D cross section. 


The number of reactions taking place was determined 
by counting the a particles resulting from the reaction. 
The counters were filled with argon gas to a pressure of 
10 cm of mercury and were operated with 550 v on the 
center wire. The counter windows were of mica 1.5 
mg/cin’ thick. The a-particle pulses were so much larger 
than pulses from anything else that the background 
was negiligible. 

The experimental procedure was the same as in the 
case of the D(d,p)T reaction. The calculation of the 
total cross section differed only in that it was assumed 
that the @ particles were given off isotropically in the 
center-of-mass system, as based on the results of 
Bretscher and French,? so that 


a= 4 (do/dw) go. 


The experimental results for this cross section are 
listed in Table III and are shown in Fig. 15 with a 
smooth curve drawn through most of the points. 
The peak of the cross-section curve, around 107 kev, 
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Fic. 16. Gamow plot of cross section T (d,n)Het’. 


is quite broad. The accuracy in selecting the peak 
energy is somewhat limited because of the high-voltage 
limitations of the equipment. The sraooth curve lies 
above the experimental points at the energies 7, 9, 
and 11 kev because failure of the counter collimating 
system and excess production of condensable vapor 
gave good reason to expect that the experimental value 
of the cross sections at these energies might be low. 

A Gamow plot of the results is given in Fig. 16. 
Since angular anisotropy has not been detected, it is 
reasonable to assume an S-wave interaction which 
leads to a cross section with a dependence on energy, at 
energies remote from the resonance, of the form 


o=(A/E) exp(—2me*/hv) = (A/E) exp(—44.40E—), 


where e is the electronic charge and 0 is the relative 
velocity of the nuclei and the deuteron energy £ is 
expressed in kev. When logo is plotted against E~! 
(Fig. 16), the points lie on a smooth curve which merges 
asymptotically into a straight line. The points below 
16 kev were neglected, and the asymptote through the 
remaining lowest points, 20 and 16 kev, was drawn 
with the theoretical slope of 44.40 kev*. Since, as the 
energy is reduced, the validity of the theory should 
improve and at the same time the experimental errors 
increase, especially the liability to systematic error, it is 
felt that there is some justification for neglecting the 
values below 16 kev which fall appreciably below the 
Gamow theoretical curve. 

THE RATIO OF THE CROSS SECTIONS FOR THE 

REACTIONS T(d,n)He* AND D(d,p)T 

There were two reasons for making an independent 
measurement of the ratio of the cross sections for the 
reactions T(d,n)Het and D(d,p)T: (1) the ratio obtained 
from the absolute measurements reported here is in 
rather serious disagreement with previous measure- 


SAWYER, 


STOVALL, AND TUCK 

ments;' (2) the ratio measurement provided a test of 
the internal consistency of the separate cross-section 
measurements. 

In this experiment the a particles from the T(d,n)Het* 
reaction and the tritons from the D(d,p)T reaction were 
counted simultaneously, by use of a known mixture of 
tritium and deuterium gas as a target. The ratio of the 
counting rates for these two particles, when corrected 
for the concentrations of the gases in the mixture, gave 
the ratio of the cross sections directly. This measure- 
ment, as in the previous ratio experiment, was independ- 
ent of the beam current and pressure and temperature 
of the target gas. 

For obtaining the comparable counting rate required 
for minimum error from the two reactions, it was 
necessary to have a gas mixture containing a relatively 
small proportion of tritium since the cross section of 
tritium is about 350 times larger than the deuterium 
cross section. A gas mixture was prepared by mixing 
accurately known volumes of the two gases in the 
ratio of 400 volumes of deuterium to 1 of tritium. The 
ratio of gas concentrations was known to within about 
0.5 percent. However, at least two factors changed the 
ratio of the gases in the target chamber. To avoid 
breaking the fragile SiO window, it was necessary to 
admit the gas to the target chamber slowly through a 
needle valve. Fractionation occurred in the needle 
valve by selective diffusion so that early samples from 
the gas reservoir were enriched in deuterium, whereas 
later samples were enriched in tritium. This fractiona- 
tion was greatly reduced by inserting a small reservoir 
between the main reservoir and target chamber which 
could be filled to the full pressure of the reservoir and 
then emptied completely through the needle valve into 
the target chamber. Also, the SiO windows in the 
target chamber had small leaks into the high vacuum, 
and fractionation occurred at these leaks because 
deuterium leaked through more readily than tritium. 
Because of this, the gas in the target chamber was 
progressively enriched in tritium. These fractionation 
effects reduced the accuracy of the ratio measurement. 

Both the a particles from the T(d,n)He* reaction and 
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the tritons from the D(d,p)T reaction were counted 
simultaneously. The counters had mica windows, 1.5 
mg/cm? thick, and were filled with argon to a pressure 
of 10 cm of mercury. There was good separation in 
pulse height between the a pulses and triton pulses and 
from background. 

The experimental values for the ratios are shown by 
circles in Fig. 17. The smooth curve is the result of 
dividing the experimental values of the cross section 
of the T(d,n)He‘* reaction by those of the D(d,p)T 
reaction reported here. The agreement between the 
measured ratio and the ratio of the absolute measure- 
ments is within 1.5 percent. 


THE CROSS SECTION FOR THE REACTION 
He’ (d,p)He* 


For this experiment, pure He® gas was used in the 
target chamber at a pressure of 1 mm of mercury, 
supplied from a glass flask through a needle valve. 
Samples of the gas were analyzed with the mass 
spectrometer, as in the case of deuterium and tritium 
above. The number of reactions was determined by 
counting the 14-Mev protons resulting from the reaction 
because if a particles had been counted, they would have 
been indistinguishable from the a particles resulting 
from possible tritium contamination. The counter 
windows used were 0,035-in. thick Al. The windows 
were so thick that there was no possibility of confusion 
in the identification of the particles since only penetrat- 


ing particles such as 14-Mev protons could get through 
the windows. The protons lost 90 percent of their 
energy in the windows and were then stopped in the 
counters, which were filled to 1 atmos with argon. 
The experimental procedure and the treatment of 
data are similar to that reported above. In calculating 
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the total cross sections from the measured differential 
cross sections at 90° the angular distribution was 
assumed to be isotropic in this energy region." 

A plot of the cross section as a function of the energy 
of the incident deuteron is shown in Fig. 18 and the 
results tabulated in Table III. The lowest energy at 
which the cross section was measured was fixed by the 
background, which became objectionable at low count- 
ing rates, whereas the highest energy was the maximum 
available energy of the accelerator used. 

A Gamow plot of the data (Fig. 19) is linear with a 
slope of 91.0 kev!. The simple penetrability gives a slope 
of 88.80, within 2.5 percent of the experimental value. 

Although nuclear cross sections conventionally refer 
to interactions between bare nuclei, laboratory measure- 
ments such as these refer to interactions in which at 
least one of the partners is a neutral atom (or part of a 
molecule). This verges on significance at these energies, 
for an energy E in the lab system is equivalent to 
E+Ze?/? (7 is the effective radius of the electron cloud) 
in the conventional system. Ze?/# amounts to 26 ev for 
H or 87 ev for He. Expressed as a correction to the cross 
section, this amounts to — 2.6 percent for or(d,m)Het* at 
10 kev and —2.7 percent for oD (He’,p)Het* at 35 kev. 

The data presented in this paper do not include this 
correction. 

The authors acknowledge with pleasure the assistance 
of E. Fermi and R. L. Garwin, who called the problems 
to our attention and had an important share in formul- 
ating the experiment; H. Agnew, who contributed to 
the design of the apparatus; W. Ogle, who suggested 
the deceleration technique; J. H. Coon, who designed 
the gas handling apparatus and advised in that field; 
B. B. McInteer, who provided the mass spectrographic 
analyses; and W. Jones, who prepared the tritium- 
deuterium gas mixture. 
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The energy dependence of the O'*(n,p)N"* reaction cross section has been determined for neutron energies 
from 12 to 18 Mev. For 14-Mev neutrons, the absolute value of the reaction cross section was found to be 


89+30 mb 


ROSS sections for the O'*(n,p)N'® reaction have 
been measured for neutron energies from 12 to 
18 Mev. The residual nucleus N'® has a 7.35-sec half- 
life and decays back to O'* by complex beta emission ;' 
the energy dependence of the cross section was deter- 
mined by observing the relative amounts of this activity 
that were induced in a water sample. An approximate 
absolute scale was assigned to these data by irradiating 
a CuO sample with 14-Mev neutrons and comparing the 
N'® activity from the O'*(n,p)N'® reaction to the 
9.9-min Cu® activity from the Cu®(n,2n)Cu® reaction, 
which has a known cross section of 0.51-++0.04 barn.” 
Monoergic neutrons were made by bombarding a 
3-cm-long tritium gas target with deuterons from a 
2.5-Mev electrostatic accelerator. The target was 
filled to a pressure of 25-cm Hg. With a deuteron energy 
of 1.80 Mev at the center of the gas target, the energy 
of the neutrons from the T(d,n)He‘* reaction varied 
from 18.0 Mev at an angle of 0° with respect to the 
deuteron beam to 12.4 Mev at an angle of 150°. 
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Fic, 1. Cross section for the O'*(n,p)N"® reaction. 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

! Bleuler, Scherrer, Walter, and Zunti, Helv. Phys. Acta 20, 96 
(1947). 

2 Stuart G. Forbes, Phys. Rev. 88, 1309 (1952). 

3 Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 635 
(1949), 


Irradiations of 40-sec duration were made on a 5-g water 
sample successively placed at 15° angular intervals at 
a distance of 9 cm from the neutron source. The water 
sample was contained in a Lucite cell. At least four 
irradiations of the sample were made at each position, 
and the relative intensity of each irradiation was 
determined by measuring the integrated beam current. 
Deuteron beams of approximately three wa were used; 
during each irradiation the variation in beam current 
was held to within +3 percent. 

A }-mm thick X 4-cm diameter stilbene crystal 
mounted in a Lucite holder on a 5819 photomultiplier 
was used to detect the N'* activity. When the scintillator 
was placed near the neutron source following an irradia- 
tion, the background counting rate due to activities 
induced in the materials of the gas target assembly was 
very large, and it was necessary to remove the water 
sample from the vicinity of the source for counting. 
Therefore, the detector was placed on the floor 8 ft 
below the neutron source, and an arrangement was used 
which allowed the irradiated sample to slide down a 
rod into position near the scintillator. Pulses from the 
photomultiplier were fed to a preamplifier, amplifier, 
and scaler; the register pulse from the scaler was fed 
to one pen of a dual-pen Brush recorder, and timing 
pulses were fed to the other pen. The timing sequence 
for irradiating and counting the sample was controlled 
by a system of relays and timers interlocked with the 
accelerator’s beam shutter and the detecting system. 

To determine the approximate value of the 
O'*(n,p)N"* reaction crogs section at 14 Mev, the Lucite 
cell was filled with CuO, two irradiations of 100 and 200 
sec duration were made, and the “background” 
activity from the empty Lucite cell was measured. In 
each case a cross section of 89 mb was obtained for the 
O'*(n,p)N'® reaction. Even though the decay schemes 
of N'* and Cu® are dissimilar, it was assumed that the 
two activities were detected with equal efficiency. Since 
the N’® betas have higher energies than the Cu® 
positrons, the value of 89 mb may represent an upper 
limit because of the difference in self-absorption in the 
sample. However, this value is probably not in error 
by more than 30 percent and agrees within experi- 
mental error with the cross section of 49+25 mb 
reported by Paul and Clark.‘ 

Figure 1 shows the data normalized to the value of 
89 mb at 14 Mev. The threshold of 10.0+0.7 Mev was 


‘E. B. Paul and R. L. Clark, Can. J. Phys. 31, 267 (1953). 
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CROSS SECTIONS FOR O'%(n,p)N'!® 


TABLE I. Laboratory differentia] cross sections for neutrons from 
the T(d,n)He* reaction for a deuteron energy of 1.80 Mev. 








Oiab 0° 30° 60° 90° 120° 150° 


a (Biav) 22.5 18.8 12.5 9.5 8.8 9.7 
mb/sterad 








determined from the reported reaction Q value of 
9.4 Mev.® Neutron energy spreads vary from +0.2 Mev 
at a mean energy of 18 Mev to nearly +1 Mev from 12 
to 15 Mev. In correcting the observed activities for 
the angular distribution of the T(d,x)He‘ neutrons, the 
laboratory differential cross sections shown in Table I 
were used.*® Relative errors in these values are about 
+10 percent.’ 

5 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 

*T. F. Stratton and G. D. Freier, Phys. Rev. 88, 261 (1952). 


7 Nole added in proof.—Recent measurements by S. J. Bame of 
this laboratory have shown that the angular distribution of the 
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A possible cause of the decrease in the O'*(n,p)N'* 
cross section above 13.5 Mev is the competitive effect 
of inelastic scattering. Since O'* has a group of levels 
near 13 Mev,’ an increase in the inelastic-scattering 
cross section at the expense of the (,p) reaction at this 
energy seems plausible. 

A half-life of 7.38+-0.05 seconds was obtained for the 
N'® activity, in good agreement with the value of 
7.35+0.05 sec reported by Bleuler ef al.' 

The writer is indebted to Dr. R. F. Taschek and other 
members of the 2.5-Mev electrostatic accelerator group 
for many helpful suggestions. 


neutrons from the T(d,n)Het reaction given in Table I is probably 
too strongly peaked at small angles. Hence, in Fig. 1, the cross 
section at 18 Mev should be increased from 40 mb to about 60 mb. 

® F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952). 
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Range Distribution of Alpha Particles Fcllowing the Decays of Li*® and B* 


F. C. GILBERT 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received October 2, 1953) 


The range distributions of the alpha particles resulting from the decays of Li® and B® nuclei in nuclear 
track emulsion have been determined and compared. The range distribution from the decay of Li® nuclei 
is found to be similar to that measured by previous investigators and, within statistical error, the range 
distribution from the decay of B* nuclei is the same as that found from Li* nuclei. 


N recent experiments' designed to analyze the 

high-energy disintegration products produced by 
375-Mev alpha particles bombarding beryllium, a 
large number of B* and Li* hammer tracks (note Fig. 1) 
were found in the nuclear track emulsions used as 
detectors. Dr. Walter H. Barkas has suggested that by 
analyzing the range distribution of the alpha tracks 
resulting from the reactions 


B*—et+ Be** (1) 
Be®*—2He*, 
Li’—e-+ Be** (2) 


the energy level structures arising from these mirror 
processes in the short-lived Be* nuclei may be compared. 
Although the Be* from the decay of Li* has been studied 
by many investigators,?>~“ additional measurements 
were taken on the alpha particles from reaction (2) as 
a means of calibration of the method and in the hope of 


1 W. H. Barkas and H. Tyren, Phys. Rev. 89, 1 (1953); W. H. 
Barkas, Phys. Rev. 89, 1019 (1953); R. W. Deutsch, Phys. Rev. 
90, 499 (1953). 

of Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 336 
(1952). 

3C. M. Class and S. S. Hanna, Phys. Rev. 89, 877 (1953). 

‘D. St P. Bunbury, Phys. Rev. 90, 1121 (1953). 


improving the statistics over previous investigations. 
The alpha-particle range distribution from reaction (1) 
was studied for the purposes of (a) checking the similar- 
ity of the two mirror nuclei, Li* and B*, and (6) search- 
ing for a possible new level in the excited Be* nucleus. 


Fic. 1. Photomicrographs of tracks of Li* and B® nuclei: (top) a 
28-Mev Li* track, (bottom) a 66-Mev B® track. 
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The probability of a second level is enhanced for 
reaction (1) because of the slightly greater energy 
(~1 Mev) available in the B® nucleus as compared to 
the Li® nucleus. 

The B* tracks could be differentiated from the Li® 
tracks by the differences in range and in grain density 
for a given radius of curvature in the cyclotron magnetic 
field. Owing to the short range of the Li® or B® tracks 
penetrating the emulsion, in about one-third of the 
decays one of the alpha tracks left the emulsion before 
the end of its range. In these cases the range of the 
remaining alpha particle was measured from the end 
of the B® or Li® track. In the events in which both 
alpha particles remained in the emulsion, the two ranges 
were averaged, The later cases provided a means for 
estimating the errors involved in the measurement of 
the alpha ranges. Since the two alpha particles come 
apart with equal energies in their center-of-mass 
system, the difference in their measured ranges gives an 
estimate of the errors due to range straggle, recoil of 
the Be* nucleus from the beta decay, indeterminacy of 
the end points, and human error. In this manner the 
standard deviation in the measurement of individual 
alpha ranges was estimated to be about 0.5 micron. 
The alpha energies as a function of range were deter- 
mined from a range-energy relation for C-2 emulsions 
worked out by Wilkins.° 

The alpha ranges from 100 B® disintegrations and 
257 Li® disintegrations, normalized to 100 for compar- 
ison, are shown in Fig. 2. No significant difference is 
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Fic, 2, The alpha-particle range distributions following the 
decays of 100 B® nuclei and 257 Li* nuclei. The 257 Li® events 
have been normalized to 100 for comparison. 


5 J. J. Wilkins, Harwell Atomic Energy Research Establishment 
Report G/R 664 (unpublished). 
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Fic. 3. The combined alpha-particle range distribution following 
the decay of 357 Be® nuclei. 


detectable ; in particular, no additional long-range alpha 
particles were found following the decay of B*. The 
Li® distribution is similar to that found by previous 
investigators.?* 

The combined 357 events shown in Fig. 3 have a 
maximum at about E,=1.5 Mev and a width at half- 
maximum, AE,==<0.7 Mev. Near resonance the 
distribution may be fitted by a singie resonance theory 
due to Wheeler® as modified for the alpha penetrability 
by Bonner e al.,” where Ey= 2.9 Mev, '=1.2 Mev, and 
J, the angular momentum of the excited state of Be®, 
is 2, Roughly 15 percent of the decays, principally the 
higher-energy alpha particles, are not included by this 
resonance and must be explained by the presence of 
higher levels in the Be* nucleus. It is to be noted that 
the data may be fitted satisfactorily over the entire 
energy range of this experiment by the single resonance 
theory if J is chosen to be 4 in agreement with the 
analysis by Bonner e/ al.’ 

The presence of the longer-range alpha particles, 
15 to 25 microns, from the decay of B*, and the similar- 
ity of the B® and Li® distributions, suggest that the B® 
beta decay leads to the same energy levels in Be® as 
does the Li® beta decay. This is in essential agreement 
with the interpretation of the positron spectrum of 
B® as measured by Alvarez.® 

I am particularly indebted to Dr. Walter H. Barkas 
for his invaluable guidance and to Mrs. Doreen Horn- 
back for having made many of the measurements that 
were necessary for this experiment. 

c 87. A. WI Wheeler, Phys. Rev. 59, 27 (1941). 


onner, Evans, Malich, and Risser, Phys. Rev. 73, 885 (1948). 
sL. Alvarez, Phys. Rev. ’80, 519 (1950). 
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Radioactive Si*'t 


W. S. Lyon anp J. J. MANNING 
Analytical Chemistry Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received October 19, 1953) 


One gamma ray of energy 1.26 Mev is found to accompany 0.07 percent of the disintegrations of Si*. 
The thermal neutron atomic activation cross section for the reaction Si®(n,7)Si™ is observed to be 2.9+0.3 


millibarns. 





ILICON-31 (2.6 hr) has been reported as a pure 

negatron emitter with no accompanying gamma 
transition.’ Recently, however, Cobb? has reported 3 
gamma rays of energies 0.17, 0.52, and ~1 Mev. In 
addition workers at this laboratory have observed 
electromagnetic radiation from Si ampoules which have 
been irradiated in the Oak Ridge National Laboratory 
graphite reactor. Consequently, a careful examination 
of the gamma spectrum of Si*' seemed indicated. 

Spectroscopically pure elemental silicon was irra- 
diated in the Oak Ridge National Laboratory graphite 
reactor for one week, removed, and the silicon metal 
volatilized off by treatment with HF and HNO. The 
total activity of the residue was less than 100 counts/ 
min as measured on a Geiger counter, a further evidence 
of the high purity of the metal. 

A portion of the active Si was examined on a cali- 
brated NalI(TI) scintillation gamma-ray spectrometer. 
One photopeak corresponding to a gamma ray of 1.26 
Mev was observed. The decay of this photopeak was 
followed and found to be identical with the Si* beta 
decay. The area beneath this photopeak when multiplied 
by the appropriate efficiency factor (obtained from an 


t Work performed under contract to U. S. Atomic Energy 
Commission. 

'K. Way et al., Nuclear Data, National Bureau of Standards 
Circular 499 (U. S. Government Printing Office, Washington, 
D. C., 1950), and Supplements 1, 2, 3 (1951). 

2P. G. Cobb, Purdue University Progress Report II, June, 
1952 (unpublished). 


experimentally determined graph of y energy versus 
efficiency) yielded the number of y transitions. 

An absorption curve of the Si* beta particles was 
made using aluminum absorbers. Extrapolation of this 
curve yielded the absolute disintegration rate of the 
source. The counter used was a Tracerlab T.G.2 Geiger 
counter; the geometry of the counter was determined 
using National Bureau of Standards P® as the standard. 
These data indicated that 0.07 percent of the Si*' decay 
proceeds through the 1.26-Mev y. No evidence was 
observed for any lower-energy y rays. 

The thermal neutron activation cross section for the 
reaction Si®(n,y)Si* was also measured. In these 
experiments ~10 mg weighed portions of Si were ir- 
radiated in the Oak Ridge National Laboratory graphite 
reactor together with weighed amounts of an alloy con- 
taining a known amount of manganese. Irradiation 
times varied from 4 to 7 minutes. The amount of Si*! 
activity produced was obtained by Geiger counting as 
described above; the neutron flux was calculated from 
the Mn* activity produced as measured on a calibrated 
high-pressure ionization chamber. These data indicate 
the atomic activation cross section to be 2.9+0.3 milli- 
barns. Seren et al.,’ have previously reported 4.8+1.0 
millibarns. 

The authors are indebted to G. W. Leddicotte who 
suggested this investigation and to H. A. Mahlman who 
assisted in some of the work. 


4 Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947). 
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Elastic Scattering of Electrons by the Coulomb Field of Nuclei Using Born Approximations 


VACHASPATI 
Institute for Theoretical Physics, Copenhagen, Denmark, and Physical Research Laboratory, Ahmedabad, India 


(Received August 27, 1953) 


Calculations including the second Born cross section for the elastic scattering of electrons by nuclei are 
performed taking a model for which the matrix elements are particularly simple. The potential corresponding 
to this model is a mixture of an attractive Coulomb and a repulsive Yukawa potential of range 1/B and 


relative strength C. The density is given by 


CB? e- 8 
p= — (C—1)P() + — —. 
us r 


Since the scattering is fairly insensitive to the details of the nuclear model, one can use the calculations 
made here to find scattering cross sections on different models by suitably choosing B and C. This is done 
here for the uniform density model and the results are compared with the phase-shift calculations of Acheson 
for 15- to 35-Mev electrons. A fairly close agreement with his results is obtained up to medium elements 


(ZS 50). 


I. INTRODUCTION 


MONG the elementary particles one feels that one 
is most familiar with the electrons. Their scat- 
tering can therefore form a good means of getting 
information about some features of the nucleus without 
the uncertainties inherent in employing other particles. 
This problem has been considered by several authors!” 
in recent years, who have calculated the scattering 
cross sections at various energies assuming that the 
nucleus is a sphere of uniform charge density (uniform 
model). The most extensive calculations on this basis 
are those of Acheson,’ who has also used another model 
in which the whole charge is spread over a thin shell at 
the surface of the sphere (shell model). He has pointed 
out the interesting fact that, in general, the most 
important phase shift obtained from the uniform model 
at a given energy and Z is also given by the shell model 
using a radius about three fourths that of the uniform 
model. This observation can, in fact, be shown to hold 
quite generally,’ two models giving about the same 
scattering cross section for moderate energies so long 
as the second moment of their density distribution is 
the same. 

This insensitivity to the details of the nuclear model 
can be utilized in calculating the electron scattering 
cross sections taking a simple model with some open 
parameters which can later be adjusted to yield results 
for any other model. Calculations by the Born approxi- 
mation are particularly suitable because the results can 
be expressed in an algebraic form. One may think of 
an apparent difficulty here. While the equivalence of 
two models is valid for koRoS1, the convergence of the 
Born approximations improves with increasing energy 
of the incident electron (ko is the wave vector of the 
incident electron and Rp is the nuclear radius). This 


1M. E. Rose, Phys. Rev. 73, 279 (1948); 82, 389 (1951); 
L. R. B. Elton, Proc. Phys. Soc. (London) A63, 1115 (1950) ; 65, 
481 (1952); G. Parzen, Phys. Rev. 80, 261, 355 (1950). 

*L. K. Acheson, Phys. Rev. 82, 488 (1951). 

3See Rose, reference 1; H. Feshbach, Phys. Rev. 84, 1206 
(1951). 


shows that our calculations are valid only for some 
intermediate energies. However, this is not a serious 
drawback ; in fact, the Born approximations calculated 
on the basis of our model‘ are in fair agreement with 
Acheson’s? results with the uniform model for 20- to 
35-Mev electrons up to medium elements (Z<50). 
(See Table X.) 

In our calculations we have chosen a model for which 
the plane-wave matrix element is particularly simple; 
in fact, it appears to be the most natural choice, as 
will be clear later. It involves two parameters, B and C, 
which can be adjusted so as to give a good fit for 
practically any one-parameter model.® The potential to 
which this model corresponds is a combination of an 
attractive Coulomb and a repulsive Yukawa potential, 
C representing the relative strength and 1/B the range 
of the latter [see (IV.1)]. The corresponding charge 
density is given by 

CR er 
p= — (C—1)#(r)+——_ —-. 
4n 


(1.1) 


Since C>1, the first term represents a negative charge 
center and the second a positive charge distribution 
whose density increases towards the center. A good 
fit with the uniform model is obtained if C is put equal 
to 7/4. The above expression for p then represents a 
nucleus with #Ze negative charge at the center and 
(7/4)Ze positive charge outside. 

Apart from looking at our model as a tool for the 
calculation of scattering from other models, one may 
also consider it in its own right. The experiments so far 
made are unable to decide between different models. 


‘There are two open parameters in our model which give it 
more flexibility and a greater range of validity than koRoS1, 
since this is roughly equivalent to considering two terms in the 
expansion of sin(pr) instead of just one. See (LIT.10). 

5 This has been explicitly examined in the cases of uniform, 
shell, and exponential models. See (ITT.11), (I1T.12), and (ITIT.13) 
for proper values of B and C for these models. 

* The proposal of a repulsive core for nucleon-nucleon forces 
has been made by Jastrow and by Lévy. R. Jastrow, Phys. Rev. 
81, 165 (1951); M. M. Lévy, 86, 806 (1952); 88, 725 (1952). 
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It will require experiments at higher energies where 
koRo>1 for the differences in models to be effective. 
However, the experiments’ of Lyman, Hanson, and 
Scott at 15.7 Mev already indicate that a greater 
concentration of the charge towards the center is 
required than was hitherto supposed. It is worth while 
observing that our model fulfills this requirement. 


Il. THEORY OF BORN APPROXIMATIONS 


The Dirac equation for an electron moving in the 
potential® ZeV of a fixed center of force is 


[E—i(a-grad)+m8 W=—ZeVy, 


where E£ is the energy of the electron, m its rest mass, 
Ze the charge of the nucleus, and a and £ are the well 
known Dirac matrices. We shall throughout put h=1, 
c=1. 

Operating on both sides by 


D= E+i(a@-grad)— m8, 


(IT.1) 


(11.2) 
we get 

(V+khe p= —ZeDVy, (11.3) 
where 


ke=E’—m’. (II.4) 


Equation (3) can be solved as a power series in Ze’. 
We write 


V=Yotvityet ::: (II.5) 


and solve (3) by iteration. Using for Yo the plane wave 
solution, 


Yo= u* (Ko) -exp(iko-x), (II.6) 


as representing the incident electron, u*(ko) being the 
Dirac amplitude, and s denoting the spin state of the 
electron, it is shown in Appendix I that we get 


¥i=Ze*(A,/r) exp(ikor) 
W2= (Ze*)?(Ao/r) exp(ikor), 


(II.7a) 
(II.7b) 


and 
where 
A= (1/42) (ki | V | ko) (E— a: ki — mB) u* (ko), 
Ay= —{1/[49(2n)*]} (E— a ki— mB) 
. i rer eae 


(II.8a) 


— dPku* (ko). 
(II.8b) 


ke—k 


The vector k, denotes the momentum of the scattered 
electron (|k,| =o) and 


(ks|V|ko)= ft exp(—ihax) V(x) exp(ikox)d*x. (11.9) 


(k,|V|ko) is a function of (k,—ko) and is symmetrical 
between ky and k;: 
(ki | V | ko) = (ko| V|k,). (11.10) 


7 Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951). 
8 We shall from now on refer to V as the “potential.” 
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ke 
CSS 


Fic. 1. Contour of integration C for the integral in Eq. (II.8b). 


—Ky 


The integration in (8b) is to be performed in the com- 
plex plane as shown in Fig. 1. 

In (8b), the (E—m ) in the integrand can be take 
outside the integral sign. Observing that the integral 


(ki | Vk) (a-k)(k|V 
J tt gee a 


ko) 
—Pk 


is symmetrical between ko and k;, (see 10), it is easy to 
see that it must be proportional to a: (ko+k,). Hence, 
we can write (8b) as 


Ao=(E- a-k,—mB)[a2(E— mB) 


—d3a- (ko+k;) Ju*(ko), (11.11) 


where a2 and a; are complex numbers given by 


1 (ky| V|k)(k| V| ko) 
a.= ————— f- —Pk (I11.12a) 
4 (2r)' Jo ke—k? 


1 1 
4m (2)? (n, ko+ k,) 
c ke—k* 


@k. (11.12b) 


In view of the remarks just made, a; is independent of 
the arbitrary vector n. 
From (7) and (8) 


Vityve= (ZeA/r) exp(ikor) 
A = A itZe’A 2. 


(11.13) 
(11.14) 
Using (11) for Ao, we get 


A= (E—a-ki— mB) (a;+Ze’M)u*(ko) (11.15) 


where 


1 
si ha (11.16) 


ra 
and 


M = a,(E—mB)—a;(a, kot+k;). (11.17) 
Taking the absolute square of Ze*A, summing over 
the spin directions of the scattered electron, and aver- 
aging over that of the incident electron, we obtain, 
as shown in Appendix II, the differential scattering 

cross section: 
dp do, doy 


=- aes (11.18) 
ada ada 


do; 0 m?* 0 
—=4Z7e| a;| 2k? cost (14 sec.) (11.19a) 
dQ 2 ki? 2 


0 
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and 
do. 6 
—~= 16Z%¢%a, Ek, cos? | oat 4d2,) 
dQ 2 
m 
+ ——(ey sec?- . 
ri 2 


(II.19b) 


Here, 2, and d3, are the real parts of a2 and a3. These 
are obtained if, instead of integrating along the contour 
C in (12), one takes the principal values of these 
integrals, i.e., 


| (ki | V|k) (| V| ko) 
~ pf dk, (II.20a) 
4 (2r)* ke —k? 
1 1 
4a (2or)*® (n, ko+k;) 


(ki | V|k) (m-k) (| V | ko) 
xP ——#k, 
* ke — k? 


dor = 
43r= 


(I1.20b) 


P standing here for the principal value. a, is already 
defined in (16). 


Ill. THE MATRIX ELEMENTS 


The Coulomb potential V caused by a charge density 
p is given by 


/ 


p 
V (x)= f —dyx’, 
\x—x’| 














Fic, 2, Comparison of the exact and approximate matrix 
element for the uniform model. The crosses indicate the value of 
1—(1.75K*/14.8+ K*) which we have used as matrix element for 
the second order Born cross-section calculation. (See Table I.) 
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where p’=p(x’). To avoid unnecessary complications 
which arise in the case of Coulomb field, we introduce 
a cut-off factor, exp(—A|x—x’|). Eventually we shall 
put A=0. Thus 


v)=tim f : ‘| 
x—xX 


For a spherically symmetrical charge distribution, 


exp(—A|x—x’| )d*x’. 


exp(—A|x—x’|) 
: —dQ’, 


V(x)=lim f o'r"dr 
0 lx—x’| 


Now 
exp(—A|x—x’|) 
“ i 


lim | —-—— 
0 lx—x’| 


exp(—Ar)/r 
= 4+ lim 
—lexp(—Ar’)/r’ for 


, 


for r2r’ 

; (|x| =r). 
<r 
Therefore 


4 . 
V(r) =— in| exp(—a) f p’r’dr’ 
pr 0 , 


2 


+rf pr exp(—W)dr' | (IIT.1) 


r 


Using this in (II.9), and writing p for the momentum 


transfer, 


p=ki—ko, p=|p| (IIT.2) 


we get 


(k;| V\ko)= [ V0) exp(—ip-x)d'x 


4nr f* 
-—f rV sin(pr)dr 
po 


(49)? . r 
-—| sin(pr)dr-| exp(—m) f p'rdr’ 
Pp ~o 0 


+ rf pr’ exp(— war’ | 


We normalize p to unity: 


formate f pr*dr= 1, 
0 


(1II.3) 


and employ 


f sin(pr) exp(—-Ar)dr= p/ (A*+ p*). 
0 


We then get 


1 * 


1 1 
a= (hr dota Br J fsin(pr)dr, (IIL) 
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where 


f/ (4m) = f()/(4n) = f p'r"dr'— f p’v'dr’. (ILS) 


It is to be noted that the function f is independent of 
p and depends only on the density distribution. 
Simplification of the Matrix Elements 


The first term in (4) is just the one due to a point 
charge, and the second can be considered as due to 
deviations from it. The function f is appreciable only 
within the region r< Ro, Ro being the effective radius 
of the nucleus. We can therefore expand sin(pr) and get 


a=1/P—Ci+Cxp*—---, (11.6) 


C= f r fdr, 
0 


C.= 1/6) f r® fdr, etc. 
0 


where 
(III.7a) 


(III.7b) 


We can, in the first instance, neglect C2, C3, etc., so 


that 
a,=1/p’—C\. 


The expression (8) for the matrix element shows that 
two models will give the same scattering cross section 
provided that C; has the same value for both of them. 


(IIT.8) 


Our Matrix Element 


If we take (8) for the matrix element and insert it in 
the integrals (II.20a, b) to calculate the second Born 
cross section, we notice at once that they diverge for 
high momenta. This shows that the expression (8) is 
not suited for working out the higher Born approxi- 
mations. 

However, we can introduce a “damping” term in (8) 


and write 
1 Cc 


= ————_ 


p B+ p 


where B and C are constants. If we expand the second 
term in increasing powers of p’, we get 


a,=1/p?— (C/B*)(1—p’/B*)+---, (11.10) 


and we see that C/B* corresponds to C; and C/B* to C>. 
Knowing C, and C; for one kind of density distribution, 
they can be used to fix B and C in (9), and we can 
expect the two models to yield the same scattering 
cross section for a fairly large range of energies.’ 
However, actual calculation shows that B and C can 
be much better found empirically by making a direct 


(IIT.9) 


* This is an improvement over Feshbach’s (see reference 3) 
criterion as it considers two terms in the expansion of sin(pr) 
while Feshbach considers only one. See also Rose (1948), reference 
1, and reference 4 above. 


TABLE I. Matrix elements and first-order cross 
section on uniform model.* 





| 





doi*/dde 


1 

0.9511 
0.8163 
0.6278 
0.4265 
0.2495 
0.1195 


Our W Wwe 


1 
0.9709 
0.8892 
0.7691 
0.6277 
0.4804 
0.3382 
0.2075 
0.0909 
—0.0111 
—0.1195 
—0.1751 
—0.2402 


* 





1 
0.9752 
0.9035 
0.7923 
0.6531 
0.4995 
0.3457 
0.2048 
0.0871 
—0.0001 
—0.0571 
—0.0830 
—0.0839 
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* K =pRo =2koRos, s =sin(@/2); Ro is the nuclear radius on the uniform 
model. W =(p2/4x) (kti|V|ko); | W* =(3/K*)(sinK —K cosK); our W 
=1 —Cp*/(B?+p2) =1 —CK*/[(BRo)*+K*), with C=1.75 and (BRe)* 
= 14.8. doi*/doe =(W*)? is the differential cross section in units of the Mott 
cross section for a point charge. Notice the close agreement between (W*) 
and our W for K¢ 4.5. See Figs. 2 and 3. 


comparison of the matrix element (9) with that of 
another model without making an expansion in powez 
series of p*/B* utilizing (7). In this way we get the 
following values of B and C for different models: 


Uniform model (p= po for r< Ro and zero otherwise) : 
(BRo)?= 14.8, C=1.75; (IIT.11) 
Shell model [p= pod (r—R,) }: 
(BR,)?=7.4, C=1.75; 
Exponential model [p= po exp(—r/R.) }: 
(BR,)*=2, C=1.1. (IIT.13) 


The close fit between the matrix elements of the 
uniform and our models with B and C given by (11) is 
illustrated by Table I and Fig. 2. W there is defined as 
p'a;:= (p*/4r) (k:| V| ko). The difference between our W 
and W*!form is within less than 4 percent for K not 
greater than 4.5 (K=pRp)." 

The ratio of the first Born approximation cross 
section for the uniform model to the Mott cross section 
is shown in Fig. 3. 


(ITT,12) 


IV. POTENTIAL AND CHARGE DENSITY 


Since the Fourier transform of exp(—)r)/r is 
4n/(d?+ p?), the matrix element (III.9) that describes 
our model corresponds to a potential : 


V =1/r—(C/r) exp(— Br), (IV.1) 


which, as already remarked in the introduction, is a 
mixture of an attractive Coulomb and a repulsive 
Yukawa potential. The difference between this and the 
Coulomb potential of a point charge is illustrated in 


“Tf one writes C/B’=C, and C/B*=C; and uses C; and C; 
obtained from the uniform model, one gets (BRo)*?=20, C=3. 
These are much less satisfactory than the empirically found 
values (IIT.11). 

1 For Z=79 and @= 180°, K=4.3 at 50 Mev. 
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Fic, 3, Ratio of first Born approximation cross section for the 
uniform model to the Mott cross section. (See Table I.) 


Table II and Fig. 4. It is appreciable for Br 2, which 
corresponds to a distance of about one half the nuclear 
radius,” 

It is interesting to see what the charge distribution 
is which gives (1) as the potential. This can be readily 
found by using Poisson’s equation: 


p=— (1/4) V’V. 
Inserting (1) for V, we get 


p= — (C—1)8*(r)+CB*/(4xr) exp(—Br). (IV.2) 


TABLE II. Comparison of our potential and the 
Coulomb potential.* 


_if1 

Br ’ IG ) V/B 

0.0 —0.75 — 2 
0.2 —0.433 ~ 2.164 
-0.173 —0.433 
0,040 0.660 
0.214 0,267 
0.356 0.356 
0.473 0,394 
0.568 0.406 
0.647 0.404 
0.711 0.395 
0.763 0,382 
0,841 0.351 
0.894 0.319 
0.929 0.290 





Ve/B 


+ 2 

5.000 
2.500 
1.667 
1.250 
1.000 
0.833 
0.714 
0.625 
0.556 
0.500 
0.417 
0.357 
0.313 





9, ed alg me OG 
wekhS RDABNS: 





| 
| 


av : =1—C exp(—Br) with C 1.75; consequently, V/B =(Br)™ 


r 
(1 —Cexp( —Br)). Ve =1/r. See Fig. 4. 


This is based on the correlation (III.11) between the two 
models. 


This is the distribution (I.1) mentioned in the intro- 
duction where we have already discussed its significance. 
It may be remarked that the presence of C does not 
affect the normalization (III.3) of p, as can be directly 
verified from (2). 


V. THE SECOND BORN CROSS SECTION 


It is a simple matter to find the first Born cross 
section (II.19a) for any model when its matrix element 
is known. The second-order cross section (II.19b) 
requires the calculation of a2, and a3,. This is done for 
our model in Appendix III. We find 

}a2,= (1/w)(—CX,+C*X2), (V.1) 


a3,>= (1 /w)(VYo—CYi+C*Y2), (V.2) 





: —— 


os 
os 
oar 


oz 








Fic. 4. Ratio of auxiliary potential (IV.1) to Coulomb potential. 
V =(1—Ce~8")/r, BRo=3.85 (Ro=nuclear radius on uniform 
charge density model), C= 1.75. 


where 
w= 8k (1—s*), 
X,=((1—s*)#/(1+s°&) ]-tan-(1/8), 
X,=[(1—s*)#/(2sn)]- tan-"(sé/(2n)), 
Yo=n(1—s)/(2s), 
Y,=n(1—s)/s— (2/s) cot (sé) 
Pi ctbivnier 4 “re: 


14s 


V2=a(1—s)/(2s)+[(2+ &)/(2sn) ]- tan (sé/2n) 
+cot§— (1/s) cot (sé/2), 


§=2k)/B, n= (1+#+s7€/4)!. 


(V.3a) 
(V.3b) 
(V.4a) 


(V.4b) 


(V.4c) 
s=sin(6/2), 


Substituting these values of a2, and as, in (II.19b), 
we find after some simplifications, 


D2 


— = 2Z%e8a, (E/ko){CRi+ (C—1PR2+C(C—)R; 


dQ 
+C (m*/ko?) Nit (C—1)N2)}}, (V5) 





ELASTIC SCATTERING OF ELECTRONS 


TaBLe IIT. 1007;. See (V.12) and (V.6a).* 











i 0.2 OA ' 08 1.0 1.2 1.4 1.6 1.8 2.0 
degrees 


30 0.4605 0.4327 0.3522 0.2640 0.2219 0.1826 0.1464 0.1136 

45 0.6107 0.5510 0.3860 0.2235 0.1545 0.0952 0.0457 0.0053 
0.7237 0.6239 0.3643 0.1395 0.0557 —0.0091 — 0.0569 —0.0912 
0.8694 0.6794 0.2473 — 0.0368 —0.1150 —0.1621 —0.1860 —0.1951 
0.9447 0.6731 0.1259 —0.1547 —0.2109 —0.2341 —0.2341 —0,.2255 
0.979 0.650 0.046 —0.217 —0.257 —0.261 —0.227 


2.2 2.4 : 2.8 3.0 3.2 3.4 3.6 3. 4.0 











0.0841 0.0578 0.0351 0.0151 —0.0020 —0.0167 —0.0291 —0.0394 —0.0548 

—0,0270 —0.0521 —0.0713 —0.0854 —0.0953 —0.1020 —0.1060 —0.1079 —0.1082 —0.1072 

—0.1144 —0.1290 —0.1369 —0.1401 —0.1400 —0.1374 —0.1331 —0.1277 —0.1216 —0.1154 

—0.1939 —0,1870 —0.1765 —0.1647 —0.1522 —0,1398 —0.1276 —0.1164 —0,1061 — 0.0968 

120 —0.2094 —0.1917 —0.1730 —0,1553 —0.1365 —0.1229 —0.1102 —0.0981 —0,0880 — (0.0789 
150 —0.208 —0.185 —0.164 —0.143 —0.126 —0.112 —0.0968 











® For & =0, 7; =7: =rets/(1+5) (see Table IV). & =2k0/B. See Figs. 5(a), (b). 


where that (5) simplifies to 
R,= (2/s) cot-"(st) do2/dQ= 2Z%e8a,[CR,+ (C—1)?Re+C(C—1)R;]. (V.7) 
~ (1/s) cot(st)— 1+ (2—s°) e cot-lé Born Cross Sections in Units of Mott Cross Section 


1+? It is simpler to express our cross sections in terms 
« of the Mott cross section for scattering by a point 
2+ (2—s*)# 


aera: — tan! (s§/2n), TABLE IV. 1¢ 
2sn neat 


R.=9(1—s)/(2s) 6 30° 45° 150°: 180° 


1007; 0.4715 0.6347 0.7644 0.9498 1.064 1.127 1.1465 





R;=cot—¢— (1/s) cot~! (458) wn 
®* T: =rets/(1 +5), s =sin(6/2). Both T:1 and —T7s reduce to T2 for § =0, 
See Fig. 6. 





42-9 
dingy — tan“'(s§/2n), (V.6c) charge. The latter is given by 
dp, /dQ= 4Z*e4(ko?/ p*) cos?(0/2) 
2% -L1+ (m?/ko?) sec?(0/2) ]. (V8 
Ni= (€/(sn)) tan-!(s/2n) -———— cot é, (V.6d) p (i+ (a/b) sort : DL (VA) 
1+s# Hence we can write the first-order cross section (II.19a) 
as 


No= (€2/(sn)) tan7"(sé/2n). (V.6e) do,/do.= p'a;?= W? (V.9) 


Segre fe Prey a ; 
In the relativistic region in which we are interested, W = p'ay= (p/(4r)) (ki | V | ko) ; (V.10) 


we can neglect the terms proportional to. (m?/k,?), so p=2kos, s=sin(@/2). 
TABLE V. — 10073. See (V.12) and (V.6c).* 


éin rf 0.2 . 0.6 0.8 1.0 1.2 1.4 1.6 18 20 
degrees a . indipeiniemitiiiniesls ne — ane ae 
30 0.4713 0.4696 0.4659 0.4593 0.4507 0.4403 0.4286 0.4158 0.4024 0.3885 
0.6341 0.6305 0.6220 0.6083 0.5898 0.5679 0.5434 0.5173 0.4905 0.4635 
0.7634 0.7573 0.7429 0.7197 0.6891 0.6531 0.6139 0.5730 0.5320 0.4919 
0.9480 0.9356 0.9073 0.8628 0.8052 0.7397 0.6714 0.6041 0.5397 0.4802 
1.061 1,043 1,001 0.9361 0.8552 0.7656 0.6761 0.5912 0.5123 0.4445 
1.124 1.103 1.050 0.9705 0.8736 0.7684 0.6673 0.5726 0.4905 0.4168 








2.2 y 2.8 3.0 3.2 3.4 3.6 3.8 4.0 


0.3745 . 0.3324 0.3187 0.3054 0.2923 0.2797 0.2674 0.2555 
0.4368 0.4106 38: 0.3612 0.3380 0.3161 0.2954 0.2760 0.2577 0.2407 
0.4532 0.4167 0.3505 0.3211 0.2939 0.2692 0.2465 0.2259 0.2071 
0.4259 0.3776 3: 0.2965 0.2630 0.2337 0.2081 0.1856 0.1600 0.1489 
120 0.3838 0.3328 0.2503 0.2180 0.1901 0.1669 0.1467 0.1295 0.1148 
150 0.3558 0.3031 0.223 0.192 0.166 0.145 0.126 0.112 0.0989 





® For & =0, Ts = —T2 = —ne*s/(1 +5). See Table IV and Figs. 7(a), (b). 
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(b) 


Fic. 5. (a) T; as function of & for @= 30°, 45°, 60° [see Table III and (V.12)]. (b) 7: as function of & for 2=90°, 120°, 150° [see Table 
III and (V.12)]. 


If we neglect (m*/ko*) sec?(@/2) as compared to 1 in 
(8), we can also write (V.7) in the form 


dépo/dp,= Ze 2s*/(1—s*)](p'as) 
x [CRi+ (C—1)?R2+C(C—1)R3] 


= ZW[CT\+ (C—1)°72:4+-C(C—1)Ts], 
where W is defined by (10) and 
T= &R;-(2s*/(1—s*)] 


(V.11) 


(t=1,2,3). (V.12) 


Denoting by P the expression in the square brackets 
in (11), 


P=CT,+(C—1)*7.+C(C—1)Ts, (V.13) 


we can write 


do,/do.= ZWP. (V.14) 


VI. HOW TO FIND THE SCATTERING CROSS 
SECTION FOR A GIVEN MODEL 


From the tables and curves that we have plotted, 
scattering cross sections at different angles and energies 
can be found for practically any one-parameter model. 
How this can be done is explained below. The quantities 
relating to this model are denoted by a superscript x in 
this section. 


(1) Find W*= (p*/(4mr))-(ki|V7|ko) and use it in 
(V.9) to find out the first Born cross section. 

(2) Adjust B and C empirically so that our W 
= 1—Cp*/(B*+ p*) lies close to W* for as wide a range 
of p as possible. If W* vanishes at some point, it may 
be a useful hint to arrange our W also to vanish at 
that point. 

(3) Having found B, §=2k)/B is known for the 
energy at which one wishes to find the cross section. 
Corresponding to this £, the values of 7,, T2, and 7; 
can be found from Tables III, IV, and V or from 
Figs. 5(a), 5(b), 6, 7(a) and 7(b). Multiplying them 
respectively by C, (C—1)* and C(C—1) and adding, 
we get P in (V.14). 

Knowing W* and P, d@2/d@, in (V.14) is now known 
for the element in question. [Notice that it is good to 
use W* in (V.14) in order to avoid an extra unnecessary 
error by using our W instead. ] Adding this to do,/d@, 
found in step (1), we know the whole cross section 


do/dd.. 
The Uniform Model 
For comparison with the uniform density model, the 


values of (BR»o)* and C are given by (III.11). The 
values of ¢ for various elements and energies are given 
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TaBLe VI. ¢ for various elements at different energies." 








\e(Mev) 15 20 
AN 





0.573 
0.760 
0.942 
1.112 
1,184 


27 0.172 
63 0.228 
120 0.283 
197 0.334 
238 0.355 


0.229 
0.304 
0.377 
0.445 
0.474 








* € =2ko/B, where 1/B is the characteristic length in our model. It can 
be correlated with the nuclear radius Re by comparing the matrix elements 
of our model with those of the uniform density model. See (III.11), This 
gives (BRo)* =14.8. Writing Ro =roA! and using re = 1.45 X10~4 cm, which 
is the value used by Acheson? in his calculations, we get 2keRe =1.47 
X10-%eA!, where ¢ is the energy of the electron in Mev. This gives 

§ =2koRo/(BRo) =3.82 X10-%A!. 

It may be remarked here that recent experiments indicate a lower value 
for ” (&#1.2 X10-" cm). The values of the & will then be proportionately 
smaller. 


in Table VI. We have also tabulated P for this case” 
(Table VII and Figs. 8a, b, c). Using the values of W“ 
given in Table I (or Fig. 2) we have also tabulated 
(100/Z)do2/d, (Table VIII; see also Figs. 9(a), 9(b)). 
When this is taken together with the first Born croas 
section given in Table I and plotted in Fig. 3, we 
readily get the whole cross section for a given element, 
energy, and angle. 

Table XI gives the ratio of the second to the first 
Born cross section. 


Vil. EXPANSION OF P IN POWERS OF & 


P involves only elementary functions whose expan- 
sions in power series are well known. If one makes 





17x12 


4 








l l 
> x” ~COO 





1 1 i 
90° 120° 150° 180° 
a 


Fic. 6. T; as function of 6 [see Table IV and (V.12)]. 


8 See also Sec. VII. 


ELECTRONS 


1o7x12 


























(b) 


Fic. 7. (a) T; as function of & for 0= 30°, 45°, 60° [see Table V 
and (V.12)]. (b) 7; as function of ¢ for @=90°, 120°, 150° [see 
Table V and (V.12)]. 


these expansions, one obtains, up to terms in #, 
P=([we’s/(1+5)]-[1—2Cs(1+s)? 
X {1— (1/39) (4+C)é}). (VIL1) 


The numerical values of P obtained from this expression 
are given in Table IX. It will be seen that the agreement 
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between these values and the exact ones given in 
Table VI is within about 10 percent for €¢ 0.8 and 
6< 60°. For larger angles the range of & is much less; 
thus for @= 150°, the difference between the exact and 
the approximate expressions for P is already about 


40 percent at &=0.4. 
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Fic. 8. (a) P as a function of £ for the uniform model; 0= 30°, 
45° [see Table VI and (V.13)]. (b) P as a function of & for the 
uniform model; 6=60°, 90° [see Table VI and Cw (c) P as 
a function of & for the uniform model; 6=120°, 150° [see Table 
VI and (V.13) J. 





c) 


VIII. COMPARISON WITH ACHESON’S RESULTS 
FOR THE UNIFORM MODEL 


Adopting the procedure outlined in Sec. VI, we have 
compared our results with those obtained by Acheson 
for the uniform model using the phase-shift method of 
calculation. These results are summarized in Table X. 
It will be seen that, as one would expect, our results 
are in fairly good agreement with Acheson’s up to 
medium elements (Z7<50). As the energy increases 
the agreement becomes closer in general; but it gets 
worse for larger angles. Table XI gives an idea of the 
convergence of the Born approximations. 


IX. CONCLUSION 


We have described above a method for getting the 
electron scattering cross sections without the necessity 
of actually calculating them for each separate model. 
The rather close agreement between our results and 
those of Acheson confirms our idea. It is likely that, 
in view of the recent experiments of Lyman, Hanson, 
and Scott,’ our model, representing an inward concen- 
tration of charge and a repulsive center, deserves more 
attention than merely serving as a tool for obtaining 
results for other models. However, verification of this 
will require work at energies higher than those at 
which experiments so far have been performed. 

Incidentally, it appears that Born approximations 
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Fic. 9. (a) Second-order Born cross section, in units of Mott cross section, for the uniform model; @= 30°, 60°, 120° [see Table IX 
and (V.14)]. (b) Second-order Born cross section in units of Mott cross section for the uniform model; @=45°, 90°, 120°. 


are actually not so bad as they are reputed to be." In 
fact, they seem to provide fairly accurate results so 
long as one does not expect too much from them 
(validity for high Z or low energies; see Table XI). 
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APPENDIX I. EXPRESSIONS (II.7a,b) 
FOR SCATTERED WAVES 
Introducing (II.5) in (II.3), we get the set of equa- 
tions: 


(V2+kiWn=—ZEDVWn+ (m1). (Art) 

















6 in 3 ‘ yl 0.8 
degrees 


30 0.4525 
45 0.5934 
60 0.6945 
90 0.8113 
120 0.8587 
150 0.8715 





0.2786 
0.2340 
0.1228 
—0.1654 
—0.4096 


0.3445 
0.3664 
0.3230 
0.1383 
—0,0598 
—0.2042 


2.6 2.8 


0.4938 
0.5280 
0.4953 
0.4071 
0.3242 


gin \& 2.2 2.4 
degrees 


30 —0.0791 
45 —0.2636 
“ —0.3651 
90 —0.3640 
120 —0.2716 
150 —0.1979 


—0.1447 
—0,2664 
—0.2752 
—0.1431 
—0.0015 

0.0905 


—0.1278 
—0.2736 
—0.3115 
—0.2137 
—0.0824 

0.0063 


0.2122 
0.1106 
—0.0496 
—0.3790 
— 0.6089 
— 0.5600 —0.7347 


—0.1566 
—0.2535 
—0.2365 
—0.0772 
0.0738 
0.162 


1.2 
— 0.0067 
—0.2068 
— 0.3679 
— 0.4996 
—~ 0.5871 —0,4835 — 0.3793 
—0.5747 —0.4484 ~0.3116 


3.6 3.8 4.0 


0.0391 
—0,1554 
—0.3380 
—0.5421 


0.0911 
—0,0859 
—0.2783 
—0.5481 


0.1492 

0.0027 
—0.1833 
— 0.5008 
—0.6771 ~0.6579 
—0.7536 —0.6926 


3.2 3.4 


—0.0460 
—0.2420 
—0,3752 
—0.4375 


—0.1707 —0.1697 —0.1661 
—0.1940 —0.1706 —0.1465 
—0.1171 —0.0792 —0.0439 

0.0869 0.1307 0.1695 
0.1340 0.1866 0.2346 0.2746 0.3100 
0.221 0.274 0.318 0.3537 0.3852 


—0.1648 —0.1694 
—0.2363 —0.2162 
—0,1963 —0,1564 
—0.0171 0.0378 











® For &=0, P =7; = re*s/(1 +5), s =sin(@/2). See Figs. 8(a), (b), (c) 
4R, Jost and A. Pais, Phys. Rev. 82, 840 (1951). 
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TaBLy VIII. (100/Z) (dp2/dp.) = 100W*P. See (V.14).* 








6in \& 0.0 0.2 04 0.6 0.8 1.0 


degrees 


30 0A715 0.4511 0.4008 
45 0.6347 0.5826 0.4775 
60 0.7644 0.6837 0.4974 
90 0.9498 0.7868 0.4389 
120 1.064 0.8192 0.339 
150 1.127 0823 0.259 





0.2613 

0.2031 

0.0961 
—0,.0991 
—0.184 
—0,198 


0.1922 

0.0884 
—0.0336 
—0.1634 
—0.152 
—0.111 


0.3322 
0.3386 
0.2819 
0.1049 
—0,0391 
—0.12 








* Nonrelativistic terms proportional to m*/ke have been neglected. W* 
is given in Table I and P in Table VII. For § #0, (1/Z) (dés/db<) reduces 
to 7. (See Table IV.) See Figs. 9(a), 9(b). 





Let G(x, x’) be the Green’s function satisfying 
(V?+- ko?)G(x, x’) = #(x—x’) (A;.2) 
and resulting in outgoing scattered waves for the 


electron. Then 
f ilk: (x—x’ 
G(x, x)=[1/0")) [= lalla. 


x hot— k? 


(A;.3a) 


exp (iko|x—x’|) 
enft/Giia— att 


(Ai.3b) 
[x—x'| 


(where C is the contour mentioned in II), and 


y= ~2¢ [ G(x, x’) D'V'po'd'x’, (A;.4a) 


y= (Ze) f Go, x’) D'V'G(x’, x’) 
XD’ V"po'd'x'd’x!’. (A1.4b) 
Inserting (3b) in (4a), we get, for large distances r, 
¥i=([Ze*/(4xr) ] exp (ikor) 
x f exp(—ék,-x’)D’Vo'd*x’, (A,.5a) 


where 


k,= ko(r/r). 


In (4b), we introduce (3b) for G(x, x’) and (3a) for 
G(x’, x’’). In this way we get, for large r, 
ak 


vam —[(Ze)/( (A) (2n)") (1/0) expGGhe) ff —— 
cro 


x fev exp (—ik,-x’)D’V’ exp(ik-x’) 
x fax” exp(—ik-x”)D’/ Vo". (Ax.5b) 
These expressions can be simplified by observing that 
ff expt xD 'f(xya 


= (E—a-k,— mo) f exp(—ik,-x’) f(x’)d*x’, 
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f being any function of x’. On using this, (Sa) becomes 


¥i=(Ze*/ (4er) ] exp(ikor) (E— a-k,— mp) 

x f exp(— ik, -x’) V po’ Px’ 
and (5b) becomes 
¥2= —[1/(2m)*][ (Ze*)*/ (4er) ] exp(ikor)(E— a-k,— mB) 


i i (—tk,-x’)V (ik-x’) 
x f —f xe’ exp(—ik,-x’)V’ exp(ik-x’ 
he p 1 P 


x (E—a-k— mp) f dx!’ exp(—ik-x”) Vo". 


Writing (II.6) for Yo and using the definition (II.9), 
these expressions for y¥; and y2 give (II.7a, b). 


APPENDIX II. DIFFERENTIAL SCATTERING CROSS 
SECTION FROM THE AMPLITUDE (II.14) 
The probability of finding the scattered electron in 
spin state r when the incident electron is in spin state s 
is given by [see (II.15) ] 


(Ze*)*u4** (Ko) (a:*+Ze?M*) (E— a-k,—mB)u’ (k;) 
xu" (ki) (E— a: ki—m§) (a:+ZeM)u* (ko). 


Averaging over the spin directions of the incident 
electron and summing over those of the scattered 
electron, we get the scattering cross section 


dp : 
=e > (the above expression), 
r,e=1,2 


where we denote the positive energy states by 1, 2 and 
the negative energy states by 3, 4. 

The summation over the spin states can be performed 
in the usual way by introducing the well-known 
projection operator, 


[1/(2E) ](E— a-ko— ms), 


TaBLe IX. 100P from the approximate expression (VII.1).* 








@in NE 0.2 0.4 0.6 0.8 1.0 
degrees \, 


30 =: 0.4526 
45 0.5934 
60 =: 00,6939 
90 ~=—-:0.8089 
120 0.8526 
150 0.8637 





0.2619 

0.1765 
—0.0179 
—0.6147 
— 1.283 
— 1.792 


0.2953 

0.2496 

0.1070 
—0.3651 
—0.9083 
— 1,327 


0.3488 
0.3665 
0.3065 
0.0340 
—0.3098 
—0.5823 


0.4065 
0.4925 
0.5217 
0.4644 
0.3359 
0.2210 








* Comparing these values of P with those given in Table VI, one sees 
that for angles less than or equal to 60° and & $0.8, the agreement is 
within about 10 percent. For larger angles the range of § is much less; thus, 
for 150° and € «0.4, the difference is about 40 percent. P «7; for § =0. 





ELASTIC SCATTERING OF ELECTRONS 


so that 


1 
a a: ko— mB) u(ko) 
u(ko) for positive energy states 


0 for negative energy states. 


When this is done and the orthogonality relation, 
4 
DL 4°; (Kko)u" ;* (Ko) =5;;, 
r=1 


is employed, we get 
dp 
ry [ (Ze*)?/ (8) ] spur(a;*+ Ze2M*) (E— a-k,— mB)! 


X (a:+ZeM) (E— a: ko— mB) 
= 4(Ze*)* spur (a:*+ ZeM*) (E— a-hi— mB) 
X (ai+Ze*M) (E— a: ko— mB). 


Using (II.17) for M and taking the spur, we get after 
some simplifications, 


dp /dQ= 2Z%e*| a,|?(E?+-m?+ ke? cos#) 
+2Z% E(E’?+ 3m?+ ko? cos@) (a 1*d2+4)02") 
+ 2k¢?(1-+-cos@) (a:*a3+0145") 
+terms of order Z‘e* which we neglect. 


TaBLe X. Comparison of our cross sections 
with Acheson’s results.*:> 








«(Mev) 30° 60° 


20 0.977 0.943 
(0.99) (0.95) 

30 0.964 0,893 
(0.98) (0.90) 

0.953 0.887 

(0.98) (0.93) 

0.850 


0.947 ' 
(0.98) (0.90) 
0.805 


0.933 
(0.95) (0.85) 
I 0.756 
(0.80) 
0.700 
(0.73) 
0.708 
(0.81) 
0.578 
(0.62) 
0.522 
(0.69) 
0.382 
(0.44) 





(0.95) 
0.868 
(0.91) 
0.915 
(0.98) 
0.839 
(0.925) 


(0.37) 
0.317 
(0.40) 
0.197 
(0.12) 


0.206 
(0.236) 
0.064 
(0.038) 








*® The numerical values of the cross section given above are based on 
the correlation (III.11) between our model and the uniform model. The 
point charge cross section dee/dQ used by Acheson in his work is taken 
as the unit; therefore, the values of the first and the second cross sections 
given in Tables I and VIII have first to be multiplied by d¢e/dee before 
the above table can be obtained. 

> Acheson's values of the cross sections are given in parentheses. They 
were obtained from the curves that he has plotted in his paper. 


TABLE XI. d¢2/d¢@; for various elements at different 
energies and angles.* 








45° 150° 


0.076 0.11 
0,069 0.085 
0.17 0.26 
0.16 0.22 
0.15 0.15 
0.14 0.05 
0.13 ~-0.034 
0.26 0.26 
0.21 —0.12 
0.39 0.17 
0.27 —0.49 





0.059 
0.055 
0.13 
0.13 
0.12 
0.12 
0.11 
0.21 
0.18 
0.32 
0.27 


SSSSSISVBIa|' 


0.24 0.23 








® This table gives an idea of the relative contribution of the second Born 
cross section as compared to the first. Note that the Born pe ee ge 
are better for higher energies, as one would expect. The dependence on 
angles is not quite apparent. 


This gives at once (II.19a, b) when we use the fact 
that a, is real. 


APPENDIX III. EVALUATION OF a:, AND a;, OF (II.20) 
WITH MATRIX ELEMENTS (III.9) 


If we define 
ak 
I; (A, =e P ’ 
” f [ (Ko—k)*-+-A*] (ko?— k*)[ (ki — k)*+- 7] 
(A3.1) 





I:(A, 4) = ——————_P 
ee n- (ko+k;) 


(A3.2) 





A f (n-k)d*k 
[ (o—kk)?-+-07] (leo?— B?)[ (es — k)?+-p?]) 


we can write @2, and a3, as follows, where we insert the 
expressions (III.9) for the matrix elements: 


G2r=(4x/(2n)*}[71(0, 0)—C{1,(0, B)+11(B, 0)} 
+CT,(B, B)], 

Osp=[4a/(2x)*][12(0, 0) —C{12(0, B)+J2(B, 0)} 

+C7*J,(B, B)}. (As.5) 

The technique of evaluating J;,2(A, «) is given by 

Dalitz."* He has given /;,2(0,0) and J;,2(B, B) in his 


paper. The calculation of J,,2(0, B)+J;,2(B,0) is 
straightforward. The final results are 


I,(0, 0) =0, 
~ 1,(0, B)=1,(B, 0) =4*X/[4keF (1 —s*) J, 
1,(B, B) =2*X2/[ 2k (1—s*) ], 
12(0, 0) = ¥ o/[4ko?(1—s*) ], 
$(12(0, B)+12(B, 0)) = ¥1/[8kF(1—s*) J, 
I,(B, B) = V2/[4ke (1—s*)]. 
X;, Xzand Yo, Y;, Y2 are defined in (V.3,4); s=sin(@/2). 


When these expressions are used in (4) and (5), one 
gets the results mentioned in (V.1, 2). 


% R, H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 


(A.4) 
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Several (p,t) reactions in heavy nuclei are studied by measuring excitation functions and angular distribu- 
tions. While the data are not sufficiently extensive to justify general conclusions, they seem to indicate that: 
(1) a “pick-up” process is important only when the target nucleus contains two loosely bound neutrons; and 
(2) the inherent probability for the emission of tritons in the breakup of a compound nucleus is not much 
(if any) less than for the emission of neutrons or protons. 


INTRODUCTION 


F the several new types of nuclear reactions that 

first became accessible to study with the entrance 
of proton accelerators into the 20-Mev energy region, 
one of the most interesting is the (p,/) reaction on 
various nuclei, In the first place, there is the question of 
whether the reaction can proceed by a “pick-up” process 
such as operates in (p,d) reactions. In accordance with 
the reciprocity theorem, such a process must be import- 
ant in at least some cases if we are to accept the evidence 
of Kundu and Pool' that (/,p) reactions proceed by 
double neutron stripping. In the second place, if the 
reaction goes only by a compound nucleus interaction, 
there is the question of how well the statistical theory 
of nuclear reactions’ can predict its cross section. An 
implicit assumption of that theory is that, aside from 
energy and Coulomb barrier considerations, all particles 
are emitted with equal probability; however, it would 
seem that there should be a greater inherent probability 
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Fic. 1. Excitation function for Be®(p,t) Be’. Two other runs are 
in substantial agreement with these data; they are not shown 
because, in one case, the incident proton energy was not sufficiently 
homogeneous and, in the other, counting statistics were consider- 
ably poorer than in this run. Due to a calibration error, the ordi- 
nates should be multiplied by five. For example, the absolute cross 
section at 22 Mev is 9.0 mb. 


1D. N. Kundu and M. L. Pool, Phys. Rev. 73, 22 (1948). 
? J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


for emission of a simple particle like a neutron or 
proton than of a complex, loosely bound structure such 
as a triton (cf. the “many-body” theory of alpha 
decay**). 

In this paper, we present the results of experimental 
studies of (p,f) reactions carried out with the internal, 
circulating beam of the Oak Ridge National Laboratory 
86-in. cyclotron. While the results are not as complete 
and clear-cut as one would prefer, they give indications 
of the answers to the foregoing questions. 

The data obtained, shown in Figs. 1-5, consist of 
excitation functions for (p,/) reactions on beryllium-9 
and iron-54 and angular distributions of tritons from 
(p,t) reactions on beryllium, niobium, and palladium. 
Due to the extreme experimental difficulties, it is not 
considered feasible to carry the work further at this 
time. 

EXPERIMENTAL METHODS 


Excitation Functions 


The excitation functions were measured by the 
stacked-foil method, modified for use with an internal 
cyclotron beam as described in detail elsewhere.’ The 
beryllium foil was counted with a scintillation spec- 
trometer set on the 480-kv peak. In one run, chemical 
purification was used. The iron was processed radio- 
chemically after the bombardment and counted under 
an end-window Geiger counter with a 5-mg/cm? silver 
foil interposed to remove the Fe x-rays. Absolute 
decay rates were determined for beryllium with a 
Geiger counter which has been calibrated for gamma 
sensitivity and for iron by absolute beta-counting 
techniques. Absolute cross sections were determined by 
comparing with the known cross section for the (p,») 
reaction in copper; the probable errors in the absolute 
cross sections shown in Figs. 1 and 2 are about 30 
percent. 

Angular Distributions 


The general method of measuring angular distribu- 
tions of nuclear reactions products with the internal, 


3H. A. Bethe, Revs. Modern Phys. 9, 161 (1937). 

‘B. L, Cohen, Phys. Rev. 80, 105 (1950). 

5 Cohen, Newman, Charpie, and Handley, (to be published). 

58 Note added in proof —New measurements have recently been 
made by counting with a scintillation spectrometer set on the 
480-kv gamma peak and comparing with a well-assayed Be’ 
source. 
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(p,t) 


circulating cyclotron beam has been described in detail 
elsewhere ;* only the most pertinent details will be 
discussed here. The target assembly consists essentially 
of a thin target of the element being studied at the 
center of a 34-in. radius semicircular detector holder. 
The tritons are detected by the 1.6-hr activity of Co™ 
which they induce in cobalt metal foil by the (t,p) 
reaction. The cobalt foil is prepared’ by electroplating 
from a CoCl,-boric acid solution onto a stainless steel 
plate; the cobalt is then easily peeled off. 

In the case of beryllium, the variation of triton energy 
with angle due to center-of-mass motion is corrected 


500 
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Fic. 2. Excitation function for Fe*(p,4)Fe®. The arrows show the 
thresholds for production of Fe® by various reactions. 


for by covering the detectors with a stepped absorber 
to reduce the long-range groups (those coming from 
reactions which leave Be’ in its ground state or 470-kev 
excited state) to the same energy at each angle, and 
completely to absorb all lower-energy triton groups. 
For niobium and palladium, no effort was made to 
distinguish between the various triton groups. 

All parts of the target assembly which are exposed 
to the cyclotron beam are covered with carbon; this 
minimizes or eliminates backgrounds of tritons, 


*B. L. Cohen and R. V. Neidigh, Rev. Sci. Instr, (to be 
published). 

70. Sissman and C. D. Bopp, Oak Ridge National Laboratory 
Report ORNL-299 (unpublished). 
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Fic. 3. Angular distribution of tritons from Be®(p,t)Be’. Only 
tritons from reactions in which Be’ is left in its ground or first 
excited states are counted. 


neutrons, deuterons, and alpha particles, since (),/), 
(pn), (p,d), and (p,a) reactions have very high thresh- 
olds in carbon-12. The target is bombarded for 14 hr 
with about 10 ya of 22-Mev protons, after which the 
cobalt foils are removed, processed chemically to 
remove all elements except cobalt, and then counted 
under end-window Geiger counters with 70-mg/cm? 
aluminum absorbers interposed. The chemical process- 
ing eliminates the products of (#,a) and (a,2m) reactions 
on cobalt which have half-lives comparable with that of 
Co* and at the same time eliminates activities from 
impurities. Counting under an absorber removes the 
9-hr internal conversion activity of Co, which is 
produced in great abundance by elastically scattered 
protons, and strongly absorbs the 70-day Co® activity 
which is the principle source of background. The most 
serious background difficulty is at the 20° position for 
the palladium target where the counting rates for the 
70-day, the 9-hr grow-in of the 70-day, and the cosmic- 
ray background are initially greater than the 1.6-hr 
Co" activity by ratios of 10, 2, and 3, respectively. 
At larger angles, only cosmic-ray background interferes, 
but even this presents a problem because it is at all 
times considerably larger than the 1.6-hr counting 
rate. It is therefore necessary to place each cobalt 
sample under a separate counter and use automatic 
recording over at least a 24-hr period. In almost every 
case, the activity remaining after background has been 
subtracted indicates a half-life between 1.3 and 2.0 hr. 
with 1.6 hr representing a fair average. However, due to 
the errors introduced by subtracting the large back- 
ground, the uncertainties in individual points in Figs. 
3-5 are about 40 percent. 

To check whether the 1.6-hr activity could be due to 
proton or neutron induced activities on impurities 
(in spite of the original purity of the foils and the rather 
exhaustive chemical processing), one of the detecting 
foils was covered with a 100 mg/cm? absorber during 
the bombardment. In every case, the 1.6-hr activity 
was removed. Since the angular distributions of both 
elastically and inelastically scattered protons and of 
deuterons from (p,d) reactions exhibit strong maxima 
in the forward direction, the possibility that the 1.6-hr 
activities are induced by either deuterons or protons 
would seem to be excluded by the fact that the results 
for beryllium and palladium, Figs. 3 and 5, showed no 
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Fic. 4. Angular distribution of tritons from Nb"(p,)Nb". 
All triton groups are included. The dashed line is the line through 
the palladium data of Fig. 5. 
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forward peak; and even the forward rise for niobium, 
Fig. 4, was much too slow. Alpha particles could cause 
difficulty, however, expecially since the (a,2p) reaction 
on cobalt also produces Co". Three types of tests were 
made which indicate that, for beryllium at least, this 
reaction is a negligible contributor: 


(a) Determinations were made of the 3.4-hr Cu® 
activity in some of the foils. This activity is produced 
by (a,2m) on cobalt, which should have a cross section 
much larger than (a,2~). The corrected activity of Cu®™ 
was found to be only twice that of Co", 

(b) A rough excitation function for the detecting 
reaction was obtained by covering several cobalt 
foils at the same angle with different thicknesses of 
absorber. Three thick-target relative yields of 6.5, 2.5, 
and 20.5 must be due either to tritons of 8.0 to 4.5, 
6.6 to 2.5, and 5.0 to 0 Mev, or to alpha particles of 18 
to 10, 13 to 0, and 4 to 0 Mev.* Since the (a,2p) energetic 
threshold is 11.6 Mev and proton emission is through a 
Coulomb barrier of 6 Mev, it hardly seems possible 
that thick target yields of this reaction should decrease 
by only a factor of 2.6 from 18 to 13 Mev. On the other 
hand, these yields agree roughly with what might be 
expected for the (/,p) reaction. 
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Fic. 5. Angular distribution of tritons from (p,!) reactions on 
— All triton groups from all palladium isotopes are 
included. 


* The spread in energies is due to the finite thickness of the 
beryllium target. 
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(c) By estimating the (/,p) absolute cross section 
from Kundu’s work,® the cross section for the (p,) 
reaction can be calculated from angular distribution 
data. The results agree roughly with the measured 
Be(p,t) cross section, Fig. 1. 


For niobium and palladium, test (a) indicated the 
relative yields of Cu" and Co" to be in the ratio of 
about 8 to 1 at large angles (there was difficulty at 
small angles because Cu" is produced by elastically 
scattered protons on the nickel impurity). Test (b) 
could nét be performed because the tritons are not 
monoenergetic. With regard to test (c), the total 
(p,t) cross section for palladium is estimated to be about 
300 microbarns, which is in reasonable agreement with 
the theoretically expected value (see below). In view 
of the inconclusiveness of these tests, it must be admitted 
that there is little direct evidence against the possibility 
that alphas contribute appreciably to the observed 
activity. However from test (a) [and even this may be 
due to effects of scattered protons ], the ratio of alphas 
to tritons from niobium and palladium targets is only 
about four times larger than that ratio from a beryllium 
target, where alphas were found to be negligible. More- 
over, the Co(a,2p) reaction has an 11.6-Mev energetic 
threshold, and each outgoing proton must overcome a 
Coulomb barrier of more than 6 Mev, so that the cross 
section for that reaction would not be appreciable below 
about 24 Mev, which is more than the maximum alpha 
energy emitted from these targets. Therefore, theoretical 
estimates of the various cross sections indicate that 
contributions to the 1.6-hr activities from Co(a,2p) re- 
actions are negligible. 


RESULTS AND DISCUSSION 


In the comparison of the angular distributions of 
Figs. 3, 4, and 5, the most striking feature is that the 
niobium data show a strong forward maximum, whereas 
the beryllium and palladium data do not. In a “pick-up” 
reaction, the momentum of the outgoing particle is 
essentially the vector sum of the momentum of the 
incoming particle, which is large and in the forward 
direction, and the momentum of the particles that are 
picked up, which have no strongly preferred direction. 
The angular distribution of the outgoing particles is 
therefore characterized by a strong maximum in the 
forward direction or at a relatively small angle. A 
compound nucleus interaction could, of course, also give 
a strong forward maximum in special cases of resonance 
reactions. However, the tritons that are detected in 
the experiments on niobium or palladium come from 
reactions in which the final nucleus is left in all states of 
excitation up to several Mev. Furthermore, the incident 
proton energies are inhomogeneous by about 1 Mev, 
and the compound nucleus excitation is about 30 Mev, 
so that a very large number of compound states are 


°D. N. Kundu and M. L. Pool, Phys. Rev. 82, 772 (1951). 
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involved. The observed angular distributions are there- 
fore averages over a tremendous number of resonant 
reactions, which fact precludes the possibility that 
strongly nonisotropic angular distributions can be 
observed unless there is some strongly systematic 
reason for it. Goldhaber" has suggested that there may 
be some such reason connected with the rather large 
spin of niobium (9/2).’ However, incident orbital 
angular momentum waves up to /=7 are important in 
formation of the compound nucleus so that the range of 
compound-nucleus spins that can be formed in the 
bombardment of niobium is not much larger than in 
the bombardment of palladium. Moreover, there is no 
obvious way in which an unpolarized spin of a target 
nucleus, no matter how large, can introduce complexity 
into angular distributions averaged over large numbers 
of resonances. 

It thus seems likely that a “pick-up” process is 
important in the niobium (9,/) reaction but not in the 
(p,f) reactions on palladium and beryllium. This is 
especially interesting from the standpoint of nuclear- 
shell theory since the niobium nucleus contains two 
neutrons outside of closed shells whereas the palladium 
isotopes have from eight to fourteen. For beryllium, 
the alpha-particle model, which predicts only one 
loosely bound neutron is probably most pertinent. 
The minimum in the forward direction for beryllium" 
is somewhat difficult, though certainly not impossible, 
to understand on the basis of compound-nucleus 
theory. The indication of a slight forward maximum 
for palladium could be interpreted as due to a “pick-up” 
process with low probability. The absolute differential 


 M. Goldhaber (private communication). 

‘t There was a possibility that the minimum was the result of 
a miscalculation of absorber thicknesses resulting from an over- 
estimation of the incident proton energy; however, separate runs 
with the absorbers calculated for an incident energy 14 Mev lower 
(open points in Fig. 3) caused only a smali change. (Runs without 
the stepped absorber showed a forward maximum.) 
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cross section for palladium indicates a total (p,/) cross 
section of about 3X10~ barn which is in good agree- 
ment with the predictions for a compound-nucleus 
reaction as calculated from statistical theory’ [the 
(p,{) thresholds for the palladium isotopes average 
about 7 Mev]. 

If our conclusion that a “pick-up” process is only 
important in cases where two loosely bound neutrons 
are available is correct, the (p,/) reaction on Fe™ should 
proceed by a pure compound-nucleus interaction since 
the Fe* nucleus contains 28 neutrons. A comparison of 
the data from Fig. 2 with the predictions of the statist- 
ical theory of nuclear reactions indicates that the 
theoretical values are too small by about a factor of 
two. Since most predictions from statistical theory in 
this mass region are too small by factors of from 2 to 10," 
this result indicates that the inherent probability of 
triton emission is not a great deal lower than for neutron 
or proton emission. This conclusion is consistent with 
the absolute cross-section determination from the 
palladium angular distribution. 

In summary, although the data are not sufficiently 
extensive to justify definite conclusions, they seem to 
indicate the following answers to the two questions 
posed in the introduction: 


(1) The “pick-up” process is significant in (),/) 
reactions only in cases where the target nucleus contains 
two loosely bound neutrons (outside of closed shells). 

(2) The inherent probability for triton emission in 
compound-nucleus decay is not much, if any, lower 
(i.e., less than an order magnitude) than for neutrons 
or protons. 

The authors would like to acknowledge the assistance 
of A. Timnick (Michigan State College) in some of the 
chemical separations and the many helpful suggestions, 
discussions, and comments of K. Boyer (Los Alamos), 
J. L. Fowler, and R. A. Charpie. 


2 E. B. Paul and R. L. Clark, Can. J. Phys. 31, 267 (1953). 
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Internal bremsstrahlung spectra from S** and Pm’ have been investigated with the Nal scintillation 
spectrometer. Both the absolute cross section of production and the energy distribution agree with theoretical 
predictions. The theoretical internal bremsstrahlung spectrum of RaE was calculated by using both the 
observed forbidden 8 spectrum and an allowed 8 distribution. No significant differences in shape were 
found in these two cases except in the absolute cross section of production. 

The ionization accompanying beta decay was studied in the case of RaE and also in Pm'’ by measuring 
the characteristic x-rays in an Nal scintillation counter as well as in a proportional counter spectrometer. 
Both K and L radiations were observed, and their absolute cross sections were compared with the theoretical 
calculations of Migdal, Feinberg, and Levinger. Because of the approximate nature of the theoretical calcula- 
tions, the agreement between the theoretical and experimental results is considered satisfactory. 


I, INTRODUCTION 

HE process of 8 decay is accompanied by various 

secondary effects which have been subjects of 
investigations for the last two decades. One of these 
secondary effects is the interaction of the nuclear beta 
particle with the radiation field of the nucleus causing 
the emission of internal bremsstrahlung (continuous 
x-rays). Another secondary effect is the perturbation 
of the atomic electrons resulting from either the sudden 
change of nuclear charge or simply the direct collision 
between the beta particle and the inner electrons. 
This perturbation induces electronic excitation to an 
unoccupied discrete level or ionization to the continuum. 
The hole in the inner electron shell thus created will 
be immediately filled up by an electron from the outer 
shell or from the continuum. Characteristic x-rays or 
Auger electrons will be emitted as a result. Additional 
secondary effects which are expected as the result of 
beta decay are the annihilation of the electron-positron 
on the atomic core and pair creation during 6 decay. 
However, we shall concern ourselves here only with the 
the production of inner bremsstrahlung and the ioniza- 
tion of the atom. 


Il. INTERNAL BREMSSTRAHLUNG 
1. Introduction 


The probability of emission of the internal brems- 
strahlung and the shape of the bremsstrahlung spectrum 
have been investigated both experimentally and theoret- 
ically in various laboratories. The more recent experi- 
mental investigations are by Wu;' by Stahel and Guil- 
lessen’ with the ionization chamber method; by Novey;* 
and by Bolgiano, Madansky, and Rasetti* with a Nal 


*This work was partially supported by the U. S. Atomic 
Energy Commission. 

t Boese Postdoctoral Fellow of Columbia University (1952- 
1953), presently at California Institute of Technology, Pasadena, 
California. 

1C, S. Wu, Phys. Rev. 59, 481 (1941); references to earlier 
papers given here. 

E. Stahel and J. Guillessen, J. phys. radium I, 12 (1940). 

3 T. B. Novey, Phys. Rev. 89, 672 (1953). 

‘ Bolgiano, Madansky, and Rasetti, Phys. Rev. 89, 679 (1953) ; 
L. Madansky and F. Rasetti, Phys. Rev. 83, 187 (1951). 


scintillation spectrometer. The 8-radioactive substances 
used in these investigations were P®, Y", and RaE”"”. 
Investigations on electron-capture processes were made 
by Maeder and Preiswerk,® by Bell ef al.,° and also by 
Anderson and his co-workers.’ Calculations on the 
internal bremsstrahlung spectrum were first made by 
Knipp and Uhlenbeck* and by Bloch® for allowed 
8 transitions with a polar vector interaction. Chang and 
Falkoff and Madansky" extended these calculations 
to first and second forbidden @ transitions and different 
types of interactions. (Allowed: scalar or tensor, first 
forbidden; scalar or tensor (A/J=2, yes), second 
forbidden; scalar.) Their results indicate that both the 
ratio of y intensity to 8 intensity and the shape of the 
bremsstrahlung spectrum are almost the same for 
forbidden transitions as for allowed transitions, irrespec- 
tive of the types of interactions. The production of 
internal bremsstrahlung due to the electron-capture 
process was first theoretically investigated by Morrison 
and Schiff.” 

Furthermore, in evaluating the production of internal 
bremsstrahlung, one usually treats the over-all process 
in two steps: 


(1) Q) 
No— P+vt+e’ — P+v+e+y(k), 


where (1) represents the transition from initial to 
intermediate state with the transformation of the 
nucleon and the creation of a pair of light particles and 
(2) represents the transition of the electron from the 
intermediate state to the final state with the simultane- 
ous emission of a light quantum of energy &. 

The joint probability of the over-all process of emis- 
sion of a quantum of energy & can be calculated with the 


5D. Maeder and P. Preiswerk, Phys. Rev. 84, 595 (1951). 

6 Bell, Tauch, and Cassidy, Science 115, 12 (1952). 

7 Anderson, Wheeler, and Watson, Phys. Rev. 87, 668 (1952). 

8 J. K. Knipp and G. E. Uhlenbeck, Physica 3, 425 (1946). 

*F. Bloch, Phys. Rev. 50, 272 (1936). 

C. S. Wang Chang and D. L. Falkoff, Phys. Rev. 76, 365 
(1949). 

'' Madansky, Lipps, Bolgiano, and Berlin, Phys. Rev. 84, 596 
(1951). 

2 P. Morrison and L. Schiff, Phys. Rev. 85, 24 (1940). 
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rigorous second-order perturbation method. However, 
Knipp and Uhlenbeck introduced an alternate method 
in which the joint probability for the over-all process 
was simply the product of the probabilities of all the 
steps. This simplification could be justified if the two 
processes were independent of each other. Although 
there is no basis for assuming these processes as inde- 
pendent, the result obtained with this simple approach 
for the allowed § transition turns out to be exactly 
the same as that from the more rigorous second-order 
perturbation method. Therefore, the acceptance of its 
use for the allowed transition invoked no arguments. 

However, the question was then raised as to the 
validity of the application of this simple method to 
forbidden transitions. It was pointed out by Morrison 
and Schiff that the close agreement between the 
calculations by second-order and by first-order perturba- 
tion methods for allowed transitions results from the 
fact that the electron-neutrino coupling does not 
depend explicitly on the momenta of these particles. 
This is certainly not true in forbidden cases. Chang 
and Falkoff® carried out calculations with both the 
second-order perturbation method and the simple 
method for first and second forbidden transitions of 
scalar interactions. They found that,although the results 
from these two methods are not exactly the same, the 
close agreement between them justifies the adoption of 
the simple method. Under the assumption of independ- 
ence of these two processes, the probability for the 
emission of a y quantum with energy & can be ex- 
pressed*.* as 


s)= f awrweo, k), 


where P(W,)dW, is the distribution of the 6 spectrum 
and ®(W,, k) is the probability of an electron coming 
from the nucleus with energy W,. The function ®(W,, k) 
was calculated to be 


ap, Fy 
oW., =| “in(W.+p,)—2}, 
pk 


W2+W 
Wp 


a 


where “W, and W,” and “p, and p,” are the energies 
and momenta of the electron before and after the 
emission of the photon &. It can be seen that one 
obvious advantage of using the simple expression is 
that one may use the experimentally measured 8 
spectrum for P(W,,)dW,, thereby avoiding the difficulty 
of dealing with the lack of uniqueness in the type of 
interaction in 8 decay. This is particularly so in the 
case of RaE. The 6 spectrum of RaE has an unique 
forbidden shape with a great excess of low-energy 
electrons. The only reasonable theoretical fitting to 
the observed spectrum was attempted by Petschek and 
Marshak" by using a mixture of interactions (tensor 


‘8 A. G. Petschek and R. E. Marshak, Phys. Rev. 85, 698 (1952) ; 
C. S. Wu, Physica 18, 989 (1952). 
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Fic, 1. Internal bremsstrahlung and K-ionization radiation from 
RaE (measured on the Nal scintillation spectrometer). 


and pseudoscalar). However, no calculations using 
this particular mixture of interactions have been 
made for the internal bremsstrahlung. By applying 
the simple method, one could use the observed # 
spectrum of RaE. Nevertheless, it is interesting to 
examine how sensitive the shape of the bremsstrahlung 
is to changes in the distribution of the §-particle 
energy in the case of RaE by calculating its spectrum, 
assuming first the observed 6 spectrum, then an allowed 
spectrum. The result of this comparison is shown in 
Fig. 1 on an absolute scale. Both curves 1 and 2 are 
normalized per § disintegration. It is interesting to 
note that the difference in shape of these two curves is 
rather insignificant. However, the absolute probabilities 
in the low-energy region of these two calculations do 
differ from one another by a factor of 1.3 with the higher 
cross section for the curve with allowed 8 distribution. 
This is quite understandable since the measured 
8 spectrum has an excess of electrons with energy less 
than 0.2 Mev, which contribute less in the production 
of internal bremsstrahlung. 

The advantage of a Nal scintillation spectrometer 
over the ionization chamber method in the investigation 
of the internal bremsstrahlung is not merely its high 
detecting efficiency but also the fact that it yields 
information on its energy distribution. Wu! and Stahel 
and Guillessen? found good agreement between their 
measured total yields of bremsstrahlung and those 
predicted by the theory by the ionization method. 
Novey’ and Bolgiano e al.‘ further confirmed the 
good agreement with the theory of the shape of the 
bremsstrahlung spectrum at the low-energy region 
using a Nal spectrometer. Unfortunately, the analysis 
of a continuous spectrum in a crystal can be carried 
out only as long as the photoeffect dominates over all 
other interactions in the crystal. This is approximately 
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Fic. 2. Experimental arrangements. Right: scintillation counter. 
Left: proportional counter. 


true for y energies lower than 200 kev. For higher 
energies, the Compton effect becomes comparable to 
the photoeffect and an accurate evaluation of the 
photospectrum is almost impossible. With this in mind, 
it seemed interesting to investigate a case of internal 
bremsstrahlung which has the entire spectrum below 
200 kev. Low-energy beta emitters Pm" and S* were 
chosen because they both yield simple beta spectra 
with upper energy limits of 227 and 167 kev, respectively 
and emit no nuclear gamma radiations. 


2. Experimental Arrangement 


Figure 2 shows the experimental arrangement of the 
scintillation counter apparatus. The Nal crystal is in 
optical contact with the photocathode of a 5819 
photomultiplier. The crystal is covered with a 200- 
ug/cm?® Al foil. The pulses are amplified by a linear 
amplifier, and the pulse distributions is analyzed with 
a single-channel differential pulse-height analyzer. The 
8 particles are absorbed in a Lucite absorber whose 
thickness is adjusted according to the maximum energy 
of the # spectrum. The absorber is always placed 
halfway between the crystal and the source. The 
amount of external bremsstrahlung which could reach 
the detector under this geometrical arrangement is not 
more than 10 percent compared with that of the internal 
bremsstrahlung. In order to avoid the production of 
external bremsstrahlung and the excitation of charac- 
teristic lead radiation, no lead collimator was used. 
The sources used were prepared by evaporation of an 
aqueous solution of the radioactive chemicals on an 
LC 600 film of a thickness of about 50ug/cm*. The 
thickness of the source itself was of the order of 50 
ug/cm?, and the intensity of the source was of the order 
of 0.1 to 1 mC, 


3. Calibration and Correction 


The energy calibration of the scintillation spectrom- 
eter was carried out with gamma or x-rays of Cd’, 
Cs"*7, and TI™. With the dimensions of the crystal 
used (2.0 cmX1.5 cm X 1.0 cm), its detecting efficiency 
is practically 100 percent throughout [in the energy 
region investigated (below 200 kev) ]. The absorption of 
¥ rays in the Lucite absorbers and the thin Al reflector 
is corrected with known coefficients of absorption. 


Ss. WU 


Another correction for the shifting of pulses to lower 
energy regions due to the escape of iodine K x-rays from 
the crystal following photoelectric interaction near the 
surface was estimated * and applied. A small resolution 
correction similar to that used by Palmer and Laslett" 
(which takes into account the energy dependence of 
the half-width of the Gaussian distribution of a mono- 
chromatic photoline) was applied to the measured 
spectrum. However, the channel width of the analyzer 
was always set several times smaller than the line 
width of the Gaussian distribution. 

In order to compare the absolute cross section for 
bremsstrahlung production with the theoretical predic- 
tion, the absolute intensity of the 6 source and the 
efficiency factor of the detector system must be known. 
The first quantity was measured in a large cylindrical 
vacuum chamber (the Columbia solenoid spectrometer) 
using a G-M counter with a thin Formvar window of a 
thickness of 0.03 mg/cm’. A suitable antiscattering 
baffle-system was put in to exclude electrons scattered 
from the wall. Several measurements were made with 
varying distances between the source and the detector 
to insure square distance relation. The efficiency 
factor of the NaI detector or the proportional counter 
(including the solid angle subtended) was estimated 
with the help of a Cd’ source which was calibrated in 
terms of an absolute number of disintegrations per 
second by measuring the conversion electrons in the 
mentioned vacuum chamber and G-M counter system 
and assuming 0.8 K-conversion electron and 1.5 K 
quanta per disintegration. 


4. Results and Conclusion 


After all the corrections were applied, the spectrum 
of the internal bremsstrahlung was plotted with &S(k) 
vs energy to avoid an abrupt rise at the low-energy end. 
Figures 1, 3, and 4 represent the experimental] results 
of RaE, S** and Pm"”, In calculating S(k), the allowed 
8 spectrum was used for S** and Pm’, but the observed 
8 spectrum was substituted for RaE. Because of the 
uncertainties involved in the calibration of the 8 source 
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Fic, 3. Internal bremsstrahlung of S*. 


4 J. P. Palmer and L. J. Laslett, U. S. Atomic Energy Commis- 
sion Report AECU-1220, (March 14, 1951) (unpublished). 





INTERNAL BREMSSTRAHLUNG AND IONIZATION 


and in the detector efficiency, the emphasis is put on 
comparing the energy distribution of the internal 
bremsstrahlung rather than the absolute yields. The 
absolute yield may have an error of the order of 20 
percent. Nevertheless, both of these factors agree 
rather satisfactorily with the theoretical predictions. 
Recently, Renard'® investigated the internal brems- 
strahlung from P® in an energy region of 3-30 kev in a 
proportional counter and also obtained good accord 
with the theory. The excellent agreement between the 
theory and the experimental findings may imply that 
the simplification (first-order perturbation) and approx- 
imation (Z independent) introduced in the theoretical 
calculations have very little effect on the distribution 
or yield of the bremsstrahlung. 


Ill. EXCITATION AND IONIZATION OF THE ATOM 


1. Introduction 


The excitation and ionization processes of the 
atomic core often accompany the 8 decay of a nucleus. 
As the nuclear charge suddenly changes from Z to 
Z+1 and the @ particle passes through the atom in a 
8-decay process, the atomic core may suffer two kinds 
of perturbations. One is the direct collision with the 
nuclear 8 particle. This is analogous to the excitation 
and ionization of an atom by an external fast electron. 
The other is a “shaking” effect caused by the sudden 
change of nuclear charge. Because the time taken for 
the fast 8 particle to pass through the atom is much 
shorter than the period of revolution of the orbital 
electrons, the atomic core has very little time to make 
adiabatic readjustments (shrinkage for 8 decay and 
expansion for 8+ decay) but mostly undergoes non- 
adiabatic transition, that is, excitation or ionization. 

The probability of the ionization of the atom due to 
8 decay was first investigated theoretically by Fein- 
berg'® and Migdal.'” Their estimate showed the dom- 
inating role played by the shaking process and the 
insignificant contribution from the direct collision. 
Therefore, on the basis of the sudden change of nuclear 
charge alone, they calculated the probability of ioniza- 
tion of K, L, and M electrons in 8 decay. The K 
ionization is given as (2X0.32)/Z*, whereas the 
L ionization is given as 6.8/Z*. Later, Levinger'*® 
independently studied this problem and reached general 
agreement with Feinberg and Migdal on the probability 
of ionization of K-shell electrons (0.65/Z*) but differed 
on the results for L-shell electrons (2.1/Z?). Recently, 
Schwartz” took up the calculation of the probability 
of ionization resulting from 6 decay and his L-shell 
ionization yield is in agreement with that of Levinger. 
Winther” also carried out a detailed calculation of the 

16 G, Renard, J. phys. radium 14, 361 (1953). 

FE. L. Feinberg, J. Phys. (U.S.S.R.) 4, 423 (1941). 

17 A. Migdal, J. Phys. (U.S.S.R.) 4, 449 (1941). 

18 J. S. Levinger, Phys. Rev. 90, 11 (1953). 

1H. M. Schwartz, J. Chem. Phys. 21, 45 (1953). 

A. Winther, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, 2 (1952). 
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Fic. 4. Internal bremsstrahlung of Pm’. 


ionization effect for the case of He*—Li® because of its 
particular interest for the B-recoil studies. He also 
pointed out in his paper the importance of the Auger 
effect in the ionization process which was not taken 
into account in Feinberg or Migdal’s. calculation. 
Serber and Snyder” calculated the average excitation 
energy of the atom for 8 decay. Their expression for an 
average excitation energy per closed electronic shell 
compared favorably for the K shell with Levinger’s 
evaluation. 

In Feinberg and Migdal’s original calculations of the 
ionization probability, three approximations were 
used: (1) no screening corrections for Coulomb wave 
functions, (2) nonrelativistic treatment, and (3) sudden 
change of nuclear charge. Levinger first calculated the 
correction resulting from the screening effect by 
applying Hartree wave functions for Hg and found that 
for heavy atoms the screening effects cause an appre- 
ciable increase in the ionization probability following 
B decay. For K electrons, the factor is 1.4 while it is 
3 or 4 for Z electrons. He also estimated the errors 
introduced by the other two approximations and found 
that the use of the nonrelativistic wave functions lead 
to an underestimation of the ionization probability by 
a factor of 2. Also, the approximation of sudden 
perturabtion calculation should not be very accurate 
for a heavy atom with low energy 6 decay. 

To detect the ionization process caused by § decay, 
one could either 

(1) detect the orbital electrons ejected during 
electron-capture or the 8+ decay process, 

(2) observe the characteristic x-rays emitted in 
filling the holes in the K or L shells, or 

(3) measure the Auger electrons emitted in competi- 
tion with the x-ray emission. 

Bruner,” with the aid of a magnetic spectrometer, 
has applied the first method to Sc“, a radioactive isotope 
which decays by 8+ emission and electron capture 
process as well as by emission of nuclear gamma rays. 
However, the calculated yield of ionization based on the 
number of electrons detected is much too high to be 
reconciled with the theory. Recently, Porter and 


21 R, Serber and H. S. Snyder, Phys. Rev. 87, 152 (1952). 
2 J. A. Bruner, Phys. Rev. 84, 282 (1951). 
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Fig. 5. Variation of fluorescence yield/Z* vs Z. 


Hotz™ studied the electrons ejected from Fe®® (a pure 
K-capture radioisotope) in a cloud chamber and found 
good agreement with the theoretical calculations by 
Primakoff and Porter.” 

The method employed in the investigation of the 
ionization of the atom due to 8~ decay as reported in 
this paper is based on the detection of the characteristic 
x-rays by a proportional! counter or scintillation counter 
spectrometer. In order to rule out the characteristic 
x-rays from other effects, a radioactive substance with 
no nuclear gamma radiation or electron capture is 
preferred. The substances used in our investigation 
are RaE and Pm"’, whose simple decay schemes are 
well established. The 8 decay of Pm’ is particularly 
suited for this investigation. Since the cross section for 
ionization varies with 1/Z?, one would therefore at 
first suggest the use of 8 radioactive light nuclei. 
However, the fluorescence yield of the atom decreases 
rapidly with decreasing Z. One therefore must make a 
compromise between these two effects. Furthermore, the 
energy of the characteristic x-radiations of a light atom 
is low and would require the detection of a weak line on 
a high background of low-energy internal bremsstrah- 
lung. Figure 5 gives the curve showing the variation of 
the product of ionization probability times fluorescence 
yield for K-shell electrons versus atomic number Z. 

In the curves showing the continuous internal 
bremsstrahlung of RaE by Novey* and Madansky and 
Rasetti,‘ an unmistakable peaking could be interpreted 
as an evidence of the ionization of the atom by 8 decay. 
Nevertheless, a similar peak of the same energy is 
shown also on the bremsstrahlung curve of P®. This 
suggests that at least a great portion of that peak is 
likely to be the result of the fluorescence radiation of 
lead excited by external electrons on the lead shielding 
and not the result of ionization caused by the sudden 
change of nuclear charge. 


2. Experimental Arrangement 


A proportional counter and a scintillation counter 
spectrometer were used for the measurement of the 
characteristic radiations. Figure 1 shows the experi- 
mental arrangement of the counter setup. The propor- 
tional counter is filled with a mixture of one atmosphere 
of Kr and 7cm of methane. The counter window 
consists of a 10-mil Be foil. The scintillation counter is 


*%F. T. Porter and H. P. Hotz, Phys. Rev. 89, 938 (1953). 
*H. Primakoff and F. T. Porter, Phys. Rev. 89, 930 (1953). 
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the same one used for the internal bremsstrahlung. 
The electrons are bent away with a strong permanent 
magnet. All metal parts are carefully shielded with 
lucite in order to avoid the production of any external 
characteristic radiation. The Pm’? was a carrier-free 
fission product from Oak Ridge National Laboratory. 
The extremely thin source was deposited on a SOug/cm? 
LC 600 film. The thickness of a source must be carefully 
considered as any small amount of carrier would produce 
a fluorescent radiation which may be mistaken as due 
to the ionization effect under investigation. The amount 
of characteristic radiation produced in the source by 
electron bombardment could be estimated” from the 
total ionization by electrons of an energy equivalent to 
the mean energy of the 8 spectrum. It is found that the 
carrier free 0.1-mC Pm'”’ source of an amount ~10 
ug/cm*? would produce ~6X10~ K ionization and 
5X10~-* L ionization per beta decay. As we shall see, 
the K ionization is several orders of magnitude smaller 
than the actually measured ionization probability. 

The RaE was first separated from polonium and was 
then separated from RaD be the dithiazone method. 
The purity of RaE can easily be assured by checking 
the absence of the 46.5-kev gamma line of RaD and 
also by following the half-life. If the separation of RaE 
from RaD were not complete, a faint Z x-ray from such 
a RaE source due to the remaining RaD could easily be 
mistaken as the LZ radiation of RaE due to the ioniza- 
tion effect. The RaE separation was actually carried out 
with only 2ug of Bi carrier. Nevertheless, the source pre- 
pared is quite visible, probably because of impurities 
from the reagents used. The source thickness is no more 
than 100ug/cm*. The fluorescence yield estimated” from 
this thickness of the source is 1.5X10~* K ionization 
and 1.5X10~ L ionization per 6 decay per 100ug/cm’. 
The K ionization again is at least two orders of magni- 
tude smaller than the value found in the experiment. 

The energy calibration of the proportional counter 
was effected with the x and gamma radiation of Cd™, 
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Fic. 6. K ionization radiations from Pm’, 


* E, H. S, Burhop, Proc. Cambridge Phil. Soc. 36, 47 (1940). 
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Cs*7, and RaD. The total effeciency calibration was 
established with a Cd™ source of known strength. 


3. Results 


The experimental results for Pm'? are shown in 
Figs. 6 and 7. Figure 6 exhibits the region of the K 
x-rays with the K,, Ag, and escape peak distinctly 
shown. Two small peaks appeared between 15 and 25 
kev, which may be due to some impurities. Figure 7 
shows the photon spectrum in the Z-energy region and 
a pronounced L peak of 5.6 kev is present. 

The results on RaE are shown in Figs. 1 and 8. The 
K x-ray region of Fig. 1 was measured with the scintilla- 
tion spectrometer. The K peak is pronounced, but the 
line profile is poor because of the broad resolution and 
high bremsstrahlung background. Figure 8 shows the 
peak due to Z radiation as measured with a proportional 
counter. L, and Lg are resolved. 

The probabilities of the ionization processes were 
found by absolute measurements of the source strength 
and by calibrating the instrument with a calibrated 
Cd'™ source as described in Sec. A. 

The values for the fluorescent yield used for correction 
of the Auger effect are taken from Burhop’s new book 
on The Auger Effect.** The K-shell fluorescence yield 
for Pm'” is 0.90 and 0.94 for RaE. The Z fluorescence 
yield is 0.19 for Pm'” and 0.47 for RaE. 

The results are summarized in Table I. The second 
column lists the experimental results on the probabilities 
of K- and L-shell ionization as calculated from the results 
of our investigations. The third column gives the proba- 
bilities as calculated from the formula of Migdal or Fein- 
berg. The numerical values for the K shells are generally 
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Fic. 8. L ionization radiations from RaE. 


smaller than those found in experiments. Levinger 
applied a screening currection to the Coulomb field of 
the nucleus and obtained a larger probability of ioniza- 
tion as shown in the fourth column. However, neither 
relativistic correction nor direct collision was ever taken 
into account in the theoretical calculations. A prelimin- 
ary estimate of the relativistic correction made by 
Levinger gave an increase of a factor of 2 for the 
K-shell ionization. As for the nonadiabatic approxima- 
tion, the calculation may be close enough for the case of 


TaBLe I. Absolute probabilities for K- and L-shell ionization. 








Migdal or 
Feinberg 


1.64 10~¢ 
1.77X10"* 


Experimental 
results 


Pm" K (3.85+0.5) X 10~¢ 
L (2,05+0.3) X 10-3 
RaE K (1.2 +0.5)x10~¢ 0.95 10~¢ 
L (0.6 +0.3) 10" 1.01X10~% 


Levinger 


2.36% 10~* 
19 X10" 
1.28 10~* 
1.04X10~* 





RaE, but in the case of Pm’, the average energy of the 
8 distribution (62 kev) is comparable to the K-binding 
energy of Pm'*’ (45 kev). In other words, the 8 particles 
travel with a velocity comparable to that of the inner 
orbital electrons. Obviously, this is no longer a com- 
pletely nonadiabatic case. One should therefore expect 
that the ionization probability would be less than that 
calculated from the sudden change of charge effect. 

In view of the approximate nature of the theoretical 
calculations and the uncertainties involved in the 
experimental determinations, the agreement as shown 
in Table I is at least of the right order of magnitude. 
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Proton bombardment of pure Er,Q3, followed by ion-exchange separation, has yielded an unreported 
radionuclide of erbium with a 3.6-hour half-life. It is assigned to Er'* and decays by K capture with gamma 
rays of 0,195, 0.824, and 1.12-Mev energy. Its daughter, 2.5-hour Ho", was also identified and was observed 


to decay by K capture with a 0.090-Mev gamma ray. 





3.6-HOUR ERBIUM-161 


AREFULLY purified Er,O; was bombarded with 

24-Mev protons in the Oak Ridge National 
Laboratory 86-inch cyclotron. Chemical separations 
were made by an ion-exchange method similar to that 
reported by Ketelle and Boyd.' The erbium fraction 
contained the following species: 10.5-hour Er'® and 
75-minute’ Er'®, formed by (p,n) and (p,3n), respec- 
tively ; and also 9.4-day Er’ and 7.5-hour Er'” formed 
by secondary (n,y) reactions. Another activity of 
relatively low intensity was found by counting with a 
GM tube through an absorber consisting of a “sand- 
wich” of 1700 mg/cm? aluminum, 2000 mg/cm? lead, 
and 200 mg/cm* aluminum. It was necessary to 
use this absorber because of the low intensity of this 
activity relative to others present. This 3.6-hour 
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Fic. 1, Gamma-ray spectrum of 3.6-hour erbium-161. 


1B. H. Ketelle and G. E. Boyd, J. Am. Chem. Soc. 69, 2800 


(1947). 
* T, H. Handley and E. L. Olson, Phys. Rev. 92, 1260 (1953). 


activity was not observed as a product of proton 
bombardment of holmium, and it was not observed as a 
product of (m,y) reaction on erbium. This would 
eliminate all mass numbers higher than 161 for its 
assignment. The lowest mass number it could have is 
160, since no lighter mass could be produced by 
bombarding erbium with 24-Mev photons. It could be 
formed by either Er'@(p,pn)Er'™ or Er'®(p,2n)Tm'™, 
In the last case, the thulium activity would be short- 
lived, with immediate decay to Er'™, 

To further clarify the mass assignment and method 
of production, the following experiments were per- 
formed. With appropriate absorbers the incident 
proton-beam energy was reduced to 20.5 and 17 Mev 
in separate experiments. The relative amount of the 
3.6-hour activity was reduced by approximately 
one-half. Since it is shown elsewhere® that the threshold 
for (p,3m) reactions in this region is 19 Mev for masses 
near the line of stability and, since this species is 
produced from Er'®, five mass units below the line of 
stability, it is expected that the threshold for a (p,3m) 
reaction would be even higher (calculations from the 
empirical mass formula show it to be 4 Mev higher). 
Therefore, the 3.6-hour species is produced chiefly by 
(p,2n), with the Tm'® species being short-lived and 
decaying immediately to Er'®. 

A gamma-ray spectrum was obtained with a scintilla- 
tion spectrometer. It was again necessary to use the 
absorber mentioned above because of the relatively 
large amount of the other activities present. An aliquot 
just small enough not to jam the discriminator of the 
spectrometer, with no absorber, showed the presence of 
10.5-hour Er'® only. However, with an aliquot ten 
times larger and with the absorber it was possible to 
obtain a spectrum for the new species. The spectrum 
was run every three hours for 36 hours. The decay of 
each experimental point was plotted and any long- 
lived background subtracted. This was done in order to 
assure that each peak observed was associated with the 
3.6-hour half-life. The long-lived background was 
relatively very small and was not sufficient to affect 
the shape of the decay line for any specific point of the 
spectrum. The spectrum is shown in Fig. 1. Peaks are 
observed at 0.065, 0.195, 0.824, and 1.12 Mev. The 
energy region below 0.10 Mev is distorted because of 


3 See reference 2. 
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the absorber used. Therefore, the spectrum in this 
region cannot be differentiated. It is unlikely, however, 
that the peaks at 0.195, 0.824, and 1.120 Mev are 
affected, energy-wise, by the absorber. The 0.195-Mev 
peak may be due to 180° scattering from more energetic 
radiation. The annihilation peak was not observed, and 
positrons, if present, constitute a very small fraction of 
the decay. Although the x-ray peak was not actually 
observed, it may be assumed that Er'®™ decays by 
K capture, since the annihilation peak was not observed. 
While plotting the decay of the experimental points, 
it was noted that an activity grew in, at the low-energy 
region of the spectrum. This activity appeared to have 
a half-life of >1 hour and <3.6 hour, and it would, of 
course, be a holmium activity. In order to determine 
the characteristics of this species, further bombardments 
and separations were necessary, as explained in the 
following section. 


2.5-HOUR HOLMIUM-161 


Erbium oxide was hombarded with 24-Mev protons 
and chemical separations were made immediately. A 
second separation of the erbium fraction was made 
five hours later. This elapsed time enabled the daughter 
species to grow in. Holmium carrier was added for the 
second separation. Decay of the holmium fraction of 
the second separation was followed, and a half-life 
of 2.5 hours was observed. The gamma-ray spectrum 
for this 2.5-hour holmium activity is shown in Fig. 2. 
Peaks are observed at 0.043 and 0.090 Mev. The 
0.043-Mev peak is the x-ray peak; thus the isotope 
decays by K capture. There is also some evidence of a 
low intensity peak in the neighborhood of 0.17 Mev. 
The spectrum was run every two hours for 14 hours in 
order positively to identify the peaks observed as being 
associated with the 2.5-hour half-life. If other more 
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Fic. 2. Gamma-ray spectrum of 2.5-hour holmium-161. 


energetic radiations were present they constituted a 
small fraction of the decay scheme. Positrons are also 
excluded, since the annihilation peak was not observed. 
The 2.5-hour species was also observed as a product of 
proton bombardment of dysprosium. This activity is 
assigned a mass of 161 because it is the daughter of 
3.6-hour Er'®, 
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Angular Correlation of the Cascade y Rays from the Decay of ,,Po*" 


F, DemMicHELIs AND R. MALVANO 
Istituto di Fisica Sperimentale del Politecnico, Turin, Italy 
(Received June 8, 1953) 


The angular correlation of the gamma rays accompanying the decay of 4Po*(RaC’) has been obtained 
using lead absorbers to separate partly the effects due to the several cascades involved. The results indicate 
that some of the gamma rays are of quadrupole character and that the excited state of »Po*'*(RaC’) at 0.608 


Mev probably has spin 2. 


HE decay spectrum of the natural nuclide 

ssPo**(RaC’) has been extensively investigated,’ 
and an experimental proof of the existence of some 
y-ray cascades, suggested by Rutherford ef al.,? has 
been given recently.’ At the same time a preliminary 
angular-correlation curve concerning the total system 
of cascades was found.‘ 

We have carried out a more careful investigation of 
the angular correlation between the gamma rays con- 
nected with the above cascades, using scintillation 
counters consisting of crystals of Tl-activated NaI and 
1P21 photomultipliers, and a conventional coincidence 
circuit with a resolving time r= 1.62. 1077 sec. Suitable 
lead shielding was provided in order to avoid, as far as 
possible, spurious coincidences due to Compton photons 
scattered by both scintillator crystals. The source 
(radium bromide in equilibrium with its decay products) 
had an activity of about 20 microcuries and was 
contained in an extremely small glass container. 

In order to test our apparatus we measured the 
angular correlation given by a »Co® source of about 
the same intensity, the same volume, and the same 
geometrical arrangement ; we obtained results agreeing, 
within experimental errors, with the results given in 
previous works.° 

We have made measurements for 6=90°, 120°, 150°, 
180°, and for three values of lead thickness: x= 1 mm, 
x=4 mm, x=7 mm, because, as we shall see below, 
it is possible in this way to determine the contribution 
of the different cascades to the total angular correlation. 
The experimental points plotted in Fig. 1, with their 
probable errors, represent €(@)=(No/Noo°)—1, where 
Ng and N° are the true coincidence rates at the angles 
6 and 90°, respectively, and the three sets of experi- 
mental points correspond to the three lead thicknesses 
previously indicated. 

The angular correlations e=¢(@) indicated by the 
three sets of experimental points are significantly 
different from each other, and this fact indicates that 
the various cascades, whose characteristics have been 


'C, D. Ellis and G. H. Aston, Proc. Roy. Soc. (London) A129, 
180 (1930); C. D. Ellis, Proc. Roy. Soc. (London) A143, 350 
(1935); G. D. Latyshev, Revs. Modern Phys. 19, 132 (1947). 

2 Rutherford, Lewis, and Bowden, Proc. Roy. Soc. (London) 
A142, 347 (1933). 

3 F, Demichelis and R. Malvano, Nuovo cimento 10, 405 (1953). 

‘ F. Demichelis and R. Malvano, Nuovo cimento 9, 1106 (1952). 

5 FE. L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). 


studied in a previous work,’ must belong to at least 
two different types; in effect, the existence of only one 
type of cascade would give rise to an angular correlation 
completely unaffected by absorption. Besides, we recall 
that from the previous experimental investigations! it 
was concluded that the complicated y-decay spectrum 
from s4Po*"* consists entirely of dipole and quadrupole 
transitions of various energies from 0.6 to 2.4 Mev. 

According to the foregoing paragraphs, the general 
behavior of the angular correlation ought to be ex- 
plained with the following relation: 


€(0) =D aii, cOS*+> ; aidin cos’, 


where aj; and aj are the coefficients of the angular 
correlation relative to each type of cascade and 





Fic. 1. Gamma- 
gamma angular cor- 
relation of Po** for 
various thicknesses x 
of lead absorber. 
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ANGULAR CORRELATION 


a;=N;90°/>-Ni.90° is the relative contribution of the 
ith cascade to the coincidence rate at 90°. The quali- 
tative behavior of the angular correlation «= (6) for 
«x= 1 mm suggests that }>; aa, must be negative while 
i aidj2 is positive and much smaller; on the other 
hand, the absorption behavior indicates that the first 
sum must increase with lead thickness, while the 
second must decrease. 

Following the data given in Hamilton’s work,® and 
assuming that the ground state reached by different 
cascades has zero angular momentum, we made a 
systematic trial of possible combinations. Limiting 
ourselves first of all to two types of cascades, we found 
that the only coefficients that could fit both our data 
and reasonable values for the relative intensities of the 
different cascades are the following ones: 


(1) ay= 3/7, ay2.=0, 
(2) an = — 15/13, ao2= 16/13. 


With the foregoing values of the coefficients we draw 
the solid-line curves of Fig. 1, while the iitensities a, 
and a2, obtained with a least-squares method, are given 
in Fig. 2. In Fig. 2 the broken lines are obtained 
according to the relative intensities suggested by the 
level scheme proposed by Surugue,’ where the cascades 
of type (1) and (2) would consist, respectively, of the 
7 rays 


(1) 1.120 Mev, 1.761 Mev, 
(2) bore Mev, 1.235 Mev, 


0.608 Mev, 2.090 Mev. 


From the above results we may draw the following 
tentative conclusions: 


®*D. R. Hamilton, Phys. Rev. 58, 122 (1940). 
7 J. Surugue, J. phys. radium (8), 7, 145 (1946). 
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(a) While the intensities of the cascades (2) are in 
very good agreement with our results, the intensity of 
the cascade (1) is far from the theoretical prediction. 
This discrepancy could be explained in two ways: 
Either there is a third type of cascade, of very small 
intensity indeed, or the coefficient 3/7 is about 30 
percent too great; interference effects produced by a 
mixed (magnetic-electric) transition could give rise to 
such a lowering.® 

(b) The 0.608-Mev ¥ ray is probably not an electric- 
dipole but an electric-quadrupole transition; if this 
fact is true and this transition occurs from the first 
excited state to the ground state, it follows that the 
former must be a 2+ level in accordance with recent 
theoretical work on even-even nuclei.’ 

We want to express our deep gratitude to Professor 
E. Perucca for his constant interest and his stimulating 
help. 


8D. S. Ling and D. L. Falkoff, Phys. Rev. 74, 1224 (1948). 
* G. Scharff-Goldhaber, Physica 18, 1105 (1952). 
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Cosmic-Ray Nuclear Interactions in Gases* 


W. W. Brownt 
Department of Physics, Duke University, Durham, North Carolina 


(Received August 14, 1953) 


I'he natural rates of occurrence, in the gases He, N, Ne, and A, of nuclear interactions of the cosmic ray 
N component in which more than 8 Mev are given to charged secondary particles, have been measured. 
The rates per gram atom of the four gases are in about the same ratio as their geometric nuclear cross 
sections. An integrated flux of N rays of 6.0X10~* cm™? sec™! would produce the observed rates of occurrence 
of nuclear interactions if the cross section were geometric. The rates in argon, measured at sea level and 
10 600-ft elevation, correspond to an absorption mean free path in air of 1324-4 g cm™ for the total flux of 
N rays. The interactions, 2783 in total, were observed in the gas of a cloud chamber filled to 5 atmos pressure. 
Inside the cloud chamber was placed a system of wires forming an ionization chamber. An expansion was 
initiated whenever a pulse from the ionization chamber corresponding to an energy release of more than 
8 Mev (1.5 Po alpha) occurred. Fast reduction of the high voltage after electron collection was over per- 
mitted track formation on the positive ions. Of the nuclear interactions produced in argon about 20 percent 
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are produced by charged particles at the higher elevation, and about 15 percent at sea level. 





I. INTRODUCTION 


HE present report is of an experiment in which 
the relative cross sections for nuclear interaction 
that the elements helium, nitrogen, neon, and argon 
present to the NV component of cosmic rays are meas- 
ured, The method employed is to count the number of 
cosmic-ray nuclear interactions occurring, over a meas- 
ured time interval, in the gas of a cloud chamber suc- 
cessively filled with these atoms. The relative rates of 
occurrence of nuclear interactions in the gases may then 
be compared with the relative geometric cross sections 
of their nuclei. Rather than use random expansions, 
which would make the experiment prohibitively long, 
a detector, offering relatively little experimental bias, 
was placed inside the chamber to act as a triggering 
device. The details of the detecting system, experi- 
mental! results, and corrections applied to them are 
described below. 


Il, EXPERIMENTAL ARRANGEMENT 


The cloud chamber, of the expansion type with 
rubber diaphragm, was designed to operate at pressures 
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Fic. 1. Two perpendicular sections showing the location of the 
ionization chamber assembly inside the cloud chamber. 


* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 
t Now at the University of California, Berkeley, California. 


up to 75 lb in.~*. It has a useful area, as viewed by the 
camera, of 10 in.X10 in, and an illuminated depth 
of 8 in. 

Five ionization chambers are mounted inside the 
cloud chamber (Fig. 1). Each ionization chamber con- 
sists of eight parallel and equally spaced cathode wires 
ye-in. diameter 8-in. length held at their midpoints 
by a thin 4-in. diameter brass ring and all equidistant 
from and parallel to a similar central anode wire. The 
cathodes of the five chambers are tied together and the 
whole system supported by the high-voltage lead 

TABLE I. Conditions of operation of the cloud chamber and the 
numbers of photographs, sensitive times, and numbers of nuclear 


interactions involving one or more charged particles observed 
under these conditions. 








Atmospheric depth, 

g cm 700 700 
Gas A A 
Pressure, lb in.~* 71 71 
Temp. °C 19 19 
Brass above cham- 

ber, in. 0 0.25 
No. of photographs 2713 «431 
Operating time, min 30548 5017 
Dead time per pic- 

ture, min 8.43 8.43 
Sensitive time, min 7680 1382 
No. of nuclear inter- 

actions 1112 179 








passing through the cloud chamber roof. The anodes, 
also in parallel, are connected to the amplifying system 
through another insulated lead passing through the 
cloud chamber roof. 

The amplified pulse resulting from collection at the 
anode of the electrons produced by a charged particle 
traversing the sensitive volume serves to trigger the 
cloud-chamber expansion if it is larger than a pre- 
scribed size. It also initiates the reduction of the high 
negative voltage of the cathode (1 to 1.5 kilovolts) to 
zero or a slightly positive value by electronic means. 
The voltage reduction is rapid enough so that the posi- 
tive ions along the path of the particle are not appreci- 
ably moved. The small displacement given to them is 
somewhat compensated when the cathode is allowed to 
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go positive during cutoff. Droplet formation on these 
ions thus permits observation of the track of a pulse 
producing particle. 

Isoamyl alcohol was used as the cloud chamber 
vapor because it does not capture electrons easily and 
so does not interfere with the operation of the ionization 
chamber. With this vapor an expansion ratio of 1.15 is 
required for track formation in the monatomic gases 
and 1.25 in nitrogen. 

The operational details of the cloud chamber and 
control system have been published elsewhere.' 

The high-voltage input lead was made tubular so 
that through it a polonium-alpha source on the end of 
a thin wire could be manually inserted into or retracted 
from the central ionization chamber. Pulses generated 
by this source were used to calibrate a discriminator 


Fic. 2. A neutral particle interacts with a helium nucleus to 
produce two charged secondary particles in the central ionization 
chamber just above the anode (10 600-ft elevation). 


a 


circuit that allowed pulses greater than a given size to 
pass from the amplifier to the control circuit. Through- 
out the experiment only pulses greater than 1.5 times 
a polonium-alpha pulse were permitted to trigger the 
chamber. This minimum corresponds to an energy 
release of 8 Mev by ionization in the gas of the chamber. 

Stereo photographs were taken at an angular separa- 
tion of 12 degrees between the two optic axes. 


III. EXPERIMENTAL PROCEDURE AND RESULTS 


The cloud chamber was operated at sea level for 5 
months and at 10 600-ft elevation (White Mountain, 
California) for 3 months. At the higher altitude the 
chamber was filled successively with argon, neon,? 


1 Lewis, Brown, Seevers, and Hones, Rev. Sci. Instr. 22, 259 
(1951). 

2 Thirty cubic feet of high purity neon were donated by the 
Linde Air Products Company for use in this part of the experi- 
ment. 


IN GASES 
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Fic. 3. An interaction of a neutral particle with a nitrogen 
nucleus in which four charged secondaries are produced in the 
lower left ionization chamber (10 600-ft elevation). 


helium, and nitrogen. At sea level the operation was 
carried out only with an argon filling. During part of 
the argon run at high altitude, layers of brass absorber 
were placed immediately above the cloud chamber. 
The operating conditions throughout the experiment 
together with the numbers of photographs taken and 


numbers of nuclear interactions observed in each gas 
are summarized in Table,I. The sensitive time in each 
case is the difference between the total operating time 
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\ 


Fic. 4, Seven charged secondary particles are produced in the 
upper right ionization chamber by the interaction of a neutral 
particle with a neon nucleus. The whisp of droplets pointing 
toward the anode are from negative ions formed as some of the 
electrons heading toward the anode are captured (10 600-ft 
elevation). 
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Fic. 5. In the orginal photograph six charged particles can be 
distinguished in the nuclear interaction with an argon nucleus in 
the upper right ionization chamber. One of the lightly ionizing 
particles lies in the upper hemisphere and may be the primary 
particle. One of the secondary particles interacts with another 
argon nucleus in the central ionization chamber to produce four 
heavily ionizing particles (10 600-ft elevation). 


and the product of the chamber dead time and the 
number of photographs taken. 
Of the total of 9210 cloud chamber expansions 


occurring in the experiment, 30 percent were triggered 
by nuclear interactions in the gas, 22 percent by nuclear 
interactions in solid material, 7 percent by extensive 
air showers, and 41 percent by spurious pulses arising 


Fic. 6. In this nuclear interaction in argon in the lower left- 
hand chamber, 13 nearly minimum ionizing particles are involved. 
Three of these lie in the upper hemisphere. Of the ten moving 
downward, seven lie in a narrow cone. The thick whisp of droplets 
is from capture of some of the electrons on their way to the anode 
(sea level). 


from lightning and other causes. Figures 2, 3, and 4 are 
examples of nuclear interactions occurring in the gases 
helium, nitrogen, and neon, respectively, and Figs. 5, 6, 
and 7 are examples of interactions in argon. 


IV. ALTITUDE VARIATION 


From the data of Table I the ratio of the rate of 
occurrence of nuclear interactions in argon at 10 600-ft 
elevation to that at sea level at the same gas pressure 
is 12.5+1.0. This corresponds to an absorption mean 
free path in air, for the total flux of N radiation, of 
132+4 g cm™, in fair agreement with the value 138 g 
cm~ obtained from the altitude variation of burst rates 
in thin-walled ionization chambers.* 


Fic. 7. A nuclear interaction in argon in which 12 charged 
particles are involved. Four of them are nearly minimum ionizing. 
Of these, particle (a) is — the primary. The apparent 
deviation in the direction of particle (b) as it passes near the anode 
of the upper left chamber is just the result of motion of the 

ositive ions in the intense electric field that exists near the anode 
vefore being cut off (10 600-ft elevation). 


V. SIZE OF THE INTERACTIONS 


The numbers of nuclear interactions occurring in 
each of the four gases studied are listed in Table II 
according to the total number of charged particles 
observed in each interaction irrespective of their being 
primary or secondary particles. All tracks longer than 
2 mm were counted. No direction could be assigned to 
groups of ions covering dimensions smaller than this. 

There is a general decrease in the size of the inter- 
actions, as far as numbers of charged particles are con- 
cerned, with the size of the target nucleus. Though 
lightly ionizing particles are included in the above 
table, this result is qualitatively in agreement with the 


*B. Rossi, Revs. Modern Phys. 20, 537 (1948). 























conclusion, from sandwich emulsion work,‘ that nuclear 
interactions (stars) generated in the oxygen and smaller 
nuclei of the emulsion have less than 6 heavily ionizing 
prongs. 


VI. ANGULAR DISTRIBUTIONS OF THE PRIMARY 
AND SECONDARY PARTICLES 


The zenith angles of the trajectories of the charged 
particles involved in each nuclear interaction occurring 
in the gas were measured as follows. The cloud chamber 
photographs were reprojected through an optical system 
identical with that of the camera onto a screen that 
could be set in any direction and was provided with 
scales such that when the two images of a given track 
were brought into conjunction the zenith angle of the 
track could be read directly to within 1 or 2 degrees. 
So that the accuracy of measurement would be kept 
within these limits, the zenith angles of only those 
particles having a range greater than 5 mm were 
measured. 

Since the direction. of motion of the more lightly 
ionizing particles, some of which may be initiating 


TaBLeE IJ. Numbers of nuclear interactions observed to occur 
in the gases A, Ne, N, and He, classified according to the number 
of charged particles associated with each interaction. 
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particles, could not be determined, they were regarded, 
for the purposes of the above measurement, as emanat- 
ing from the points of origin of the nuclear interactions. 

In all of the observed interactions produced in the gas 
and involving only one charged particle of range greater 
than 2 mm, the particle both started and terminated in 
the gas. The end representing the point of origin of such 
an interaction could often be distinguished by the 
presence of a glob of ionization, probably attributable 
to the recoil nucleus, whereas at the terminus distin- 
guishing features were an increase in ionization (widen- 
ing of the track) or small deviations of the direction of 
motion of the particle. 

The distribution in zenith angle of the trajectories of 
the charged particles involved in nuclear interactions in 
argon at high altitude and at sea level are shown in 
Fig. 8. The distributions of particles having ionization 
less than twice minimum (lightly ionizing particles) 
and those greater than twice minimum (heavily ion- 
izing particles) have been plotted separately. The data 


‘J. B. Harding, Nature 163, 440 (1949). 
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Fic. 8. Zenith-angle distributions of the lightly (<2 times 
minimum) and heavily (>2 times minimum) ionizing particles 
associated with nuclear interactions in argon at sea level and 
10 600-ft elevation. Ordinates are proportional to the numbers of 
particles per steradian. All curves have been normalized to the 
same area. Zero-zenith angle corresponds to the vertically down- 
ward direction. 








from all of the argon runs at high altitude have been 
combined. All curves have been normalized to the same 
area for purposes of comparison. 

The heavily ionizing particles show a preference for 
the downward (zenith angles less than 90°) over the 
upward hemisphere to about the same degree at both 
altitudes. At both altitudes the distribution of the 
lightly ionizing particles can be separated into two 
groups, one concentrated in the upward and one in the 
downward direction. The former group may be inter- 
preted as consisting, in part at least, of initiating 
particles belonging to the charged N radiation arriving 
from the atmosphere above the apparatus. The latter 
group are the high-energy protons and charged mesons 
that have been produced in the nuclear interactions in 
the argon. At sea level, where the collimating effect of 
the atmosphere has had more influence, the interacting 
charged N radiation arriving from the vertical is seen 
from Fig. 8A to be about 6 times the intensity of the 
horizontal, lightly ionizing particles, whereas at 10 600- 
ft elevation this ratio is only 2. This is in qualitative 
agreement with the results of photographic plate work® 
in which the distribution of the zenith angle of star- 





5 R. H. Brown ef al., Phil. Mag. 40, 862 (1949). 
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Fic, 9. Angular distributions of the heavily and lightly ionizing 
particles produced in argon at 10 600-ft elevation about the direc- 
tion of the charged particles producing them. Ordinates are pro- 
portional to the number of particles per steradian. 


particle trajectories projected onto a vertical plane were 
studied. 

On the assumption that the lightly ionizing particles 
in the upper hemisphere are charged N rays, the angles 
between them and the directions of the secondary 
particles they produce were measured directly from the 
projected cloud chamber photographs. Whenever, in a 
single nuclear interaction, there were two or more 
lightly ionizing particles in the upper hemisphere that 
showed no distinguishable difference in ionization, the 
one nearest the vertical was selected as the N ray. 
The angular distributions of the heavily and lightly 
ionizing secondary particles are given in Fig. 9 for the 
interactions occurring in argon at 10 600-ft elevation. 
The collimation of the lightly ionizing secondaries about 
the direction of the particle assumed to be the initiator 
is further evidence favoring this assumption. The 
heavily ionizing secondaries show a less pronounced 
preference to move in the direction of the primary 
particle. 


VII. RATIO OF THE NUMBERS OF CHARGED 
AND NEUTRAL N RAYS 


In the argon high-altitude runs in which no absorber 
was above the cloud chamber, there was a total of 236 
nuclear interactions in which one or more lightly ion- 
izing particles lie in the upper hemisphere. If these are 
produced by charged NV rays and the remaining 876 
interactions, observed during the same runs, by neutral 
N rays, their ratio, 0.27+0.02, may be taken as a 
measure of the ratio of the number of charged to neutral 
N rays arriving at this elevation. It will be the true 
ratio only if the charged and neutral NV rays have the 
same average cross section for the production of the 
observed nuclear interactions. The charged fraction is 
favored in this analysis because the neutral NV rays 
may be expected to send some lightly ionizing second- 
aries in the upward direction that would be classed 
incorrectly as charged primary particles. 
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At sea level the observed ratio is 0,180.02. The 
lower value is consistent with the atmospheric absorp- 
tion of the charged N component being more rapid 
than the neutral part because of ionization loss. 

The observed ratios are those which occur in a region 
separated from the atmosphere by heavy walls (4 inch 
of brass or 1} inches of glass) and may be expected to 
be somewhat different from the natural ratio. 


VIII. ABSORPTION OF THE N RADIATION 


Before reaching the gas in the sensitive volume of the 
cloud chamber, the N radiation must pass through the 
}-inch brass roof. To investigate the influence of the 
roof on the number of nuclear interactions observed, 
the cloud chamber was run with additional layers of 
brass above it as indicated in Fig. 1. The rates of 
occurrence of nuclear interactions in argon at 10 600-ft 
elevation calculated from the observed data listed in 
Table I are plotted in Fig. 10 as a function of the total 
absorber thickness (roof plus added brass) separating 
the N radiation from the contained gas. Also plotted 
in Fig. 10 are the observed rates subdivided into two 
groups, one including all interactions involving more 
than one charged particle and the other all interactions 
involving only one charged particle. If an exponential 
variation is assumed, extrapolation of the latter two 
curves to zero roof thickness gives the result that the 
true rates of occurrence of nuclear interactions in- 
volving only one or more than one charged particle are 
1.34+0.20 and 1.06+0.06 times greater, respectively, 
than the rates observed under the normal }-inch 
brass roof. 
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Fic. 10. Dependence of the rate of occurrence of nuclear inter- 
actions in argon at 10 600-ft elevation on the amount of absorber 
between the atmosphere and the interior of the cloud chamber: 
A, all interactions; B, interactions involving more than one 
charged particle; C, interactions involving only one charged 
particle. 





COSMIC-RAY NUCLEAR 


IX. EFFICIENCY OF THE IONIZATION CHAMBER 


By means of the projection system already described, 
the geometric location of the point of origin of each 
nuclear interaction occurring in the gas was determined. 
The coordinates measured were the distances of each 
point of origin from (i) the vertical plane containing 
the five end points of the ionization chamber anodes 
nearest the camera (see Fig. 1) and from (ii) the central 
anode wire of the ionization chamber within which the 
interaction originated. 

The length of each ionization chamber was divided 
into ten equal intervals, and the numbers of origin 
coordinates, defined by (i) above, falling in each interval 
were counted. The full-line histogram in Fig. 11 is the 
distribution of the interaction origins among these 
intervals for all of the observed interactions occurring 
in the monatomic gases argon, neon, and helium at 
sea level and high altitude combined. This included the 
2344 interactions listed in Table I plus 83 others that 
occurred during runs for which the sensitive time was 
not measured. A total of 806 interactions occurs in the 
front half of the ionization chamber assembly while 
1621 occur in the rear half. The front half of the ioniza- 
tion chamber is therefore 806/1621=0.50+0.02 as 
efficient as the rear. A similar plot for the nuclear inter- 
actions occurring in nitrogen (broken-line histogram of 
Fig. 11) gives the result that the front half of the 
ionization chamber is 0.39+-0.04 as efficient as the rear 
half when filled with this gas. 

The volume of each ionization chamber was divided 
into 10 radial intervals coaxial with the anode wire. 
The radii of the cylinders defining the intervals were so 
chosen as to make the volumes of the intervals equal. 
The number of radial coordinates, defined by (ii) above, 
falling in each interval were counted for the nuclear 
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Fic. 11. The distribution of the points of origin of the nuclear 
interactions along the length of the ionization chamber assembly. 
Ordinates are numbers of interactions occurring per tenth of the 
chamber length. A, for interactions occurring in helium, neon, 
and argon at sea level and 10 600 ft combined; B, for interactions 
occurring in nitrogen at 10 600-ft elevation. 
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Fic, 12. Distribution of the distances of the points of origin of 
the nuclear interactions from the central wire of the ionization 
chamber in which they occurred. The radial intervals along the 
horizontal axis correspond to equal volume intervals in the ioniza- 
tion chamber. A, for interactions occurring in helium, neon, and 
argon at sea level and 10600 ft combined; B, for interactions 
occurring in nitrogen at 10 600-ft elevation. R is the geometric 
radius of an ionization chamber. The ordinates are numbers of 
interactions per radial interval. 


interactions in argon, neon, and helium, occurring in 
the more sensitive region (0.5 to 1.0 of the geometric 
length) of each ionization chamber. The distribution of 
the points of origin in the radial intervals is given by 
the full-line histogram of Fig. 12 for all five ionization 
chambers combined. Out to 0.71 of the geometric 
radius, R, the distribution is nearly uniform as would 
be expected if the ionization chambers were highly 
efficient in this region. Beyond this radius the distribu- 
tion gradually drops to zero. An effective radius may be 
defined as 0.71R+r, where rf is the area under the 
histogram beyond 0.71R and f is the average frequency 
of occurrence of nuclear interactions per radial interval 
from zero to 0.71R. The efficiency of the rear part of 
the ionization chamber, defined as the detected fraction 
of the nuclear interactions occurring within its geo- 
metric boundaries, is [ (0.71R+r)/R}. From Fig. 12 a 
value of [ (47.1+0.5)/53 ?=0.79+0.02 is obtained. The 
efficiency of the complete ionization chamber assembly 
is thus 0.79(0.50+1)/2=0.59+0.014 when filled with 
a monatomic gas. 

The broken-line histogram of Fig. 12 is the radial 
distribution of points of origin of the nuclear inter- 
actions in nitrogen. Calculations similar to those above 
give 33.0+0.6 mm as the effective radius and 0.27+0.01 
as the over-all efficiency of the ionization chamber when 
filled with this gas. The lower efficiency is caused by 
the higher percentage of electron capturing impurities 
in the nitrogen used. 


X. NATURAL RATE OF OCCURRENCE OF 
COSMIC-RAY NUCLEAR INTERACTIONS 


The observed rates of occurrence of nuclear inter- 
actions in the four gases at 10 600-ft elevation calcu- 
lated from the data of Table I for which there was no 
absorber above the cloud chamber are given in the first 
row of Table III. The rates have been multiplied by 
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Taste III. The natural rates of occurrence of cosmic-ray 
nuclear interactions at 10 600-ft elevation in A, Ne, N, and He. 
In the second row are given the rates after correcting for the 
inefficiency of the ionization chamber, and, in the third row after 
further correcting for absorption of the N component in the cloud 
chamber roof. 








Argon Neon Nitrogen Helium 
Interactions per gram 
atom per hour: 

Observed 
Corrected for 
inefficiency 
Corrected for roof 
absorption 





4.75 40.14 4.1+40.5 1.34 +0,06 0.60 +0.06 


8.0 +0.3 7.0 40.9 5.0 +0.3 1,02 +0.10 


8.9 +0.6 74A+10 5.5 +0.5 1.4 40.5 





appropriate factors so that they apply to the same 
number of atoms (one gram atom) of each gas. In this 
calculation the rates are assumed to be proportional to 
the quotient of the absolute pressure and temperature. 
The geometric volume of the ionization chamber 
assembly used is 9.1+-0.2 liters. In the second row the 
rates have been corrected for the inefficiency of the 
ionization chamber (see Sec. 9). In the third row a 
further correction has been applied for losses in the 
cloud chamber roof (see Sec. 8). In this last correction 
the fractions of the interactions involving one and more 
than one charged particle (see Table II) have been 
increased by factors of 1.34+0.20 and 1.06+-0.06, re- 
spectively. 

The corrected rates of occurrence of nuclear inter- 
actions are plotted in Fig. 8 as a function of the two- 
thirds power of the mass number, A. The correction for 
losses in the cloud chamber roof is questionable because 
it was investigated only for the one gas, argon, it in- 
volves a considerable extrapolation, and it neglects the 
existence of any transition effect in the roof. The rates 
have been plotted both with and without this correction. 
Irrespective of its application, however, the general 
conclusion is that the rate of occurrence of cosmic-ray 
nuclear interactions shows no great departure from 
being proportional to A‘. The relative cross sections 
that the atoms present for nuclear interaction to the 
cosmic-ray V component are therefore nearly the same 
as their relative geometric nuclear cross sections. 

For an incoming integrated flux of N radiation of 
6.0X10~* particle cm~ sec~!, the expected rate of 
occurrence of nuclear interactions per gram atom of an 
element would be that given by the straight line in 
Fig. 13 if the cross section for interaction were truly 
geometric. This flux is somewhat higher than estimates 
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of the N-component flux that can be made from 
measurements of the number of stars cm™* day 
occurring in nuclear emulsions.*:? The higher value is 
to be expected since the interactions involving one and 
two charged particles that are omitted in emulsion 
studies are counted in the present work. The true flux 
may be still higher than the above value since inter- 
actions in which less than 8 Mev of the energy released 
to charged particles is dissipated within the ionization 
chamber are not counted. This omitted group would be 
made up partly of interactions of some of the low- 
energy neutrons and protons and partly of interactions 
of high-energy neutrons and protons in which only 
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Fic. 13. The rate of occurrence of cosmic-ray nuclear inter- 
actions at 10 600 ft per gram atom of an element as a function of 
the two-thirds power of the mass number of the element. The 
straight line is the rate expected for a total flux of N radiation of 
6.0 10-* cm™ sec™ if the cross section for interaction is geometric. 





lightly ionizing or neutral secondary particles were 
produced. 

The author wishes to thank Professor W. M. Nielson 
for his interest in this work. Much of the work of 
analyzing the photographs was done by Mrs. Jane 
Brown. 

6 Bernardini, Cortini, and Manfredini, Phys. Rev. 79, 952 


(1950). 
7J. J. Lord, Phys. Rev. 81, 901 (1951). 
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A method is described in which cosmic-ray induced disintegration of nuclei of several elements are studied 
with metal foils sandwiched between nuclear emulsions placed face-to-face and exposed at balloon altitudes. 
The range distributions of low-energy particles are obtained from tracks ending in the emulsion. Calculation 
of the probabilities of detecting star particles permits conversion of the observed star size distributions to 
the real size distributions, whose variation with atomic number is presented. The variation, with atomic 
weight, of the cross-sections for the production of stars of various sizes is analyzed. The number of tracks 
per star corresponding to protons in the energy range 25-100 Mev is obtained and found to vary approxi- 


mately as the nuclear radius. 





I. INTRODUCTION 


HE interaction of a high-energy particle with a 
nucleus appears to be characterized by three 
major processes: (1) high-energy inelastic processes 
in which new particles are created (e.g., #-meson 
production in the collision of an incident nucleon with 
one or more nucleons in the target nucleus); (2) a 
“‘knock-on”’ process or “nuclear cascade”’ in which par- 
ticles of moderate energy are ejected ; (3) a final process 
in which any particles, associated with these interac- 
tions, whose energies have degraded until they cannot 
escape from the nucleus, contribute to the excitation of 
the whole nucleus and its “evaporation” of low-energy 
particles. Insight into the operation of all three types 
of interaction may be expected from investigation of 
how various characteristics of nuclear disintegrations 
depend on the atomic number of the target nucleus. 
Because photographic emulsions include a variety of 
elements, it is often impossible to ascribe with certainty 
to the disintegration of the nucleus of a particular 
element an individual event observed in an ordinary 
emulsion ;! knowledge of how star characteristics vary 
with the atomic number of the nucleus is thus also of 
importance in interpreting existing data on stars in 
emulsions, as well as in understanding the nuclear 
interaction processes themselves. This paper will: (a) 
describe an experiment designed to study disintegrations 
in various elements; (b) present data on size distri- 
butions and cross-sections; and (c) analyze the data on 
particles ejected at moderate energies and their relation 
to the second or “knock-on” process mentioned above. 
Data relevant to the other two types of interaction will 
be presented at a later date. 

* This work has been aided by a Cottrell Grant from the Re- 
search Corporation. 

1 The principal exceptions are: (a) there exist stars of more than 
seven heavy prongs which can be attributed to Ag or Br; (b) there 
exist stars of less than six heavy prongs plus a minimum-ionizati on 
shower, which have been attributed by some authors to the group of 
lighter elements [see L. S. Osborne, Phys. Rev. 81, 238 (1951) ]; 
(c) an attempt has been made to differentiate certain stars from 
the capture of negative x mesons on the basis of the presence of 
Auger electrons or of a particles of energy less than the potential 
barrier for bromine [see Menon, Muirhead, and Rochat, Phil. 
Mag. 41, 583 (1950) ]; (d) Harding [Phil. Mag. 40, 530 (1949) ] 
has shown that stars with recoil fragments are mostly due the 
disintegration of Ag or Br. 


The comparison of stars in ordinary emulsions with 
those occurring in emulsions “loaded” with transparent 
salts does not allow an unambiguous interpretation of 
each observed event and requires exceptionally good 
statistics if the differences are to be reliable. Harding* 
attempted to avoid this difficulty by studying stars 
produced in alternated layers of pure gelatin and 
standard emulsion; this method is valuable but can be 
used to study stars produced only in a certain group of 
light elements. In our initial attempt to introduce small 
but visible particles of metal within the emulsion, we 
found that quantities in excess of about 2 percent by 
volume interfere with the scanning of the plates. In the 
method finally adopted after having overcome a 
number of practical difficulties, thin foils of various 
metals were “sandwiched” between pairs of plates 
placed face-to-face; the procedure has been briefly 
described and preliminary results communicated.’ More 
recently Hodgson‘ has reported analysis of stars from 
the disintegration of nuclei of a lead plate in contact 
with a single photographic emulsion. Some results of an 
experiment using the “sandwich” method have also 
been reported by Setti and Merlin.® 


Il. EXPERIMENTAL PROCEDURE 
1. Preparation and Exposure 


Six metal foils with thicknesses as follows were used 
in this investigation: Au (Siz); Pt (254); Sn (36u); 
Cu (43u); Ni (234); and Al (Sly). Ilford G5 200p 
emulsions, 2 in.X4 in., were employed. Although more 
accurate energy measurements at low energies and 
better discrimination between alpha particles and 
protons could have been obtained with less sensitive 
emulsions, such as C2, it seemed desirable to use 
“minimum ionization”’ plates in order to record the star 
particles of higher energy. It was found in preliminary 
experiments that, even under the maximum pressure 
which could be applied safely without breaking the 
glass backing of the plates, the foils would not lie flat 


2 J. B. Harding, Nature 163, 440 (1949). 

47. Barbour and L. Greene, Phys. Rev. 79, 406 (1950); I. 
Barbour, Phys. Rev. 82, 280 (1951). 

4 P. E. Hodgson, Phil. Mag. 42, 92 (1951). 

®*R. Setti and M. Merlin, Nuovo cimento 8, 504 (1951). 
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( sramereenarion OF METAL NUCLEUS 


Fic, 1, Cross-sectional diagram of emulsion “sandwich” showing 
how tracks from the disintegration of a metal nucleus are recorded 
in the emulsion on either side of the foil. A “through” track is also 
depicted for comparison 


enough to insure good contact; for if the two emulsion 
surfaces are more than about 100u apart during ex- 
posure, the particles from disintegrations in the foil 
may have diverged so much before striking the emulsion 
that a substantial fraction will be located in the emul- 
sion outside the microscope field-of-view and will be 
missed during scanning of the plates. It was found 
desirable therefore to give each foil a preliminary treat- 
ment by heating to its annealing temperature in a 
furnace to render it malleable and then subjecting it 
to a pressure of ~1 ton/in.? between two very flat 
steel surfaces. The foils thus flattened were placed 
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between 10u sheets of cellophane to prevent interaction 
of the metal atoms with those of the emulsion, and 
included between pairs of photographic plates as 
indicated in Fig. 1. 

Each such “sandwich” was then placed between two 
j’s-inch aluminum plates which, when fitted into a yoke 
containing setscrews, could be clamped together to 
insure good contact and prevent the plates from 
slipping during exposure. The corners of one of the 
aluminum plates as well as those of the foil had been 
cut off to allow a system of registration dots to be 
imprinted on each pair of emulsions in order to facilitate 
realignment after development; these registration 
marks were imprinted® by interposing a 33-inch Pb 
plate drilled with 1004 holes between the sandwich 
and a distant x-ray source. 

A small gondola containing these plate assemblies 
was attached to a ‘“‘Skyhook’’ balloon load-line 40 feet 
from any other apparatus, and was flown’ at 55° N 
geomagnetic latitude for six hours at 93 000 feet. After 
removal of the foils, the plates were developed by the 
familiar ‘‘two-temperature’’ method. Each pair of 
“matching” plates was then in turn placed emulsion- 
to-emulsion on the microscope stage for re-alignment. 





Fic, 2, Microprojection tracing of 24 tracks from the disintegration of a gold nucleus. Tracks marked ‘‘7” were found in the top 
plate, others in the bottom plate, Arrows indicate tracks continuing in the emulsion beyond the limits of the tracing. Several matching 


“through” tracks not associated with the star are also present. 


* I. Barbour, Phys. Rev. 78, 518 (1950). 


? Arranged through the kindness of the U. S. Office of Naval Research and General Mills, Inc. 





EMULSION STUDIES OF COSMIC-RAY STARS 


The x-ray dots allowed approximate reconstruction of 
the original relative orientation of the two plates; exact 
realignment was achieved by painstakingly touching 
the top plate at appropriate points with a micrometer- 
screw adjustment until the “matching” segments of 
high-energy ‘“‘through’’ tracks in all portions of the 
plates were aligned to within a few microns (except 
where distorted at the plate edges). Weights were then 
placed on the top plate to hold the two emulsions in 
close contact and in this position each pair of plates was 
cemented together for scanning. 


2. Scanning 


The two juxtaposed emulsion layers of each pair of 
plates were scanned at a magnification of 200X. A 
typical foil star and “through” tracks are shown in 
Fig. 2. Scanning for tracks from the disintegration of 
foil nuclei is accomplished in two ways simultaneously : 
(a) positively, the scanner looks in the double emulsion 
for groups of three or more tracks which appear to 
diverge from a common center between the emulsion 
surfaces, and (b) negatively, he can, for each and every 
track observed in the emulsion, look for a continuation 
in the “matching” plate which would eliminate that 
track from consideration as a possible member of a foil 
star. (An occasional cosmic-ray particle stopping in the 
foil will, of course, leave a track in one emulsion only, 
but the scanner will at least have been alerted to look 
for a possible foil star.) The use of two emulsions thus 
appears to have several advantages over foil experi- 
ments using only one plate: (1) there is twice the prob- 
ability of detecting a particle from a foil star; (2) fewer 
foil stars will be missed since every single track ob- 
served can be examined and the majority rejected as 
“through” tracks by method (b) above; (3) cases of 
the random crossing of 2 or 3 “through” tracks, which 
on one plate might erroneously be interpreted as due 
to a foil star, can be eliminated; (4) the probability of 
missing a particle from an observed foil star is, as shown 
below, almost independent of the point within the foil 
at which the star occurs, since the increased detection- 
probability for tracks in the plate nearer the disin- 
tegrating nucleus is compensated for by the decreased 
detection-probability in the further plate. 

After the plates had been scanned, each event of 
interest was examined under 450 magnification (using 
a 30X objective of large working distance to observe 
through the glass backing of the top plate), and an 
approximate scale drawing was made of each foil star 
and all the tracks in its neighborhood, by use of an eye- 
piece protractor. Finally each pair of plates was sepa- 
rated and both halves of every foil star were examined 
under oil, to search for tracks which might have been 
missed at lower magnification and to obtain for each 
track data such as grain density, horizontal and vertical 
projection of track length, and distance from the point 
of entering the emulsion to the star “center.” 
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Fic. 3. Observed star-size distributions: relative number of 
stars observed, per target nucleus, with m or more observed prongs 
(excluding min ionization tracks) per star, plotted against m for 
various foils. 


Ill. FOIL STAR DATA AND DETECTION PROBABILITIES 
1. Observed Size Distributions 


The uncorrected integral star-size distributions ob- 
served are shown in Fig. 3, where for each foil the 
number of stars observed with m or more observed 
prongs per target nucleus is plotted logarithmica!ly 
against m. Throughout this analysis, “minimum ioniza- 
tion” tracks of grain density <1.5 times minimum have 
not been included in describing star size. Typical 
statistical probable errors are indicated in the graph, 
as well as limits for the best straight-line fit from which 
were found constants of a distribution of the form 
M (m) = Me™”. (The low experimental values for stars 
of m<5 can be attributed to inefficiency in detecting 
small stars; although this error due to missing small 
stars has been estimated by having a second observer 
rescan sample areas with very great care, the data 
must be considered less reliable with respect to small 
stars than large ones. This error of completely missing 
stars should not be confused with failure to detect addi- 
tional particles produced in observed stars, an effect 
for which correction can be made rather rigorously, as 
discussed in the ensuing paragraphs.) 


2. Observed and Real Range Distributions 


For each particle observed to stop in the emulsion, 
an equivalent total range R in emulsion was calculated 
from the relative stopping power of foil, cellophane, and 
emulsion, using the various angle and distance data on 
each track. The real production spectrum was obtained 
from the observed number of prongs of equivalent 
range R by dividing by S(R), the probability that a prong 
of equivalent range R will be detected asa track stopping 
in the emulsion, calculated for each foil as follows. 
Consider for the moment one emulsion, and assume that 
these stopping particles are emitted isotropically. Let f 
be the distance of the star center from the emulsion 
surface, @ the original dip angle of a track measured 
from the line through the star center perpendicular to 
the emulsion surface, and r= f tan@ the distance along 
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the emulsion surface from the foot of that perpendicular 
to the point where the particle enters the emulsion. 
Now a particle with a given equivalent range R will in 
general pass through the emulsion only if its angle @ is 
less than some minimum value O0min(R,f,Z); on the 
other hand, it will stop in the foil or cellophane and 
never enter the emulsion if @ exceeds a value Omax(R, f,Z). 
Only particles for which @min<@<@max will stop in the 
emulsion. (These limiting angles are readily calculable 
for each foil from geometrical considerations, if the rela- 
tive stopping powers* involved are given and the original 
emulsion thickness is assumed to be 200u.) The prob- 
ability of detecting a particle of equivalent range R as 
a track stopping in the emulsion is then given by 


6max 
S(R)= f D(/f tand)-} sinddé, (1) 


where D(/ tan) is the scanning efficiency or probability 
of actually observing a track which enters the emulsion 
at a distance r= tan@ from the foot of the perpen- 
dicular through the star center. 

The scanning efficiency D(r) depends on the mag- 
nification and care used in examining the region in 
which the star is located. To obtain an analytic expres- 
sion for the above integral, we have assumed D(r)=1 
for r<100u, thereafter dropping uniformly to zero at 
r=250u, which is about the greatest distance at which 
a particle is likely to be detected at our magnification.’ 
Such an assumption for D(r) is consistent with the 
experimental data. Figure 4, for instance, shows for a 


curve * % of total tracks (per 20y) calculated 
for Pt foil (t-25y, $*58p) assuming 
isotropy 
_.. exptl. points based on 328 observed Pt - tracks 











100 


Fic. 4. Number of tracks from Pt-stars observed to enter emul 
sion at a distance r from the star “center,” per 20u interval of r. 
(r is measured along the emulsion surface from the point at which 
a track enters the emulsion to the line perpendicular to the emul- 
sion surface through the star center.) The theoretical curve 
(assuming 100 percent scanning efficiency) allows for tracks 
stopping in the foil (see text). 

*H. Yagoda, Radioactive Measurements with Nuclear Emulsions 
(John Wiley and Sons, Inc., New York, 1949). 

* Although the radius of the field of view in scanning was 250y, 
a grealer region around each star was examined by placing the 
star center successively at various points on the periphery of the 
field-of-view. On the other hand, the region which can Z examined 
effectively under oil is considerably smaller. There is also evidence 
(see Fig. 4) that some steep tracks, mostly of low grain density, 
are missed, The assumed scanning efficiency function D(r) repre- 
sents a reasonable compromise of these factors. 
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sampling from Pt, the curve of the theoretical dis- 
tribution-in-r (the number of tracks which would be 
expected to enter the emulsion at a distance r from the 
perpendicular through the star center, calculated on 
the basis of isotropy and averaged over the various f 
values or depths in the foil, with allowance for particles 
stopped in the foil as found below) ; experimental points 
are plotted for the number of tracks actually observed 
in various intervals of r. The decrease in experimental 
values as compared with the theoretical curve for 
r>100u is consistent with the assumed scanning 
efficiency function, D(r). 

The average probability S(R) of detecting a particle 
of equivalent range R as a track stopping in the emul- 
sion can thus be obtained for each foil by evaluating the 
expression in Eq. (1) and then integrating numerically 
over f, the various depths in the foil at which the star 
could occur, for both plates. Taking the observed 
number of prongs of equivalent range R and dividing 
by the probability function S(R), one can now obtain 
the real range distribution »(R), as given in Fig. 5 for 
several foils. Stopped particles from a sampling of 
emulsion stars of 8 or more prongs are the basis for the 
spectrum of “Ag+Br’ (weighted again by an appro- 
priate probability function which for tracks both 
beginning and ending in the emulsion is readily calcu- 
lated from geometric considerations). The preponder- 
ance of short prongs in the lighter elements is attribu- 
table to their lower barrier. 


3. Total Detection Probabilities 


The total probability P(R) of detecting a particle of 
equivalent range R (i.e., observing it as a particle 
stopping in the emulsion or passing through it) is 
calculated in an analgous way for each foil, with the 
lower limit in Eq. (1) replaced by zero since here par- 
ticles passing through the emulsion are to be included. 
The resulting total probability for two plates is almost 
independent of f, the distance of the star center from 
one emulsion surface. [ Because the increased probability 
of detection in the plate nearer the star center is almost 
exactly compensated for by the decreased probability 
in the opposite emulsion, the same P(R) values can be 
used for all stars in a given foil, simplifying the calcu- 
lations greatly. |] Now for each foil P(R) is found to be 
constant (to within 2 percent) above R&250y [essen- 
tially because the integral in Eq. (1) is insensitive to 
Omax(R,f) once the scanning efficiency D(f tan@) has 
dropped to zero; in other words, particles of long range 
are lost by stoppage in the foil only at angles where 
they would in any case have escaped detection beyond 
the limits of the field-of-view ]. This limiting value of 
P(R), which we may call P,, the probability of detec- 
ting an energetic particle, is determined largely by the 
average solid angle which the fields-of-view of the two 
emulsion surfaces subtend from the star center and to 
a lesser extent by the loss of scanning efficiency D(r) 





EMULSION 


near the edges of the field of view; P. has values of 
0.7 to 0.8 for the various foil thicknesses used. At the 
other extreme, P(R) of course approaches zero as R-0, 
due to losses in the foil. 

The total detection probability P for all particles is 


p= f P(R)»(RAR / f v(R)dR, (2) 


where, as before, v(R) is the real range distribution. 
This can most conveniently be expressed in the form 
P=P,/(1+C/L), where L is the total number of ob- 
served tracks and C, the number of additional particles 
missed because of stoppage in the foil at angles where 
they might otherwise have been detected, is given by 


c= f v(R)LP..— P(R) dR. (3) 


Only the portion of the range distribution below 250y 
is needed here, as above that value P(R)=P,; the 
correction C/L amounts to 3 to 5 percent in the various 
foils. [Actually the ~/p ratio" and the fraction of par- 
ticles observed to stop in the emulsion do vary some- 
what with star size, so that a separate range distribution 
v(R) and correction C should be worked out for groups 
of stars of different sizes in each foil; we are justified, 
however, in using an average value of P for stars of all 
sizes since C is in any case a small correction to Pz. | 


IV. CONVERSION FROM OBSERVED TO REAL 
SIZE DISTRIBUTIONS 


Having obtained for exch foil the over-all detection 
probability P, the observed size distribution M(m) can 
be used to calculate the reali size distribution, N (n) 
(the original distribution as produced at the nucleus), 
where m and n are the number of observed and real 
prongs respectively. Assume that the real integral dis- 
tribution of stars of m or more prongs is given by 
N=Noe~*", giving a real differential distribution NV’ (mn) 
= tN oe~*" stars of m prongs. If the probability of ob- 
serving an individual track is P, then the probability" 
that an m prong star will be observed as an m prong 


star is given by 
! 


p(n,m) = —————P™(1— P)-™., (4) 
m!(n—m)! 


Now the total number of m-prong stars to be expected 
will be M’(m)=>, p(n,m)N’(n). Substituting the 
values of p(n,m) and N’(n) above, the resulting sum 
may be evaluated analytically if summed over values 
of n from m to infinity [a procedure which is justified, 
despite the obvious upper limit to n set by the size of 
the nucleus disintegrating, because p(n,m) is small for 
n>>m, and also V’(n) drops to a negligible value as m 


See also D. Perkins, Phil. Mag. 41, 138 (1950). 
1! See also reference 4 above. 
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Fic. 5. Range distributions »(R) of particles observed to stop in 
the emulsion for various foils. Number of particles of equivalent 
emulsion range R, per iaterval of 50u in R, corrected as indicated 
in the text for detection probability and for the portion of the 
trajectory of each particle in the foil. (To compare the number of 
particles per star, divide the ordinates by the factor A ; to compare 
number of particles per target nucleus, divide by B(X10™); to 
compare number of particles per real star track, divide by C.) 


approaches its actual upper limit]. When the sum is 
evaluated, the resulting observed differential distribu- 
tion M’(m) is found to be exponential, giving an expres- 
sion for the observed integral distribution to be expected 
of the form M(m)=Mye™, where the constants are 
functions of the original parameters £, No, and P. In 
practice, however, instead of calculating the observed dis- 
tribution to be expected from a given real distribution, 
one’s objective is just the reverse. The constants of the 
real integral distribution, in terms of those observed, are 
found to be: &=In[Pe’+(1—P)] and No= (Mo\/8) 
x[1-—(1—P)e-*]. For P>0.7, the former expression 
differs only slightly from the value =P which would 
hold if all m prong stars were to be observed as stars of 
exactly nP prongs, rather that the correct probability 
spread around this value given by Eq. (4) above. 


V. REAL SIZE DISTRIBUTIONS 


The value of the exponent & of the real size distribu- 
tion, calculated for each foil from the exponent A of the 
observed distribution (Fig. 3) and the detection prob- 
ability P (Sec. III-3 above) by the conversion formulas 
just developed (Sec. rv), is plotted” as a function of the 


® Probable errors shown represent the extreme slopes of dis- 
tributions drawn at the limits of statistical probable errors of 
individual points, as illustrated for Pt in Fig. 3. With respect to 
both foil star data and the emulsion star analysis discussed below, 
the values for lighter elements are more uncertain than those for 
heavier elements because estimation of the scanning inefficiency 
for 3-, 4-, or 5-prong stars results in a greater uncertainty for 
small nuclei. Failure to detect very small stars originating in 
either the foil or the emulsion would result in an under estimation 
of the value of & for elements of low atomic number. 
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atomic number in Fig. 6. We have also plotted points 
corresponding to the two groups of emulsion constitu- 
ents, calculated in the following manner. The distribu- 
tion for stars observed with centers in the emulsion is 
shown in Fig. 7, and exhibits the characteristic break 
at about n=7. Now this change of slope in the dis- 
tributions of emulsion stars has previously been inter- 
preted in three ways. Barton et as.” consider this effect 
as fortuitous. Bernadini ef aj." attribute the change of 
slope to the presence of the low-energy component in 
the incident cosmic-radiation. Page,'® and Birnbaum 
et al.'® attribute the effect to the presence of elements 
of low atomic number in the emulsion. The latter 
interpretation is favored by the essential linearity of 
our logarithmic plots for a single element, such as the 
Pt-foil data of Fig. 3; however, because of the low 
scanning efficiency for small stars, a small nonlinearity 
in the distribution from a single element cannot be 
ruled out. The results of the following analysis of the 
emulsion stars, which assumes the latter interpretation, 
are consistent with the foil star data [see Fig. 8]. 
The emulsion contains a group of heavy elements (Ag 
and Br) of average atomic weight 94, and a light group 
(chiefly C, N, O) of average atomic weight 14. If then 
t, and & are the slopes of the two portions of the curve 
in Fig. 7, and we assume that portion 2 and its extra- 
polation is contributed by the group of heavy elements, 
then the slope of the star distribution contributed by 
the group of light elements is calculated to be 
§, 2K (t;—&)(K—1), where K=e7f-, The values 
obtained in this way for the heavy and light emulsion 
groups, on the basis of our data, as well as those cal- 
culated by this same method from the emulsion star 
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Fic. 6. Exponent, £, of real star size distributions, plotted as a 
function of atomic number. Values obtained from the data of 
other observers by the method described in the text are shown for 
comparison. (References given as indicated, in footnotes.) 


Phys. Soc. (London) A64, 
Rev. 79, 952 


is 8 Barton, George, and Jason, Proc. 
175 (1951). 


4 Bernadini, Manfredini, Phys. 
(1950). 


168 N. Page, Proc. Phys. Soc. (London) A63, 250 (1950). 
16 Birnbaum, Shapiro, Stiller, and O'Dell, Phys. Rev. 86, 86 
(1952). 
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Fic. 7. Relative integral star-size distribution for stars with centers 
in the emulsion (number of emulsion stars of m or more prongs). 


data given by a number of other observers,'**’ are 
plotted in Fig. 6. 

Hodgson’s value‘ obtained with a Pb plate is also 
given in this graph. We have calculated very rough 
values shown in brackets from the data of Setti and 
Merlin.” Harding’s gelatin-layer data? yield £~0.9 for 
the C—N—O group; this value is higher than the 
other data, but is based on a small number of stars. 
Data obtained on cloud-chamber stars by Hones” using 
argon at sea level and by Brown” at mountain altitudes 
are the basis of other values plotted in Fig. 6. In general, 
the effect of the difference in the incident energy spec- 
trum at balloon and mountain altitudes is clearly re- 
flected in the graph.™ Results at cyclotron energies 
give even higher values for the slope of the star-size 
distributions. Bernadini’s data®* yields a value ~0.8 
for emulsion stars produced by 385-Mev protons; cloud 
chamber measurements by Béggild and Tenney” with 


17 E. leita and A, Jason, Proc, Phys. Soc. A62, 243 (1949). 

18 Brown, Camerini, Fowler, Heitler, King, and Powell, Phil. 
Mag. 40, 862 (1949), 

'’Camerini, Davies, Fowler, Franzinetti, Muirhead, Lock, 
Perkins, and Hekutieli, Phil. Mag. 42, 1241 (1951). 

” J. Lord, Phys. Rev. 81, 901 (1951). 

21 J. Hornbostel and E. O. Salant, quoted in reference 16. 

2 Reference 5. G5 emulsions at 4450 m. Their method of con- 
verting from observed to real distribution does not appear to us 
valid; we have instead used their observed data together with 
very rough estimates of their detection probabilities to obtain by 
the method of Sec. IV the three very approximate values plotted 
in brackets. 

% FE. Hones, Phys. Rev. 83, 1263 (1951) and private com- 
munication. Cloud chamber stars in argon at sea level; triggering 
was with built-in ionization chamber. 

* The points on the graph representing C2 data are invariably 
somewhat higher than those from G5 data under the same con- 
ditions. This may be attributed to the insensitivity of C2 emul- 
sions to the high energy particles occurring more frequently in 
large stars (see references 18 and 19), resulting in a steeper size- 
frequency distribution in C2. 

28H. Bradt and M. Kaplon, Phys. Rev. 78, 680 (1950). 

26M. Addario and S. Tamburino, Phys. Rev. 76, 983 (1949). 

27 F, Brown (private communication and Princeton University 
thesis). Cloud ion-chamber data at mountain altitude (700 g/cm’). 
Probable errors quoted are ~10 percent ; singly charged particles 
of ~2.5 minimum ionization were recorded. 

28 Bernadini, Booth, and Lindebaum, Phys. Rev. 80, 905 (1950). 

® J. Boggild and F. Tenney, Phys. Rev. 84, 1070 (1951). 
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Fic. 8. Number of stars (per target nucleus) with 4 of more real 
prongs, plotted against the atomic weight of the target. The 
derivation of the points representing the emulsion constitutents is 
explained in the text. 


190-Mev neutrons give values around 0.9 for krypton 
and oxygen, whereas for 90-Mev neutrons in alcohol 
and water vapor, Horning’s data® would give a value 
of about 1.2. 


VI. STAR-PRODUCTION CROSS SECTIONS 


From the values of No and &, calculated for the real 
star size distributions of each eiement, the star-pro- 
duction cross sections may be computed. The relative 
integral cross sections for all stars of four or more real 
prongs are shown in Fig. 8. (Probable errors include 
uncertainty in £, as well as statistical errors in number 
of stars observed.) Values for stars in the emulsion were 
obtained as follows. The ratio of the observed number 
of emulsion stars of n 23 to the number of stars of 
three or more prongs attributable to Ag and Br is found 
by extrapolation of curve 2, Fig. 7. Averaging our value 
of this ratio with that obtainable from the star popu- 
lations of other observers (see values quoted in reference 
16) gives an average of ~1.43+0.1 for this ratio. Using 
the chemical analysis of the emulsion as supplied by the 
manufacturer, the cross sections for stars of n 24 in 
the light and heavy emulsion groups can be calculated, 
and is plotted also in Fig. 8. If the observed exponential 
size distributions (e.g., straight-line curves in Fig. 3) 
are assumed to hold down to the smallest stars, the 
cross sections for stars of nm 21 as a function of atomic 
weight would fall on a line of somewhat less steep slope 
(~A}). This would involve a rather great extrapolation 
beyond the smallest stars observable in our foil experi- 
ments (m= 3 or n=4). Even for emulsion stars, scanning 
efficiency for n <3 is low, and most observers do not 
quote results for n=1 or 2 because of the ambiguity in 
interpreting such events.*! 

Although comparison with experiments of other 
observers where different energy spectra are involved 


%® W. Horning, Phys. Rev. 75, 378 (1949). 

31 C. Lees et al. [Lees, Morrison, Muirhead, Rosser, Phil. Mag. 
44, 304 (1953) ] have recently reported comparison of “diluted” 
and normal emulsions, bombarded with 120-Mev protons. Using 
“along the track” scanning, they find many more stars of 0, 1, 
and 2 outgoing particles attribtable to heavy than to light 
elements at these low energies. 
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may be of little value, it might be noted that Brown” 
finds for cloud ion chamber stars size distributions 
varying uniformly down to the smallest stars, and also 
finds for stars of m 22 a variation with atomic weight 
less rapid than A!. These cross sections should not in 
any case be interpreted as total interaction cross sec- 
tions, which would have to include “stars” of zero- 
prongs and other processes whereby the star-producing 
radiation is absorbed.” Other experimeters® have 
reported results consistent with a geometric cross section 
for the total absorption of the star-production radiation 
under lead, air, ice, etc. Experiments on the production 
of bursts in ionization chambers of various wall ma- 
terials and the study of stars produced in emulsions 
with gelatin layers? have also shown an approximately 
geometrical variation. Blau and Oliver*® have more 
recently exposed gelatin layers to 300-Mev neutrons 
and find evidence for some nuclear transparency. 


VII. THE GRAY-BLACK TRACKS 
1. Experimental Results 


In the preceding sections we have been considering 
all particles except shower particles (<1.5 min). We 
turn now to the analysis of a particular group of par- 
ticles, the “gray-black” tracks of density from 3 to 7 
times minimum ionization, corresponding to protons 
of energy from 25 to 100 Mev. Every foil star track 
(except those making an angle of more than 60° with 
the emulsion surface) was grain-counted, and those with 
corrected grain counts falling near the boundaries of 
the above interval were rechecked. Calibration was 
established by grain counts on very long mesons coming 
to rest in the emulsion. The average number of gray- 
black tracks per star (corrected for detection efficiency) 
is shown for various elements and star sizes in Table I. 
Here, as throughout, star size refers to the number of 
prongs with >1.5 min ionization. The data for Ag+Br 


TABLE I. Values for the average number of gray-black tracks 
per star, classified according to star size (vertical columns) and 
target material (horizontal lines). 





14-20 All 
20-30 stars 


2.0+40.2 
2.9 40,2 
(2.1 40.3) 
1.9+0.3 
2.0+0.3 
14404 
(1.2) 





10-13 
14-19 
3840.7 6.8+0.8 
4940.8 6,240.7 
3840.7 68+40.8 
6441.6 

5.741.7 7.143.2 


m (obs. prongs) 3-5 
n (real prongs) 3-4 5-7 





Emulsion 
> 


t 
Ag and Br 
Cu 1.9 
Ni 1.7 
1,2 
( 


1.2403 1.240. 
1.2+0 


2 
2 
Ps 
4 
5 


+0. 
£0, 
Al +0. 
c,N,O (1,2) 1,3) 
Average (1.2) 1.3 ’ 4.6 





% There is also low-energy secondary radiation present which 
will be effective in producing stars in the light elements but not 
in the heavier elements with higher Coulomb barriers. A low- 
energy neutron may produce a star of 3 or 4 particles in a light 
nucleus because of the low binding energy for alpha particles. 

% 1D. George, Nature 162, 333 (1948); J. Harding and J. Latti- 
more, Nature 163, 319 (1949); and reference 17 abéve. 

4H. Lewis, Phys. Rev. 78, 483 (1950). 

4 M. Blau and A. Oliver, Phys. Rev. 87, 182 (1952). 
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Fic. 9, Number of gray-black tracks per star, averaged over 


all stars of a given size in all the foils, as a function of star size. 
n is the number of real tracks with ionization >1.5 min. 


were obtained from large stars in the emulsion (top 
line) .*® 

It can be seen that the number of gray-black tracks 
per star increases with star size, indicating the increase 
in excitation energy accompanying the process which 
gives rise to more knock-ons, as discussed below. There 
is little variation with Z in the number of gray-black 
tracks per star for stars of a given size (vertical columns) ; 
the variation in the values averaged for all stars in a 
given element (last column) arises primarily from the 
varying distributions of the star population among the 
star size groups for various elements. The number of 
gray-black tracks per star of a given size (average for 
all elements weighted as inverse square of prob. errors, 
as shown in the bottom line of Table I) is plotted against 
star size in Fig. 9. Comparable values by Brown et al.!* 
for “grey” tracks are uniformly ~25 percent lower; 
however, their “grey” tracks refer to a slightly different 
energy interval (1.5 to 5 times min) and were obtained 
at mountain altitudes. The mountain data of Bernadini 
ef al.* for protons in the interval 80-300 Mev would 
give a curve about 50 percent lower. At cyclotron ener- 
gies (400 Mev), Bernadini, Booth, and Lindebaum*’ 
report an average of 0.35 tracks (per star) in their 
“sparse-black” group (3 to 6 times minimum, corre- 
sponding to 30-100 Mev protons) and a mean of 3.3 
prongs per star.** 


It was found that the ratio of the number of gray-black 
tracks per star for all stars to that for large stars only (m>6 or 
~n2>8) in Pt, Cu, and Ni was almost constant (~1.3). If we 
assume that this same ratio applies for Ag+Br, the number of 
gray-black prongs for all Ag+ Be stars can be estimated as shown 
in brackets in Table I. The calculation for the light emulsion 
elements is less reliable; the large Ag+ Br star data were first 
extrapolated to small Ag+ Br stars on the basis of the correspond- 
ing ratios in the foils, and the fraction of small stars attributable 
to the hight elements obtained from the cross sections (Fig. 8) 
and emulsion composition. This permitted an estimate to be 
made of the number of gray-black tracks per star attributable to 
C, N, and O. 

87 Bernadini, Booth, and Lindebnaum, Phys. Rev. 88, 1017 
(1952). 

* The resulting point would fall about 40 percent below our 
curve, and their energy interval is nearly the same as ours. How- 
ever, the situation differs in that the total available energy is 
constant, so that the more energy escapes in fast protons, the less 
there is available for evaporation prongs. 
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The number of black tracks (>7 times min) per 
gray-black track, averaged over the elements, is 3.4, 
2.7, 2.6, and 2.8, for stars of 5-7, 8-13, 14-19, and 20-30 
real prongs, respectively. It is thus seen that about 22 
black tracks are associated with every gray-black track, 
and that this number varies little with Z and shows 
only slight variation with star size. 

The average number of gray-black tracks per star 
averaged over all stars, regardless of size, from a given 
foil is plotted against the atomic weight in Fig. 10, and 
is seen to vary approximately as the nuclear radius. 
While here, as throughout this section, the absolute 
values are subject to considerable error, the relative 
values must be considered fairly reliable; since the same 
scanning and grain-counting techniques were used in 
all cases, errors due to failure to detect fast particles, or 
in calibrating grain-counts, tend to effect all foil 
values approximately equally. 


2. Theory and Discussion 


Since the gray-black group includes protons only of 
energies greater than 25 Mev it can contain relatively 
few evaporation particles. Although the separation is 
not clear-cut, especially for lighter nuclei (e.g., the 
Fermi energies ~20 Mev), it is clear that we are dealing 
primarily with particles ejected at energies higher than 
those for which evaporation theory can account. Our 
data also show that the gray-black group has a much 
greater anisotropy than the tracks of density corre- 
sponding to protons of E<25 Mev, which also indicates 
that their origin is not in an evaporation process. 

Since we are dealing in the cosmic radiation with 
particles whose de Broglie wavelength is less than that 
of the nuclei involved, a semiclassical approach to the 
theoretical consideration of the origin of these fast 
protons can be expected to be fairly satisfactory. In this 
approach, a high-energy nucleon is considered as inter- 
acting independently with a single nucleon in the 
nucleus with the same cross section as a free nucleon- 
nucleon interaction; each particle from such a collision 
can in turn collide with other nuclei, or escape from the 
nucleus. (When any nucleon has insufficient energy to 
escape, it is considered as contributing to the excitation 
of the whole nucleus and the subsequent “evaporation.’’) 
Goldberger” has calculated by the Monte Carlo method 
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Fic. 10. Average number of gray-black tracks per star (averaged 
over all stars regardless of size from a given foil) plotted against 
the atomic weight of the target. 


= M. Goldberger, Phys. Rev. 74, 1268 (1948). 
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the effect of the exclusion principle for the nucleon- 
nucleon collisions resulting when 90-Mev neutrons are 
incident on such a Fermi gas of nucleons and finds a 
reduction of the effective cross-section in the ratio of 1 
to (1—7Ep/5E;), where Ep is the Fermi energy and E; 
is the energy of the incident neutron. A similar calcu- 
lation was carried out at 400 Mev by Bernadini et al.” 

According to this model, the mean free path, X, of a 
proton in nuclear matter is given by the average proton- 
nucleon cross sections, namely,” 


1/A= 3F [Zapp t+ (A—Z)o pn |/4aR’, (5) 


where R is the nuclear radius and F the factor taking 
into account the effect of the exclusion principle. A 
similar expression holds for an incident neutron. As a 
first approximation, will not be a function of Z, 
provided we assume: (a) the density of nuclear matter 
is constant (as indicated in scattering experiments, such 
as those of DeJuren and Knable ;* (b) the effect which 
the small variation in the A/Z ratio has on the average 
nucleon-nucleon scattering cross section (averaged over 
protons and neutrons in the nucleus) can be neglected ; 
and (c) the variation of F with A can be neglected. The 
last assumption seems justified since the Fermi mo- 
mentum turns out to be independent of Z, except for a 
small shift due to the variation in the A/Z ratio; in 
any case, at these higher energies the exclusion prin- 
ciple, which operates chiefly in forbidding small 
momentum-transfers, plays a less significant role except 
in the final stages of any given internal nucleonic 
cascade. With these assumptions the mean-free-path 
in the nuclear matter of various elements is a function 
of energy only. 

On this basis one would anticipate that the number 
of fast protons ejected would increase with nuclear size 
faster than the nuclear radius, because of cascade action 
within the nucleus. However, for larger nuclei it is 
more difficult for a proton of moderate energy to escape. 
(Thus for 90-Mev incident neutrons Hadley and York® 
find for the production of protons of greater than 20 
Mev in C, Cu, and Pb cross sections of 0.41, 0.31, and 
0.24 times the respective inelastic cross sections. This 
decrease they interpret as due to the increased dif- 
ficulty for a proton to leave the larger nuclei.) For 
incident neutrons of average energy 300 Mev, Blau, 
Oliver, and Smith,® using stratified emulsions, find that 
the number of protons of greater than 60 Mev ejected 
per star in the light and heavy nuclei is approximately 
the same, indicating the smaller percentage of protons 
in the larger nuclei which can escape at these energies. 
At higher energies the effect of cascade action would be 
expected to predominate, as reflected in the variation 
of gray-black tracks in our experiment. 

See, e.g., Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 
oy pe and N. Knable, Phys. Rev. 77, 606 (1950). 

“J. Hadley and H. York, Phys. Rev. 80, 345 (1950). 

We are indebted to Dr. Blau for a prepublication copy of this 
forthcoming paper. 
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For a more detailed treatment, a Goldberger-type 
analysis of a group of cascades in nuclei of various sizes 
can be made. Since the mean free path in nuclear 
matter is, as shown above, in first approximation inde- 
pendent of the nuclear radius, the same diagrams can 
be used for several elements by redrawing the surface 
of the nucleus for smaller and smaller nuclei. This has 
been carried out on a 2-dimensional analysis (of the 
sort developed by Bernadini ef ai.*”) for a few inter- 
actions by Lindenbaum,“ but the small number of 
cases analyzed gives an inconclusive result. The assump- 
tions of the Goldberger model would in any case be 
very dubious for nuclei as small as A=14, since no 
allowance is made for the alpha-particle structure of the 
light elements or for the depletion of the nucleus during 
the cascade, which represents a significant change in the 
case of small nuclei. 


VIII. CONCLUSION 


The foil sandwich method described appears to be a 
valuable tool in studying nuclear disintegrations. Data 
have been presented on the variatior of star size dis- 
tributions and cross sections with the atomic number of 
the target nucleus. In addition, the particles of moderate 
energy attributed to a “knock-on” process were 
analyzed. The low-energy spectra, excitation energies, 
“temperatures,” and a/p ratios associated with the 
“evaporation” process, and their variation with atomic 
number, will be presented and compared with theory 
upon completion of analysis of low-sensitivity plates 
which permit more accurate grain counts at low 
energies and better differentiation between protons 
and alpha particles. At the other extreme of energy, the 
foil sandwich method appears to be of limited value in 
studying very high-energy processes such as meson 
production, because the detection efficiency for shower 
particles is low. (Minimum ionization tracks which pass 
steeply through the emulsion are difficult to detect, 
whereas those at glancing angles strike the emulsion far 
from the star center.) A series of foil experiments at 
cyclotron energies is to be undertaken; use of mono- 
energetic incident particles permits a more adequate 
comparison with the theory of the Z dependence of 
evaporation and knock-on processes than is possible 
with the variety of particles and energies present in the 
cosmic radiation. Bombardment with a neutron beam 
will also permit a much higher star density to be re- 
corded because of the relative absence of the spurious 
unrelated tracks which determine the maximum ex- 
posure allowable in the cosmic-ray sandwich experi- 
ments. 

The assistance of Mr. Lawrence Greene and Mr. 
Richard Wilson in analyzing the plates is gratefully 
acknowledged. The following students also participated 
in the project: H. Martinek, D. Orr, M. Meux, J. 
Bailey, M. Jones, and M. Reed. 


“S,. Lindenbaum (private communication). 
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One of the well-known consequences which would follow from the existence of an appreciable solar mag- 
netic dipole field is a diurnal variation in cosmic-ray intensity at intermediate latitudes on the earth. For 
the purpose of calculating the expected diurnal effect, it is first necessary to determine the extent to which 
the bounded orbits of the solar field are filled by the mechanism which has been discussed by Kane, Shanley, 
and Wheeler: namely, the scattering of cosmic-ray particles into bounded orbits as a result of magnetic 
deflection in the earth’s field. A calculation of this effect is carried out here along the lines indicated by 
Kane, Shanley, and Wheeler but with several modifications. A solar dipole moment of 6.5 10% gauss-cm!, 
which is implied by the latitude cutoff at the earth, is adopted for the calculations. The cosmic-ray intensity 
in the trapped orbits is found to be appreciably smaller than indicated in the earlier calculations. Corre- 
spondingly, it is expected that the diurnal effect at the earth will be larger than the currently accepted 
theoretical values. The apparent experimental absence of the effect, although not conclusive, casts doubt on 
the existence of a solar dipole field as large as 6.5 X 10* gauss-cm?. The present work also provides an estimate 
of the average time which a cosmic-ray particle would spend in the trapping region. The value 5000 years, 
previously given, is revised downward by an order of magnitude. 





I, INTRODUCTION 


IRECT measurements, based on the observation 

of Zeeman splitting of solar-spectrum lines, have 
lead to inconclusive results in the attempt to establish 
the existence and magnitude of a general solar magnetic 
field. The early work of Hale and co-workers! pointed 
to a general field of a dipole character with a value of 
-~~50 gauss at the pole. Although some of Hale’s ob- 
servers failed to detect any Zeeman splitting whatever, 
Cowling’ and Blackett® have argued in favor of Hale’s 
interpretation of his measurements in terms of a dipole 
field. Thiessen,‘ in 1945, also obtained evidence for a 
field of ~50 guss at the pole, but in more recent meas- 
urements he has failed to find any field as large as 5 
gauss.’ In a set of measurements made between 1940 
and 1947, Babcock® found fields between 6 and 60 
gauss in 18 cases, whereas the remaining 24 cases gave 
no measureable fields or slightly negative values for the 
polar field. Measurements carried out in recent years 
give an upper limit of at most several gauss for the 
magnetic field.’ 

Further, a theoretical difficulty connected with direct 
measurements has been pointed out by Alfvén.’ He 
argues that the presence of turbulent magnetic fields 
on the surface of the sun makes it impossible to reach 
any conclusions about a general solar field on the basis 
of Zeeman-effect measurements. 

An independent approach to the question of a pos- 

* Supported by the joint program of the U. S. Atomic Energy 
Commission and the U. S. Office of Naval Research. 

? Hale, Seares, Van Maanen, and Ellerman, Astrophys. J. 47, 
206 (1918). 

* T. G. Cowling, Monthly Notices Roy. Astron. Soc. 105, 166 
(1945). 

*P. M. S. Blackett, Phil. Mag. 40, 125 (1949). 

4G. Thiessen, Ann. astrophys. 9, 101 (1946). 

5G. Thiessen, Z. Astrophys. 26, 16 (1949). 

*H. D. Babcock, Publs. Astron. Soc. Pacific 60, 244 (1948). 

7H. Von Kluber, Monthly Notices Roy. Astron. Soc. 111, 2 
(1951); G. Thiessen, Nature 169, 147 (1952). 

*H. Alfvén, Nature 168, 1036 (1951). 


sible solar dipole field consists in studying the effects 
which such a field would have on the cosmic radiation. 
The most obvious effect would be to set a lower limit 
to the magnetic rigidity of particles which can arrive 
at the earth from infinity. The existence of a cutoff in 
the primary cosmic-ray spectrum at the earth—as 
deduced from the occurrence of a “knee” in the latitude 
effect at high altitudes—was first reported definitely 
by Cosyns? in 1936. Recent measurements have clearly 
established the location of the “knee” at 58°.!°" The 
corresponding cutoff rigidity in the cosmic-ray spectrum 
at the earth is 1.5 Bv; and if this is interpreted in terms 
of a solar dipole field, it leads to a dipole moment of 
6.5X 10* gauss-cm’. 

No other reasonable interpretation of the cutoff has 
been put forward. However, the most conclusive test 
of the solar dipole hypothesis will be given when it 
becomes possible to determine the cutoff rigidity sepa- 
rately for primary particles of different charge.” If it 
should prove to be that the cutoff rigidity is independent 
of charge, the case for a solar dipole field would be 
greatly strengthened. 

As a second consequence of a solar dipole field, one 
expects a diurnal effect in cosmic-ray intensity at the 
earth. Particles whose magnetic rigidity lies between 
the solar-imposed cutoff and value (1+2!)? times this 
limit can arrive in the vicinity of the earth only over a 
limited cone of directions. The further deflection of 
these particles in the short-scale field of the earth will 
give rise to a pattern of allowed directions at the earth 
which, however complicated, has a fixed relation to the 
earth-sun line. As the earth rotates on its axis, the 
cosmic-ray intensity will consequently vary at a fixed 
geographic location. If the intensity within the for- 
bidden cones were indeed zero, the resulting diurnal 


9M, G. E. Cosyns, Nature 137, 616 (1936). 
1 J, A. Van Allen and S. F. Singer, Nature 170, 62 (1952). 
1 Neher, Peterson, and Stern, Phys. Rev. 90, 655 (1953). 
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variation on the earth would be very substantial. How- 
ever, as was first pointed out by Alfvén,” particles 
which approach the earth from allowed directions may 
be scattered by deflection in the earth’s field into the 
“forbidden” cone. These particles will then find them- 
selves on bounded orbits in the field of the solar dipole 
and will be removed from the trapping region only by 
scattering at the earth into unbounded orbits which 
lead off to infinity or by collisions with bodies in the 
solar system. The cosmic-ray intensity in the trapping 
region is therefore determined by the competition be- 
tween absorption and net scattering. 

The details of this process have been very thoroughly 
discussed by Kane, Shanley, and Wheeler." They found 
that the intensity in the forbidden directions is appreci- 
able in comparison with that in the allowed directions. 
The diurnal effect at the earth was therefore expected 
to be small. It was calculated by Dwight" and more 
recently by Singer'® and by Dawton and Elliot.'® In 
all cases the calculations have been based on the results 
of KSW. 

The calculated magnitude of the diurnal effect (~2-3 
percent at 56° for a solar dipole moment of 6.5X 10" 
gauss-cm*) was not thought to be inconsistent with the 
apparent experimental absence of the effect.'*'* 

The purpose of the present work is to consider anew 
the question of the filling of trapped orbits by the 
mechanism discussed above. Some of the results ob- 
tained by KSW require modification. In the present 
calculations it is found that the intensities in the trapped 
orbits are smaller than was indicated by KSW. As a 
result, the diurnal effect at the earth is expected to be 
larger than the currently accepted theoretical values, 
although the discrepancy with experiment is still not 
entirely conclusive. A second change in the results of 
KSW has to do with the average time which particles 
spend in the trapping region. The figure 5000 years, 
given by KSW as representing a typical value of the 
lifetime, is revised downward by an order of magnitude 
in the present calculations. A knowledge of this lifetime 
is important in connection with certain neglections 
which are made in the calculations (e.g., neglect of 
collisions with interplanetary dust) and is of some 
interest in connection with certain theories on the 
origin of cosmic rays." 


II. DISCUSSION OF THE TRAPPING PROCESS 


In accordance with the model which we wish to 
consider, it is assumed that the dominant magnetic 


2 H. Alfvén, Phys. Rev. 72, 88 (1947). 

8 Kane, Shanley, and Wheeler, Revs. Modern Phys. 21, 51 
(1949). This paper will hereafter be referred to as KSW. 

“4K. Dwight, Phys. Rev. 78, 40 (1950). 

16S, F. Singer, Nature 170, 63 (1952). 

16 TD), I. Dawton and H. Elliot, J. Atmos. Terr. Phys. 3, 217 
(1953). 

17T. A. Bergstralh and C. A. Schroeder, Phys. Rev. 81, 244 
(1951). 

18M. A. Pomerantz and G. W. McClure, Phys. Rev. 86, 536 
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field within the solar system is due to a solar dipole 
whose moment is taken to be 6.5X 10" gauss-cm’. On 
a scale of solar-system distances the earth’s field is 
relatively important only over a small region of space. 
It is treated therefore as an essentially point-like center 
which scatters particles from one to another of the 
static trajectories in the field of the solar dipole; in 
particular, it will scatter particles from unbounded 
orbits into trapped orbits, and vice versa. At the same 
time, absorption of the trapped particles will occur in 
collisions with the sun, the earth, and other objects in 
the solar system. 

The possibility that planets other than the earth 
(e.g., Mars and Venus) have appreciable magnetic 
moments and thus contribute to the filling of trapped 
orbits cannot be ruled out. We nevertheless neglect this 
possibility. We likewise neglect several other effects 
which might conceivably contribute to the filling of 
trapped orbits, e.g., direct production of cosmic radia- 
tion in the vicinity of the sun, albedo radiation leaving 
the earth and other bodies in the solar system and going 
directly into trapped orbits, scattering in the magnetic 
fields carried by ionized beams of particles from the 
sun, ete. 

For a particle of charge e and momentum #, which 
moves in the field of the solar dipole M,, there exists an 
integral of motion y (Stoermer’s angular momentum 
parameter) given by 


— (r/R) cosy cosx+ (R/r) cos*\= — 2y, (1) 


where R is the so-called characteristic radius: 


R= (eM,/cp)'. (2) 


Here \ and r are, respectively, the latitude of the particle 
(relative to the magnetic equator) and its radial dis- 
tance from the dipole; x is the angle between the ve- 
locity vector and the “directrix,” a reference vector 
perpendicular to the meridian plane and pointing east 
(where we assume that the solar dipole points south). 
The quantity cp/e is called the magnetic rigidity. It 
will be assumed that the earth lies in the plane of the 
sun’s magnetic equator so that the coordinates at the 
earth are r=r,, A=0°. 

From Eq. (1), one finds that the “allowed” region 
in the meridian plane (“allowed” regions are char- 
acterized by the requirement |cos«| <1) splits up into 
two parts when y<—1, the outer part extending to 
infinity, the inner part being insulated from infinity by 
forbidden regions. This leads to the result that particles 
of characteristic radius R, which come from infinity, 
can arrive in the vicinity of the earth at angle x only if 


R/r.<1+ (14+ cos«)!. (3) 


Thus, a complete cutoff is imposed by the solar dipole 
when R/r,>1+2!, whereas all directions of arrival are 
allowed when R/r,<1. Stated another way, particles 
of characteristic radius R can arrive from infinity only 
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over the cone of angles between x=0 and x= #, where 
cosé= — 2(R/r.)+ (R/r,)*. (4) 


Over this range of directions, particles arrive with full 
intensity. For x>, on the other hand, the solar field 
imposes a cutoff at the earth, and the intensity would 
drop to zero except for the fact that trapped orbits 
(orbits which lie within the inner allowed region) are 
to some extent filled by scattering at the earth, i.e., a 
particle approaching the earth along an unbounded 
orbit may suffer a deflection Ax such that its new value 
of y is less than —1. In this case the particle finds itself 
in a trapped orbit, provided R/r,>1. Conversely, 
trapped particles approaching the earth may be scat- 
tered into unbounded orbits and go off to infinity. 

Trapped particles, whose rigidity and angular-mo- 
mentum parameter lie within specified intervals, will 
wander about in more or less complicated orbits and in 
the course of time approach indefinitely close to every 
point in space consistent with the conservation equation 
(1). From Liouville’s Theorem, it then follows that the 
intensity i, constant throughout this volume of space. 
In general, the intensity 7 at any point in the trapping 
region will depend on R and x but not on azimuth about 
the directrix. 

Consider the group of trapped particles whose char- 
acteristic radius and angular momentum parameter lie, 
respectively, in the specified intervals dR and dy. The 
number of such particles per unit volume of space is 
given by 


2x(I/v)d(cosx)dR=2x(I/v)(2R/r cosr)dydR, (5) 
where » is the particle velocity and where we have used 
the equation 

d(vosx) = (2R/r cosd)dy, (6) 
which follows from Eq. (1). The total number NV of 
trapped particles of the given class is now obtained by 


integrating this expression over the total volume of the 
trapping region. The result is 


N = 4x (1/v)R*dRdy (2)g (7), (7) 


g(y)= r+f rdrdx. 
bounded area 


The integral g represents the area in a meridian plane 
of the trapping region in units of R*. One finds for the 
area the expression 


where 


r/2 
gy) = -2-% f [ (y?+cos*A)! 


— (y*—cos*d)!]dd/cos*A. (8) 


This expression differs from the one given by KSW, 
and the resulting correction in their estimate of the 
mean lifetime of trapped particles turns out to be quite 
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TABLE I. Values of g(y)-area of trapping region 
in meridian plane, in units of R*. 








—-yY 0 


1 1.1 1.2 1.414 >»1 
g(y) 0.223 O 


06 0.0667 0.0313 4/357‘ 








large. The integral has been evaluated numerically for 
several values of 7; results are given in Table I. 


III. ABSORPTION CROSS SECTIONS 


Absorption of trapped particles, of specified R and 
7, will in general occur in collisions with the sun, the 
earth, and the moon, and also in collisions with Mars 
and Venus whenever the latter are accessible to par- 
ticles of the given class. For the bodies which are as- 
sumed to have no magnetic field, the absorption cross 
sections simply correspond to the geometrical cross 
sections. For example, when Mars is accessible to 
particles for which R and y lie in the specified intervals 
dR and dy, losses will occur at the rate 


(way’)2xId(cosx)dR= (ray")4nI(R/ry)dydR, (9) 


where ay; is the radius of Mars and ry is the radius of 
its orbit. Thus Mars, when it can absorb earth-accessible 
particles, has the same effect as a fictitious planet 
located in the earth’s orbit with a cross section 


(r./t.) way = 2.42X 10" cm. (10) 


In the same way, we define for Venus the effective 
cross section 


(r,/rv)may?=17.25X 10" cm’. (11) 
The cross section for the moon is simply 
40" Moon = 0.95 X 10? cm’. (12) 


The conditions under which Mars and Venus can be 
reached by earth-accessible particles are discussed by 
KSW. It turns out that Venus can bring its large cross 
section to bear only for a small fraction of the particles 
of interest to us here. 

As for the earth, it cannot absorb with its full geo- 
metrical cross section particles of rigidity less than 60 
Bev. Because of the earth’s own dipole field, the allowed 
cone of arrival at a given latitude on the earth’s surface 
fills a solid angle which depends on the rigidity and the 
latitude and which is in general less than 27. The ab- 
sorption cross section thus depends on the rigidity, and 
it can be represented by the expression 


(xa,’)F, (13) 


where F is an accessibility factor which has been com- 
puted by KSW. It rises from the value zero (for zero 
rigidity) to the value one (for rigidity=60 Bev). 

This brief discussion of the absorption by the planets 
has been given for the sake of completeness. As it turns 
out—and this represents an important correction in 
the results of KSW—the main absorber of trapped 
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particles is the sun. Its effective cross section depends 
on the magnetic rigidity, but it is always many times 
larger than the sum of the planetary cross sections. In 
subsequent calculations, therefore, we neglect the ab- 
sorption of trapped particles by the planets. 

The capture rate at the sun of particles for which y 
and R lie within the specified intervals dy and dR is 
given by 


f flux -direction cos -d(surface) = 2ra,2JdydR 
x f singdd f sinxd(casx)d(sind)/dy, (14) 
0 0 


where a, is the sun’s radius and ¢ is the azimuthal angle 
about the directrix (direction cos=sinx sing). For the 
case of interest, here, where a,<R and yS—1, one 
finds, from Eq. (1), 


d(sin\)/dy~a,/R. (15) 
The capture rate is therefore! 
4n(wa,?/2)(a,/R)IdydR. (16) 


The equivalent cross section ¢, of a fictitious absorber 
located on the earth’s orbit is obtained by equating the 
above expression with the expression 


2xa,1d(cosx)dR=2na,(2R/r,) 1 dydR. (17) 
This leads to the result 
o,= (wa,?/2)(a,/r-)(7-/R)? 
= 3.54 10" (r./R)? cm’. (18) 


IV. TIME OF CIRCULATION OF TRAPPED 
PARTICLES 


Particles are lost from the trapping region both by 
absorption (mainly at the sun) and by scattering (at 
the earth) into unbounded orbits. Any discussion of the 
average time which a particle spends in the trapping 
region must take into account both of these effects. 
Indeed, for any single case the lifetime inside the trap- 
ping region can only be found by a detailed computa- 
tion of the individual orbit. A simpler approach, which 
leads to an estimate of the average behavior for par- 
ticles of a given class (specified R and ), consists in 
the following. 

Suppose that the trapped orbits are filled to their 
equilibrium intensity and that the scattering into the 
trapping region suddenly ceases (i.e., assume that the 
intensity of particles approaching the earth from in- 
finity suddenly vanishes). A measure of the mean 


% An extra factor of one-half has been inserted into expression 
(16) in order to take into account, in an approximate manner, the 
effect of the sun’s shadow in reducing the opening of the allowed 
cone at the sun. This estimate is based on curves given in the 
following references: T. H. Johnson, Revs. Modern Phys. 10, 193 
(1938); R. A. Alpher, J. Geophys. Research 55, 437 (1950). See 
also Fig. 5 of reference 13. 
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Taste II. Absorption mean lifetime, in units of 100 years, 
for various values of the characteristic radius R and angle of 
inclination x at the earth’s orbit. 

















\R/r 
cosé\, 2.414 2.000 1.000 
1.0 47.2 tee 
0.0 13.6 22.2 eee 
—1.0 6.62 5.24 1.39 
lifetime T is then given by the expression 
= —N/(dN/dt), (19) 


where N is the number of particles of the given class 
in the trapping region [Eq. (7)] and —dN/dt is the 
rate of loss of these particles due to absorption and 
outscattering. 

Assume for the moment that scattering at the earth 
is negligible, so that losses occur only by absorption. 
The rate of loss is given by 


—dN/dt=2n0(2R/r.)IdydR, (20) 


where @ is the sum of the absorption cross sections. 
From Eqs. (7), (19), and (20) we then find for the 
lifetime due to absorption only 


T sve= 24 (r6/c)R°g(y)/o- (21) 


The absorption lifetime depends on the parameters R 
and y; i.e., it depends on the magnetic rigidity and the 
angle x which the particles make with respect to the 
directrix at the earth [x is uniquely specified by R and 
y accordinging to Eq. (1)]. Values of the absorption 
lifetime are given in Table II for several choices of x 
and R. 

When the effect of scattering is taken into account, 
the definition of lifetime according to Eq. (19) becomes 
ambiguous. In each passage near the earth, a given 
particle may be scattered into an unbounded orbit, or 
it may be scattered back into the trapping region. The 
out-scattering cross section depends on the parameters 
Rand vy. If a particle is scattered back into the trapping 
region, its value of will in general be changed, so that 
in each successive passage near the earth the proba- 
bility of outscattering is changed. Any attempt to 
follow the course of these successive scatterings would 
be equivalent to the prohibitive task of computing 
individual orbits. An additional difficulty is that the 
scattering cross section diverges for small angles of 
scatter. Thus, the out-scattering cross section diverges 
for those particles which require only a small deflection 
to go into unbounded orbits (these are the particles 
for which y~ —1). For such particles, the mean life- 
time, as defined by Eq. (19), becomes very small; but 
the quasi-ergodic hypothesis, and the treatment of the 
earth’s field as a point scattering center, are approxima- 
tions which are then no longer valid. 

Despite these difficulties, it is relatively easy to set a 
lower limit to the out-scattering cross section for par- 
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Fic. 1. Upper limit on lifetime in trapped orbits as a 
function of magnetic rigidity. 


ticles of given magnetic rigidity and thereby obtain an 
upper limit on the lifetime as defined by Eq. (19). 
According to KSW, the differential cross section for 
scattering through an angle @ can be approximated by 
the expression 


do ge/dQ= (4/32) (eM ./cp)[ (sin}0)*+ 2 } 
—(1/49)raZF, (22) 


where M, is the earth’s dipole moment and F is the 
accessibility factor defined in connection with Eq. (13). 
For the cases of interest to us, the second term is small 
compared to the first, and it will be neglected in subse- 
quent calculations. Suppose now that a trapped par- 
ticle approaches the earth at an angle x» with respect 
to the directrix and suppose that its direction of motion 
after the scattering is specified by the angles x and ¢, 
where @ is the azimuthal angle about the directrix, 
relative to the azimuth before scattering. The angle of 
scattering @ can be expressed in terms of xo, x, and ¢. 
The total out-scattering cross section is then given by 


Tno(Xo,R) = f (do. /dQ)dd sinxdx, (23) 


where the integration is carried out over all values of 
@ and over values of x between x=0 and x= #(R) [see 
Eq. (4) ]. This is the range of x for which particles of 
characteristic radius R are unbounded. 

Because of the term (sin}@)~* which appears in Eq. 
(22), it is clear that o,, takes on its minimum value 
when xo=. Our procedure for setting an upper limit 
on the lifetime consists then in the following. Equation 
(21) is modified by including o,. in addition to ¢ (ab- 
sorption) in the denominator. The scattering cross 
section depends on x» and R, or, alternatively, on y and 
R. Since in fact y varies in successive approaches to the 
earth, we obtain an upper limit on the lifetime, for any 
choice of R, by choosing that value of y which maxi- 
mizes 7, The term g(y) in Eq. (21) favors small values 
of |y|, whereas o,. favors large values (|y| has its 
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largest value when x)=, which, as we have seen, 
minimizes ¢,.). Since the evlauation of o,. is simple 
only in the special case x»>=, we obtain an upper limit 
on 7, which is larger than could be obtained by the 
maximization procedure, by simply assigning to g its 
maximum possible value 0.223 and to os. its minimum 
value (which corresponds to xo= 7). 
For the case xo=m we have 


sin}0=[ (1+cosx)/2}}. (24) 


From Eqs. (22) and (23)—neglecting the second term 
on the right-hand side of Eq. (22)—we then obtain the 
result 


Osc(Xo= ©; R)=40(r/32) (eM ./cp) 
X [2s/2(1-+cos#)-!— (1+cos#)], (25) 


where cosZ is related to R by Eq. (4). 

The upper limit on the lifetime is plotted as a func- 
tion of R/r, in Fig. 1. It is seen to depend fairly strongly 
on the magnetic rigidity, but in all cases the upper 
limit on T is smaller than the figure 5000 years given 
by KSW as representing the order of magnitude of the 
lifetime for a typical case. Indeed, taking into account 
the fact that the present calculations provide only an 
upper limit, it seems more reasonable to take the life- 
time for a typical case to be of the order of a few hun- 
dred years. Our neglect of losses due to collisions with 
interplanetary dust thus becomes even more easily 
justifiable than it was in the calculations of KSW. 


V. EQUILIBRIUM INTENSITIES OF TRAPPED 
PARTICLES 


Under equilibrium conditions, the intensities of 
trapped particles are determined by the competition 
between absorption and scattering. The appropriate 
mathematical technique for handling this problem has 
been given by KSW. In general, the intensity 7 depends 
on the magnetic rigidity and the angle of inclination x 
at the earth’s orbit, but it is independent of the azi- 
muthal angle about the earth’s directrix. When x<Z 
[see Eq. (4)], the intensity has the standard value J 
associated with particles of the given rigidity at great 
distances from the solar system. For inclinations be- 
tween £ and 7, on the other hand, the intensity has a 
lower value, which it is now our purpose to determine. 

Consider the particles of a given magnetic rigidity. 
When the losses from a fixed solid angle element dQ, 
at x=, balance the gains from all other solid angle 
elements dQ2, then the intensity /(x) at the earth’s 
orbit satisfies the integral equation 


facut (x2) (doge/dQ) 21 
2 


= I (x1 [e+ faa. (do,./dQ) +} (26) 


for x; between # and z. Insofar as we shall consider 
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absorption only by the sun, c=a, is independent of x, 
as can be seen from Eq. (18). The cross section for 
scattering from direction 2 to direction 1, (do,./dQ)2, 
is of course equal to the cross section for scattering in 
the reverse direction. 

The integral equation is transformed to a more con- 
venient form by expanding / into a series of Legendre 
polynomials : 


I (x)= CiPx(cosx). (27) 


From the law of addition of associated Legendre func- 
tions, KSW shows that the integral equation now re- 
duces to the equation 


E SiCiPi(cosx) +0 5 CrPr(cosx)=0 (28) 
for x>#. The scattering coefficient S;, is defined by 


Si= 2x f [1—Px(cos8) ](do,./dQ) sindd@. (29) 


0 


Neglecting the second term on the right-hand side of 
Eq. (22), we find for the scattering coefficients 


0, L=0 
| (29) 


(2L+1)(x?/4)(eM./cp), L>0. 
Equation (28) is of course supplemented by the equation 


Y CrP (cosx) =I (30) 
for x<Z. 
Consider now the quantity 


J=2>0 810 1?/(2L+ +o f I?(x) sinxdx. (31) 
2 


Suppose that / is given the variation 6/(x) for «>, 
whereas 6/(x)=0 for x<%. This will produce the 
variation 


éJ = of [> S.C.iP1(cosx)+ol (x) j6I (x) sinxdx. (32) 
z 
We have made use here of the equation 
6C = ja+1) f P,(cosx)6I (x) sinxdx. (33) 
f 


By virtue of Eq. (28), the expression in brackets in 
Eq. (32) vanishes for the true solution / (x), i.e., J takes 
on a Stationary value for the true solution. Thus, by 
representing /(x) as an empirical function with a cer- 
tain number of adjustable parameters and adjusting 
the parameters to give J a stationary value, we obtain 
the best approximation to the exact solution which is 
attainable with a function of the given form. 

An additional result which proves to be useful is the 
following. Multiplying through by /(x) in Eq. (28), 
integrating over x from # to 7, and making use of the 
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equation 
, 2 
2C1/(aL+1)= f IP, sinsds+ Io f P,sinxdx, (34) 
£ 0 


we find that 


ole f T sinxdx 


z 


=2>° SiCt/QL+1)+o f IP sinxdx. (35) 
2 


The right-hand side is just the quantity J, which takes 
on a stationary value. 
For the trial function we adopt the expression, used 


by KSW, 
1— Kx(y—9)’—-Ka(y—-9)*, y<@ 
I/TIo= (36) 
1, y>7, 


where 7=cosZ, y=cosx. The magnetic rigidity deter- 
mines the value of g, in accordance with Eq. (4). 
Solutions were obtained for the four cases: 7= 0.9, 0.5, 
0.0, —0.5. The requirement that J be stationary with 
respect to variations in Ky and K; leads to the best 
choice of these parameters for each case. For 7=0.9, 
the Legendre coefficients C,, higher than the third were 
negligible. With decreasing 9, however, it is necessary 
to include additional coefficients in evaluating /. Thus, 
for 7= —0.5 it was necessary to evaluate twelve terms 
to obtain sufficiently accurate results. The adequacy of 
the solutions was tested by means of Eq. (35), which 
holds only for the exact solution. In every case the two 
sides of Eq. (35) agreed to within three significant 
figures for the adjusted trial solution. 

The calculated intensity given by Eq. (36) reaches a 
minimum value for some negative value of cosx and 
then rises again as cosx further decreases to —1. This 
latter behavior is anomalous, since the intensity is ex- 
pected to decrease continuously as cosx decreases. The 
situation would presumably be improved by using more 
adjustable parameters in the trial solution. In any case, 
we arbitrarily cut off the rise in /(x) beyond the mini- 
mum (dotted lines in Fig. 2). The results of the com- 
putations are shown in Fig. 2, where the intensity in the 
trapped orbits is plotted against cosx for four different 
magnetic rigidities. The value 6.5 10" gauss-cm’ was 
taken for the solar dipole moment. The best choices of 
the parameters K, and K; are given in Table III. 

One additional point requires mentioning. It is obvi- 
ous on physical grounds that, as cos# approaches very 


TaBLe III. Values of the parameters Kz and K;3. 











cost Kz K; 
mi 0.9 0.239 0.109 
0.5 0.328 0.186 
0.0 0.712 0.601 


—0.5 3.20 5.40 
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Fic. 2, Intensity of trapped particles at the earth’s orbit, 
relative to the standard intensity at infinity, as a function of 
the angle of inclination with respect to the earth’s directrix. The 
lower diagram gives the omnidirectional flux at the earth’s orbit, 
relative to the standard value at infinity, as a function of mag- 
netic rigidity. 


close to unity (i.e., as the magnetic rigidity approaches 
the absolute cut-off value imposed by the solar dipole), 
the intensity in the trapped orbits must approach zero. 
This sharp drop in intensity has not yet occurred, how- 
ever, for cosé=0.9. 


VI. DISCUSSION 


Kane, Shanley, and Wheeler have computed the in- 
tensities in trapped orbits for two choices of the solar 
dipole moment: M,= 1.0 10" and 4.2 10® gauss-cm’. 
One can interpolate from their curves to find the results 
appropriate to a dipole moment 6.5X 10" gauss-cm’. 
One finds that the intensities reported here are appre- 
ciably smaller. To this extent, calculations of the di- 
urnal effect based on the results of KSW require modi- 
fication. Dwight’s work'* was based on a cosmic-ray 
differential spectrum of the form Io= (cp/e)*-". The 
exponent in this spectrum, over the latitude-sensitive 
range of magnetic rigidities, is now believed to be 
closer to — 2.1,” so that, as pointed out by Singer,'® 
Dwight’s results lead to an over-estimate of the diurnal 
effect. According to the calculations of Singer,'® which 
were based on the curves of KSW, the maximum varia- 
tion in intensity over a diurnal cycle is ~2.5 percent 
for \=56° and M,=6.5X10" gauss-cm*. A similar 
estimate is given by Dawton and Elliot.’* In the light 


% Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 
# J. A. Van Allen and S. F. Singer, Phys. Rev. 78, 819 (1950). 


of the present results, this figure must be revised up- 
wards to perhaps 7 or 8 percent. 

The recent measurements of Dawton and Elliot'® (18 
day-night balloon flights at A\=57°) have failed to 
confirm the existence of a regular diurnal effect larger 
than 1.4 percent, although irregular variations of the 
order of 6 percent are frequently found. Other observers 
have likewise failed to detect a diurnal effect of the 
kind we are discussing here.'’:'* However, because of the 
large, irregular intensity variations in the low-energy 
part of the primary spectrum," !*” one cannot conclude 
with complete certainty that the experimental results 
are inconcistent with the 7 or 8 percent diurnal varia- 
tion which would be expected on the basis of a solar 
dipole moment of 6.5 10* gauss-cm’. 

Nevertheless, it should be noted that for this value 
of the dipole moment a larger diurnal effect is predicted 
for latitudes somewhat above 56-57°, where the de- 
tailed experiments have to date not been carried out. 
The calculations indicate that at \=60° the effect 
should be about 12 percent.” It should be possible to 
reach a definite experimental decision about an effect 
of this size. 

In addition to the experimental difficulties connected 
with the large, irregular intensity variations, one might 
attempt to explain away the discrepancies between ex- 
periment and theory by supposing that the trapped 
orbits are filled to an even larger extent than reported 
here, by additional mechanisms which have not been 
considered in the present work. Some examples of 
possible such mechanisms have been mentioned briefly 
at the beginning of Sec. II. 

To take one example, large increases in cosmic-ray 
intensity at the earth are occasionally observed at 
times of large solar flares.* The increases are most pro- 
nounced at the low-energy end of the cosmic-ray spec- 
trum. It is clear from the magnitude of the effect and 
the close correlation with solar disturbances that cosmic 
radiation is being produced on or near the sun at these 
times. Many of the particles which are involved in this 
effect would certainly go into trapped orbits if the solar 
moment were as large as 6.5 10" gauss-cm’. 

These large increases in cosmic-ray intensity are of 
course infrequent (only four such events have been re- 
ported over a period of many years). However, it has 
recently been found that the smaller but more common 
solar flares are often accompanied by (small) cosmic- 
ray intensity increases.** It does not appear unreason- 
able then to suppose that production of low-energy 
cosmic radiation on or near the sun is sufficiently sig- 
nificant so that it would contribute appreciably to the 
filling of trapped orbits in a solar dipole field. This sug- 
gestion, however, meets with two difficulties. (1) It 


* Simpson, Fonger, and Wilcox, Phys. Rev. 85, 366 (1952). 

% Firor, Jory, and Treiman, following paper [Phys. Rev. 93, 
551 (ssi) 

* Forbush, Stinchcomb, and Schein, Phys. Rev. 79, 501 (1950). 

% J. Firor, Phys. Rev. (to be published). 























would be expected that particles with rigidities below 
the solar-imposed cutoff would be involved. There is 
no obvious reason why such particles would not be 
able to reach the earth as easily as particles of slightly 
higher rigidity. If sufficiently abundant, they would 
destroy the latitude cutoff at the earth. The other 
mechanisms mentioned at the beginning of Sec. II also 
meet with this difficulty. (2) Certain characteristics of 
the cosmic-ray effects associated with solar flares point 
to the fact that the new particles approach the earth 
preferentially along the earth-sun line.** On the basis 
of this observation, an argument has been made that 
the solar dipole moment cannot be larger than about 
5X 10” gauss-cm*,”* 


26S. B. Treiman, Phys. Rev. (to be published). 
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VI. SUMMARY AND ACKNOWLEDGMENTS 


The cosmic-ray evidence on the question of a possible 
solar dipole field can be briefly summarized as follows. 
The latitude cutoff at the earth, if interpreted in terms 
of a solar magnetic dipole, implies a dipole moment of 
6.5 10" gauss-cm’; the apparent absence of a diurnal 
effect, although not yet conclusive, at least suggests 
an upper limit on the dipole moment which is somewhat 
smaller than the above value; the characteristics of the 
cosmic-ray intensity increases associated with solar 
flares imply a much smaller upper limit on the dipole 
moment. 

It is a pleasure to thank Professor John A. Wheeler 
for many informative discussions. 
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assuming a solar magnetic dipole moment of 6.5 10" gauss-cm*. The calculation is based on new estimates 
of the intensity of cosmic radiation in the trapped orbits of the solar dipole field. The method of Dwight is 
followed, but with an important modification. The magnitude of the expected diurnal variation turns out 


to be about 12 percent. 


I, INTRODUCTION 


HE existence of a “knee” in the cosmic-ray 

latitude effect at high altitudes implies, as is 
well known, a cutoff in the primary spectrum of cosmic 
radiation incident on the earth. Recent measurements 
have clearly established the location of the knee at 
\=58°.!2 In terms of magnetic rigidity, the correspond- 
ing cutoff is 1.5 Bv. As first pointed out by Janossy, 
this cutoff can most easily be understood if one assumes 
the existence of a solar magnetic dipole, which would 
deflect away from the earth particles of rigidity below 
the cutoff. If the knee at 58° is explained in this way, 
the solar dipole moment must have the value 6.5 10” 
gauss-cm’. 

Although no other detailed explanation of the cutoff 
has been put forward, doubt has been cast on the 
existence of a solar moment of this magnitude. Direct 
measutements, based on the observation of Zeeman- 
splitting of solar spectrum lines, have in recent years 
set an upper limit on the dipole moment which is one 


* Assisted by the Office of Scientific Research, Air Research 
and Development Command, U. S. Air Force. 
1J. A. Van Allen and S. F. Singer, Nature 170, 62 (1952). 
* Neher, Peterson, and Stern, Phys. Rev. 90, 655 (1953). 









order of magnitude smaller than the above value; 
and the diurnal effect in cosmic-ray intensity at 
intermediate latitudes on the earth, which would be 
expected on the basis of a solar dipole moment of the 
above magnitude, has not been found experimentally.*~* 

The apparent experimental absence of the diurnal 
effect, however, has not generally been considered as 
conclusive evidence against a solar dipole moment of 
6.5X 10" gauss-cm’, The theoretically expected effect 
for this dipole moment, according to the calculations 
of Singer’ and of Dawton and Elliot,® is 2-3 percent 
at \=56°, whereas the extensive experimental measure- 
ments of Dawton and Elliot set an upper limit of 
1.4 percent for the diurnal variation. Because of the 
frequent occurrence of large (5-10 percent), irregular 
intensity variations,?** which might well mask a 


* For a summary, see H. Van Kluber, Monthly Notices Roy. 

Astron. Soc. 112, 540 (1952). 
sai) A. Bergstralh and C. A. Schroeder, Phys. Rev. 81, 244 

(1951). 
tweaas A. Pomerantz and G. W. McClure, Phys. Rev. 86, 536 

*D. I. Dawton and H. Elliot, J. Atm. and Terrest. Phys. 3, 
217 (1953). 
7S. F. Singer, Nature 170, 63 (1952). 
* Simpson, Fonger, and Wilcox, Phys. Rev. 85, 366 (1952). 
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Fic. 1. Latitude of asymptotic velocity vector as a function of 
magnetic rigidity for particles which arrive vertically at the earth 
at magnetic latitude 60°. 


small diurnal effect, the discrepancy between theory 
and experiment has not hitherto appeared to be 
serious. More recently, however, several important 
modifications have been introduced into the theory of 
the diurnal effect,’ and it has been indicated that the 
magnitude of the effect at 56° should be more nearly 
7-8 percent for the case of a solar dipole moment of 
6.5X 10" gauss-cm’, It seems unlikely that an effect of 
this size could have escaped detection. 

In the present paper we present detailed results on 
the predicted diurnal effect at \=60° (see Fig. 3). 
At this latitude the effect is even larger than at 56°. 
The maximum intensity variation over a diurnal 
cycle is expected to be about 12 percent. A decision as 
to whether or not an effect of this magnitude exists 
can surely be made experimentally. 


II. OUTLINE OF THE THEORY 


The calculation of the diurnal effect due to a solar 
dipole field comes in two parts. 

(1) The effect of the solar field is to establish a 
cone of directions (“‘allowed”’ cone) in which particles 
of given magnetic rigidity can arrive in the vicinity of 
the earth from infinity. The cosmic-ray intensity in 
the “forbidden” directions would be zero except for 
the fact that particles which approach the earth from 
allowed directions may be scattered by the earth’s 
field into the forbidden directions. The intensity in 
the forbidden cone is thus determined by the competi- 
tion between this scattering effect and the effect of 
absorption of the “trapped” particles in collisions 
with the sun, the earth, and other objects in the solar 
system. In calculations dealing with this process, the 
earth’s field is treated as a point-like center which 
scatters particles from one to another of the static 
trajectories in the field of the solar dipole. The calcula- 
tions lead to an estimate of the intensity in the forbid- 
den directions, expressed as a function of magnetic 
rigidity and angle of inclination with respect to the 
earth’s “directrix,” a reference vector tangent to the 


earth’s orbit. 


*S. B. Treiman, preceding paper, Phys. Rev. 93, 544 (1954). 
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(2) In the second part of the theory of the diurnal 
effect, one takes into account the details of the short- 
scale deflection in the field of the earth’s dipole. The 
resulting pattern of forbidden cones at the earth has a 
fixed relation to the earth-sun line. The reduced 
intensity in the forbidden directions (relative to the full 
intensity in the allowed directions) gives rise to a 
diurnal effect at a fixed geographic location on the 
earth as the earth rotates on its axis. 

A thorough discussion of part (1) of the theory was 
given by Kane, Shanley, and Wheeler.” They found 
that the intensity in the forbidden directions is appreci- 
able in comparison with that in the allowed directions. 
The diurnal effect at the earth was therefore expected 
to be small. Recently, however, several corrections 
have been made in this part of the theory, and it has 
been found that the intensity in the forbidden directions 
is considerably smaller than indicated in the earlier 
results.’ 

An excellent discussion of part (2) of the theory is 
given by Dwight." In his numerical work he proceeds 
from the results of Kane, Shanley, and Wheeler and 
assumes a cosmic-ray differential spectrum of the form 
(cp/e)*:*, where (cp/e) is the magnetic rigidity. The 
more recent calculations of Singer’? and of Dawton 
and Elliot® are likewise based on the results of Kane, 
Shanley, and Wheeler; but a more realistic primary 
spectrum has been adopted and several improvements 
made in the approximations which are involved in 
the calculations. 

In the present work we assume a primary spectrum 
of the form (cp/e)*°, which is consistent with the 
results of a number of recent investigations,” and we 
proceed from the new results on the trapped-orbit 
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Fic. 2. Longitude of asymptotic velocity vector as a function 
of magnetic rigidity for particles which arrive vertically at the 
earth at magnetic latitude 60°. 
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intensities. We specifically assume a solar dipole 
moment of 6.510" gauss-cm* and carry out the 
calculations for the diurnal effect of vertically-incident 
cosmic radiation at magnetic latitude 60°. It is assumed 
that the earth’s dipole is perpendicular to the plane of 
the solar magnetic equator. The latitude 60° is believed 
to be near the optimum location for the diurnal effect 
because of a solar dipole moment of the above 
magnitude. 

The procedure which is followed in the present work 
is similar to that which has been followed in previous 
calculations (in particular, see reference 11). We 
therefore omit all discussion of the details, except for 
several points wherein we have introduced modifications 
in the procedure. 

The basic curves of the present calculations are 
shown in Figs. 1 and 2, which give respectively, the 
latitude and longitude of the “asymptotic velocity 
vector” as a function of magnetic rigidity for particles 
which arrive vertically at the earth at latitude 60°. 
(The definition of asymptotic velocity vector is given 
in reference 11.) These curves were constructed from 
data provided in the following sources: calculated 
trajectories given by Stoermer,"* interpolation from 
the curves of Dwight," and orbits obtained in the 
terrella experiments of Malmfors. 

The present calculations differ from earlier work in 
the following respects. 

(1) As a matter of convenience, we imagine that 
the intensity in the allowed directions is zero and that 
the intensity in the forbidden directions is equal to 
the difference between the full intensity and actual 
intensity in these directions. In this way we calculate 
directly the defect in cosmic-ray intensity as a function 
of local time. This procedure somewhat simplifies the 
computations. 

(2) In previous work, the dependence of trapped- 
particle intensity on the angle of inclination with 
respect to the earth’s directrix has not been taken into 
account in detail. Instead, it has been the practice to 
assume that the trapped orbits are uniformly filled to 
an average intensity (averaged over the angle of 
inclination). We instead take into account this depend- 


8 C, Stoermer, Astrophys. Norv. 2, 1 (1937). 
4K. G. Malmfors, Arkiv Mat. Astron. Fysik 30A, No. 12 
(1944); 32A, No. 8 (1945). 
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Fic. 3. Diurnal variation of vertically-incident cosmic-ray 


intensity at magnetic latitude 60°, a solar dipole moment of 
6.5 10" gauss-cm’ being assumed. 


ence on the angle of inclination as well as the dependence 
on magnetic rigidity (see Fig. 2 in reference 9). As it 
turns out, this refinement has a large effect on the 
final diurnal curve. 


Ill. SUMMARY AND ACKNOWLEDGMENTS 


The final result of the calculations is shown in Fig. 3, 
where we plot the vertical cosmic-ray intensity at 
latitude 60° as a function of local solar time, on the 
assumption of a solar dipole moment of 6.510" 
gauss-cm’ and a primary differential spectrum of the 
form (cp/e)**. The magnitude of the variation in 
intensity over a diurnal cycle is about 12 percent, an 
effect which is considerably larger than previous 
calculations have indicated. This difference results in 
part from the recent improvements which have been 
made in the estimate of trapped-orbit intensities’ and 
in part from the refinement which has been introduced 
in the present work and which has been discussed in 
the preceding paragraph. 

We wish to express our thanks to Professor J. A. 
Simpson for his kind assistance and encouragement. 
One of us (SBT) wishes especially to thank Professor 
Simpson for the many courtesies extended to him 
during the course of an extended visit in the summer of 
1953 at the Institute for Nuclear Studies, University 
of Chicago. 
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A beam of ~200-Mev w* mesons was defined inside the vacuum chamber of the Nevis Cyclotron. Nuclear 
emulsions were exposed to a flux of about 10‘ mesons/cm?, The plates were scanned for pion-hydrogen 


scatterings and 103 such events were observed in two 


interaction energies, 15147 Mev and 188+8 Mev. 


We obtain total cross sections of 152431 and 159+34X10-*’ cm’, respectively. The data suggest that 
the angular distribution changes from backwards peaked to almost symmetric over this energy interval. 
Our observations are not in agreement with the hypothesis of a Py-wave resonance in this energy region. 
The best fit to the combined results includes a D-wave contribution of —5.4°, although satisfactory agree- 


ment may be obtained with only S and P waves. 





I. INTRODUCTION 


ION-NUCLEON scattering experiments'~* have 

demonstrated a very strong increase of cross 
section with meson energy. Studies have been carried 
out with positive pions up to 135 Mev and negative 
pions up to 220 Mev.' The fruitful partial wave analyses 
of the angular distributions in the three possible scatter- 
ing processes: x~+ pr + p, w+ pr -+n, xt+ prt 
+p, have demonstrated a strong p-state interaction 
between pion and proton. The possibility that the 
coupling is strong enough to produce a resonance in 
the meson-nucleon interaction has recently been dis- 
cussed.‘ The Chicago experiments do not extend far 
enough in energy to support this hypothesis.’ This 
experiment was designed to yield some data on the rt 
hydrogen scattering in the region of the suspected 
resonance. Positive mesons in this energy region are 
not conveniently studied by the techniques which have 
recently been employed at Columbia and Chicago. 
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Fic. 1. Plan view of internal exposure. 


* This research was supported by the joint program of the 
U. S. Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now at the Physics Department, University of California, 
Berkeley, California. 

1 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 

* Bodansky, Sachs, and Steinberger, Phys. Rev. 90, 996 (1953). 

37. P. Perry and C. E. Angell, Phys. Rev. 91, 1289 (1953). 

4K. A. Brueckner, Phys. Rev. 86, 106 (1952). 
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These have made use of external meson beams. The 
focusing action of the cyclotron fringing field is effective 
only for negative mesons which are produced roughly in 
the forward direction, and positive mesons produced in 
the backward direction with respect to the proton 
beam. The velocity of the center of mass in the produc- 
tion process results in a large decrease in the yield of 
high-energy positive mesons. At Nevis, external 2 
beams up to 160 Mev are dbtained with good flux, 
whereas the highest usable #* beam reaches 85 Mev. 
In this experiment, use was made of the forward- 
produced positive mesons which are deflected into the 
cyclotron from the target. Photographic emulsions 
were used to detect these particles. The technique of 
using the hydrogen content of the emulsion as the 
scatterer had already been used with external beams*® 
and was employed here. 


II. EXPERIMENTAL PROCEDURE 


Positive pions produced by the 385-Mev proton beam 
in a beryllium target are focused at 180° by the cyclo- 
tron magnet. In the energy region of interest, 150-200 
Mev, the focusing point is about one-third the distance 
from the cyclotron center along a radius to the target 
(see Figs. 1 and 2). The dispersion in this region is 
about 6 Mev per inch of radial displacement. The 
problem was to obtain good exposures of Ilford G-5 
emulsions to these high-energy mesons, with minimum 
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Fic. 2. Elevation view of internal exposure. 
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SCATTERING OF POSITIVE PIONS 


TABLE I. Typical energy evaluation from proton range calibration. 








Proton Rp* 
Steps “ 


7700 
5900 
4700 
3400 
2400 


Rp(Cu)> 
g/cm? 


3.06 
2.31 
1.83 
1,32 
0.935 


T(Cu)e E,4 Es* 
g/cm? Mev Mev 
0.64 52.141 205.7+3 
1.49 52.8+1 207.743 
1,92 52.5+1 206.8+3 
2.35 51.941 205.243 
2.78 52.2+1 206.0+3 











Result : 206+1 Mev. Result from position in magnetic field: 208 +3 Mev. 


* Residual range of protons in ae Rp (see Fig. 4). 

b Equivalent range in Cu. Rp(C 

¢ Thickness of Cu absorber wow on camera cover T (Cu). 

4 Proton energy incident on camera Ey. 

¢ Meson energy incident on camera (of same momentum) Ey. The mesons 
incident on the emulsions have to penetrate the camera cover 0.2 in. of 
Cu and their energy is thus reduced by ~7 Mev. 


background, and to scan these plates for #+—H 
scattering events. The exposures were carried out in a 
vacuum-tight camera which was introduced into the 
cyclotron chamber through a vacuum lock at the end of 
a long rod. In this manner the emulsions were kept at 
normal pressure and humidity conditions during the 
exposure. 

The camera, in its final position, rested upon the lower 
cyclotron pole face, the plane of the emulsions vertical 
and the long edge facing the meson beam. The camera 
was mounted in a 2-in. thick brass block which provided 
extra shielding and which adjusted the tilt of the emul- 
sion so as to receive the beam perpendicular to the long 
edge. The assembly was pushed into a predetermined 
position within a mass of lead-shielding bricks which 
were strategically disposed on the magnet face. Two 
curved channels defined the meson trajectories; one at 
165 Mev and one at 205 Mev. In spite of about 1 ton of 
lead shielding, it was discovered that to avoid blacken- 
ing the plates the exposures had to be of the order of 
3-5 seconds. After a particular shielding arrangement 
had been installed, it was found that continuous 
operation of the cyclotron for several hours would 
produce radioactivity in the lead bricks. This added 
serious background in the 10-20 minutes during which 
the camera was being pushed in and out of the vacuum 
chamber. Exposures were therefore carried out only 
after a shutdown of the cyclotron for several days and 
with a fresh “inner lining” of lead bricks. In this way, 
plates were obtained having track densities of ~10* 
mesons/cm?* with acceptable background. Ilford G-5 
600u and 400u plates were used. 


Ill, ENERGY CALIBRATION 


The scattering cross sections are known to vary 
greatly with energy of the meson. This made necessary 
a rather precise determination of the interaction energy. 
Three independent methods were employed to this end. 

(1) The location of the emulsions relative to the 
proton target in the magnetic field of the cyclotron was 
used to compute the momentum of the particles incident 
upon the camera. The exposures resulted in a quite 
parallel flux of particles in the proper direction. Thus no 


Fic. 3. Proton range curve in nuclear emulsion exposed to 318- 
Mev/c particles. The longest step is actually 8 mm in length. 
The steps correspond to increasing thicknesses of brass absorber. 


important contribution could be made by mesons 
either scattering in the collimator or originating outside 
of the target. The average value of the cyclotron field 
over the trajectory was 17 300 gauss. Particles travers- 
ing the higher-energy channel had a maximum momeii- 
tum of 318 Mev/c. This corresponds to a pion kinetic 
energy of 208 Mev. Ten plates were exposed simultan- 
eously across the 2.5-in. channel breadth. The energy 
interval over the high-energy channel was 2.5 in. 
<6 Mev/inch=15 Mev. Similarly, the low-energy 
channel was centered about 165 Mev. 

(2) The selected momentum of 318 Mev/c corre- 
sponds to a proton energy of 52 Mev. Protons. of this 
energy are made far more copiously than the mesons 
and had to be prevented from reaching the emulsion. 
A 0.20-in. brass cover plate was used to stop the protons. 
A series of five grooves were milled in the lower half-inch 
of the cover plate in order to obtain a range curve of 
the incident protons. Where the grooves were deep 
enough, the heavily ionizing protons were able to reach 
and blacken the emulsion. Correspondingly, each 
nuclear track plate then had a series of steps indicating 
the residual range of the protons incident upon it. 
This range was converted to proton momentum incident 
upon the cover plate. The energy of the pions was 
obtained by assuming them to have the same momen- 
tum as the protons. Figure 3 is an enlargement of a 
nuclear emulsion exposed to 318+5 Mev/c particles. 
The parallelism and monochromaticity of the protons 
is additional evidence in favor of the validity of the 
geometry. Table I presents an analysis of the proton 
range curve in a typical plate. The results obtained by 
this method are in excellent agreement with the 
energy as determined from position in the magnetic 
field. 

The incident meson energy is reduced by its ionization 
loss in the 0.20-in. brass cover plate and by one-half 
the loss in traversing the emulsion (average lengths 
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Fic. 4. Range-angle correlation for recoil protons 
in r+ collisions. 


were 4000u). The resulting interaction energies were 
151+7 Mev for the low-energy exposure, 188+8 Mev 
for the high-energy exposure. 

(3) In the w+ hydrogen collisions, it occasionally 
happened that the recoil proton stopped in the emulsion. 
This was used to recalculate the meson energy. The 
results are given in Fig. 4 where the observed cases are 
plotted on a curve of proton range vs proton recoil angle. 

The proton recoil angles plotted are the “best fit” 
values of the experimental @ and ¢ measurements to 
the angular correlation curve (Fig. 6), where @ and ¢ 
are the proton recoil and meson scattering angles, 
respectively. The extremities of the angular uncertainty 
shown in Fig. 4 correspond to the measured values of 6 
and yg. As can be seen from the curves, the energy 
determinations are extremely sensitive to errors in 
proton recoil angle. The present method can only be 
considered as a confirmation of the previously described 
techniques. 


IV. SCANNING PROCEDURE 


The presence of a comparatively large background 
of proton tracks ruled out the possibility of employing 
area scanning with any assurance of good scanning 
efficiency. Instead, the far more laborious method of 
track scanning was adopted. In this technique, the 
scanner selects a track satisfying ionization and 
directiona! criteria and follows it under 10X45 (oil) 
or 10X90 (oil) magnification until it either leaves the 
plate or interacts. Essentially 100 percent efficiency for 
the detection of all types of events should be obtained 
with this method. All scatterings through angles greater 


than 1° were recorded. Figure 5 gives the frequency per 
meter of track in projected angle intervals less than 30°. 
These results were used to obtain good statistics on 
relative efficiency among the various scanners. To the 
extent thet nuclear effects are small below 15°, this 
also constitutes a comparison with a known (Ruther- 
ford) cross section and an order of magnitude check on 
the over-all scanning efficiency. The agreement with 
Coulomb scattering begins above 7°. However, hydro- 
gen collisions are associated with heavily ionizing 
recoil proton tracks and are much more prominent 
than small angle elastic scatterings. 

The observed events were categorized as stops in 
flight, elastic scatterings, one-prong (“inelastic”) scat- 
terings, one-prong stars and stars of two to nine prongs. 
The one-prong events were all considered as possible 
hydrogen events and subjected to the detailed measure- 
ments described below. An additional measure of 
relative efficiency compared the ratio of all types of 
meson interactions resulting in one black prong to 
observed path length and to the number of stars with 
two or more prongs. These comparisons, together with 
the elastic scattering data, led to the conclusion that 
the track scanning, especially on plates of high back- 
ground, were not necessarily 100 percent efficient. We 
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Fic. 5. Elastic scatterings of high-energy pions in nuclear 
emulsion. Projected angles of scattering are given. The dashed 
curve is the projected angular distribution due to Rutherford 
scattering averaged over the emulsion contents. 
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estimated that an over-all variation of 12 percent existed 
in the efficiency for finding one-prong events. Since 
this is always a negative effect, a correction of half this 
amount was made to the data and the uncertainty in 
the scanning efficiency was taken as +10 percent. 


V. THE IDENTIFICATION OF x++H SCATTERING 
EVENTS 


Because of energy and momentum conservation in 
the ++H scattering interaction, such events can be 
identified on the basis of the two criteria: 


1. Coplanarity of the three prongs z, x’, and p. 
2. Angular correlation between the scattered meson 
(x’) and the recoil proton (). 


An additional confirmation is obtained from the 
range-angle correlation for those recoil protons which 
end in the emulsions (Fig. 4). All events with one 
proton prong found in the course of the scanning were 
carefully examined for possible associated scattered 
mesons. These events with one proton and a scattered 
meson were measured. Measurements were made of 
the two projected angles (in the plane of the emulsion) 
a, and a», the three dip angles 8,, 8,-, and 8,, and the 
range of the recoil proton Ry. 

The details of the analysis are presented in Figs. 6, 
7, and 8 for those events found in 173 meters of track 
scanning. The quantity F=tan§,- sina,—tan{, sina,’ 
—tan6, sin(a,;—a,) is proportional to the volume of a 
pyramid formed by the center of the event and 3 
points unit distance along each of the 3 vectors m, x’, 
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Fic. 6. Angular correlation relating the meson scattering angle 
and the proton recoil angle. The triangles represent “doubtful” 
cases. The crosses represent events which satisfied coplanarity 
requirements but are excluded because of lack of correlation. 
The dots represent x-p collisions. 
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Fic. 7. Distribution of noncoplanar events about the angular 
correlation curve. Events having a proton emitted backwards 
are not included. 


and p. F was computed for all events as a measure of 
the coplanarity where F—0 corresponds to coplanarity. 
Figures 6 and 7 give the angular correlation curves 
between meson scattering angle ¢),, and proton recoil 
angle @;., which follow from the kinematics of r—P 
scattering. All events with F/AF<2.5 are called 
“coplanar” and are given in Fig. 6, where AF is the 
rms error in F based on the various individual measuring 
errors. All other events are called “noncoplanar” and 
for clarity are given separately in Fig. 7. In Fig. 8 we 
plot’? F/AF vs @/AO where O= (5+-5¢")! is the devia- 
tion from the angular correlation curve (Figs. 6 and 7) 
and A®@ is again the rms error due to measurements. 

Of the 104 events on Fig. 8, 75 events lie in the circle 
of radius 1.75 in units of the rms measuring errors, 4 
events lie between the radii 1.75, and 2.5 and 25 events 
lie outside the radius 2.5. These events are classified as 
“sure” r+ p events, “doubtful” r+ p events and “not” 
m+p events, respectively, and are represented by 
different symbols in Figs. 6, 7, and 8. 

An additional! check on the identification of hydrogen 
scatterings was made by grain-counting all scattered 
mesons of sufficient length (>400y). The ratio ef grain 
densities of the incident and scattered meson is related 
to the angle of scattering. At these energies, this is not 
a sensitive test unless the tracks are very long. One 
event, satisfying all other criteria, was discarded by 
this test. All other measurable cases were consistent 

7 Figures 6, 7, and 8 do not include events in which the proton 
goes in the backward direction (a,>90°) or events in which the 
projection on the plane of the emulsion of x’ and p are both on the 
same side of  (i.e., the signs of ag’ and a, are equal). Such events 


can be excluded on visual inspection from being possible r— p 
scattering events. 
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TABLE II. Evaluation of total cross section. 








Path 
corrected 
for 10+ 
10% ute 


No. of 
nuclear 


Total 
Energy path 
Mev (meters) 


interactions 


Path 
obtained Cross 

section 
X<10-?? cm? 


No. of 
events 
corrected 


rom L 
A =31.7 cm events 





260 
225 
485 


8548.5 
7047.0 
155416 


15147 95.34 
188+-8 77.44 
Combined 172.78 


152+31 
159+34 
155424 


82.54+9.0 41 43 
71,048.06 34 38 
153.5417 75 81 








with the identification as r+ scatterings. The “not” 
+p events are inelastic scatterings from other nuclei 
in the emulsion, in which one proton is emitted, possibly 
accompanied by one or more neutrons. The meson 
momentum of about 300 Mev/c is comparable to the 
Fermi momentum of the nucleons. Quasi-elastic** 
collisions can thus take place. These should have a 
very broad distribution around the #+ ) correlation 
curve. A background density of these events may be 
obtained from Fig. 8. The contribution of this density 
to the cross section was computed to be 1 to 2 events. 
It is interesting to note that in previous work® at 
E,=75 Mev (P,=165 Mev/c, which would give an 
even broader distribution) no evidence was seen for 
quasi-elastic scattering. (At that energy the r*--p 
cross section is also considerably smaller.) Similarly, 
with negative pions at E,= 135 Mev," no evidence for 
quasi-elastic scattering was seen in emulsions. Here 
again the #~+ ? cross section is much smaller and pre- 
sumably r~+“V” quasi-elastic scattering occurs. 
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Fic, 8. Distribution of one-prong events in correlation space. 
The dots represent “sure” hydrogen collisions. The triangles 
represent doubtful cases. The crosses represent background. Only 
events which were observed in the 173 meters of track scanning 
are included here. 


* Cladis, Hess, and ve, Phys. roe > 425 (1952). 


*P. A, Wolff, Phys. Rev. 87, 434 (195 
© G, Goldhaber and S. Goldhaber, Pine Rev. 91, 467 (1953). 


VI. ANALYSIS OF DATA 
A. Total Cross Sections 


A total of 173 meters of track was recorded for the 
determination of the total cross sections. We have 
observed 535 nuclear interactions of all kinds, including 
75 which were classified as certain hydrogen events. 
See Table II. 

External meson beams are known to contain con- 
taminations of muons and electrons. The electrons are 
very probably made in the cyclotron target by conver- 
sion of 2° y rays. The insensitivity of the mu “tail” 
in range curves to geometry" is evidence that most 
of the muons originate near the target. Thus it seems 
reasonable to assume that similar contaminations are 
present in internal fluxes.’* Using the data on mu and 
electron contaminations in the external w~ (forward- 
produced) beams we have estimated that the internal 
flux is 90+-10 percent pions. 

An independent evaluation of the pion flux is made by 
considering the total reaction cross section (stars, 
stops, inelastic scattering) observed in these plates 
and recalling that muons and electrons do not contribute 
significantly to these processes."* The total interaction 
of 135- and 210-Mev negative pions in emulsions has 
recently been observed with similar (along the track) 
scanning methods.” In addition, it is known that 
above 100 Mev, the total cross section is quite insensi- 
tive to meson energy.'® To compare the data obtained 
here with the approximately known fluxes of negative 
pions, one must take into account Coulomb effects. 
The Coulomb field can modify the reaction cross 
section according to the classical relation :'* 


o(+) 1—-V(R)/E 


o(—) 1+V(R)/E’ 
where E£ is the kinetic energy and V(R) is the Coulomb 


barrier at the surface of the nucleus. This effect has 


" H. Loar and R. Durbin (private communication). 

# Although the electron contamination decreases strongly with 
increasing energy of the meson beam, a 4-percent contamination 
has been observed in the 135-Mev x~ beam by means of a cloud 
chamber containing thin lead plates. 

18 A total of 8 stops in flight were observed. If these are all due 
to positron annihilation, this would be consistent with a 3 percent 
contamination. 

M4 A. H. Morrish, Phys. Rev. 90, 674 (1953). 

1 R, L. Martin, Phys. Rev. 87, 1052 (1952); Chedester, Isaacs, 
Sachs, and Steinberger, Phys. Rev. 81, 918 (1951). 

16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 346. 
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TABLE III. Differential cross sections of x* mesons on protons (10~*’ cm?*/sterad).* 








Lab. energy 
Mev 8-30° 30-60° 


Cm, Angular interval 
60-90° 


90-120° 120-150° 





8.342.3 
9.0+2.6 
8.541.6 


10.344.2 
21.5+6.5 
15,2+3.5 


15147 
188+8 
168+30 


8.742.5 
9.842.2 
9.1+2.0 


20 +3.2 
14.8+3.5 
17.642.2 


6.1+1.6 
12 +2.7 
8.6+1.4 








* The errors shown are probable errors arising from statistics only. 


been observed in a direct comparison of #* and a 
meson reactions at 60 Mev and at 110 Mev." For 
emulsions at 170 Mev this is a 10-percent effect. 
Accordingly, the mean-free path for all nonelastic 
processes of references 10 and 13 was increased by 10 
percent. This gave a result of 31.7+3.3 cm of emulsion. 
The total number of nuclear events observed in this 
experiment included 75 hydrogen scatterings, whereas 
the hydrogen contribution to the #~ experiments was 
only of the order of } as much. Thus we used 485 events 
(Table II) to make the comparison.'* The flux obtained 
by this method is then 485X0.317=153.5 meters. 
This is in (fortuitously) excellent agreement with the 
estimate of 10-percent beam contamination. Table II 
contains a breakdown in the two energy intervals. 
The corrections to the observe? number of hydrogen 
events include a subtraction due to background (Sec. 
V, 2 events), and an addition (6 events) due to scanning 
efficiency (Sec. IV). In the evaluation of the error, 
we have included the statistical standard deviation, 
and the contributions to possible systematic errors 
from the flux, scanning efficiency, doubtful and back- 
ground events, and the small uncertainty in the density 
of hydrogen in the emulsion.” 


B. Angular Distribution 


There were 103 events acceptable for the angular 
distribution. Some of these were found by area scanning 
in the vicinity of selected meson tracks. Most of these 
were found in track scanning outside of the prescribed 
region in which the total path length was counted. 

For meson scattering angles greater than 5° the range 
of the recoil proton is greater than 10u. Thus essentially 
no bias can be introduced into the angular distribution 
by the various methods of detection. The results are 
plotted in Fig. 9 and listed in Table III. We also include 
the results of averaging the two energy intervals. The 
errors shown are only the probable errors arising from 
statistics and do not include the normalization un- 


17 Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952); 
aan Ashkin, Feiner, Gorman, and Smith, Phys. Rev. 90, 342 

8 The weakness of this method lies in the uncertain efficiency 
of the #~ scanning for the detection of very small events, prin- 
cipally stops-in-flight. These are either absorptions with neutron 
emission or charge exchange scatterings. In both cases, the corre- 
sponding events with positive mesons are associated with heavily 
ionizing prongs and are more easily detected. Stops constitute 
about 10 percent of the reaction cross section in the #~ work. 

 Goldhaber, Bielk, Frankl, and Goldhaber, Rev. Sci. Instr. 
(to be published). 


certainty. Systematic errors here would presumably be 
due only to the inclusion of background events (quasi- 
elastic scatterings) which have the same kinematics as 
free +P collision. Recent data obtained at lower 
energies (135 Mev) on inelastic scattering in C, Pb,” 
and emulsion” indicate that this background would, if 
present in any significant proportion, increase the ratio 
of backward to forward scattering. A cutoff at small 
angles is forced by the range of recoil protons. We 
have set 10u as the minimum acceptable range. This 
corresponds to a meson scattering angle of 5° in the 
laboratory system and 8° in the cm system. Coulomb 
contributions are expected to be negligible above 15° 
although interference effects may be contributing to 
the 8-30° interval. These probably act to depress this 
point slightly.” 
VII. DISCUSSION 

Figure 10 summarizes recent determinations of the 
m* total cross section as a function of meson energy. 
Data are included from Chicago,' Columbia,’ 
Rochester,’ and from a diffusion cloud chamber study 
at Brookhaven.”'” One of the most interesting questions 
raised by these data is that of the detection of nucleon 
structure. A feature of strong-coupling pseudoscalar 
meson theory is the existence of isobaric levels having 
definite angular momentum and isotopic spin assign- 
ments. The specific level presumed to be responsible 
for the scattering at these energies is the J/=}, J/=4 
level. The phenomenological introduction of such a 
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_ Fic. 9. Differential cross sections of 151- and 188-Mev pions 
in hydrogen. The uncertainties are the probable errors due to 
statistics only. 


*” J. Kessler and L. M. Lederman (to be published). 

*' Fowler, Lea, Shephard, Shutt, Thorndike, and Wittemore, 
Phys. Rev. 92, 832 (1953). 

#S. Lindenbaum and L. C. L. Yuan have recently obtained a 
value of 48 mb at 340 Mev. This confirms the decrease at higher 
energies suggested by Fig. 10. 
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Fic. 10. Variation of total cross section of r+ mesons with 
energy. Recent results from Brookhaven [S. Lindenbaum and 
L. Yuan (private communication)] indicate a cross section of 
484-9 mb at 340 Mev. 


resonance at E~200 Mev has been successful in fitting 
the lower-energy pion-nucleon scattering‘ and the 
photomeson production data.™ In addition, recent 
results” at higher photon energies have shown a very 
rapid decrease in cross section above 320 Mev, again 
suggesting a resonance in the meson-nucleon interaction. 

The most direct evidence for the resonance must come 
from the w* scattering data since only this experiment 
involves a pure =} state. Although Fig. 10 clearly 
shows the provisional nature of the results in the 
resonance region, the present experiment tends not to 
support the resonance hypothesis. To demonstrate 
this, a phase shift analysis has been made. Following 
Anderson ef al.! we assumed only S and P waves, and 
so fitted the data with a distribution of the form 


TABLE IV, Least-squares fit of the data to the form 
da/dQ= a+b cos6+c cos’ X 10°*? cm?/sterad. 


Lab. energy 
Mev a b € 
1.9+0.3 —1.7+0.4 1.6+0.9 

110* 3.6+0.7 —48+0.8 7.54+1.9 

135* 3.942.3 —7.142.8 18 +68 

151 6.2+2.4 —7.742.6 19 +5.0 

188 10 +3.5 —4,142.0 8.7428 


Combined 
E=168 14.6+3.2 





nae re . 


7.7242.0 — 6,142.1 








* See reference 1. 


*K. A. Brueckner and K. M. Watson, Phys. Rev. 86, 923 


(1952). 
“ Walker, Oakley, and Tollestrup, Phys. Rev. 89, 1301 (1953). 
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a+b cos#+c cos’. This is given in Table IV. The 
result of combining the data for the two energy intervals 
is also given. The equations relating the three phase 
shifts, a3, a3, and as;,% to the three parameters a, b, 
and ¢ are transcendental. Graphical*® and numerical 
investigations of these equations show that there exist 
sets of a, 6, c’s for which solutions do not exist. Angular 
distributions which yield such sets are presumably 
inconsistent with the assumption of only S and P 
wave contributions to the scattering. In the present 
experiment, the distributions given in Table IV fall 
in this category. However, the errors are large and it is 
always possible to obtain solutions by varying the 
a, b, and c coefficients within the experimental un- 
certainties. The results of such variations corresponding 
to the Fermi-type solutions! are given in Table V. 
The least squares sum, 

6 / i \? 

u-x(—), 

i \PE; 
where 6, are the deviations of the phase-shift results 
frem the observed points and PE; are the probable 
errors, is also given. In 2ach case, an attempt, by no 
means exhaustive, was made to minimize M. Large 
but difficult to compute uncertainties go with these 
phase shifts. 

We have investigated the effect on the a’s of a small 
D-wave contribution. It has been theoretically noted?’ 
that D-wave scattering should accompany the large 
P scattering as a nucleon recoil effect. Choosing the 
largest D phase shift,?’ the Dy,’ and keeping only inter- 
ference terms (we assume az; small here), results in a 
cos*@ term with coefficient 124? sina; sinds3 cos (d53— a3). 
The data very much require this term and hence ds; 
to be negative with respect to a3, in agreement with 
theory. One such solution for = 168 Mev (combined 
data) is given in Table V. It is interesting to note that 
the a; phase shift has been strongly decreased by the 
—5.4° of D wave. All of the distributions in Table V 
“fit”? the observations. However, the fact that the 
actual experimental values at 168 Mev seem to require 
D waves (not outside of experimental errors) raises the 
question of the existence of any @ priori theoretical 
prejudice against this conclusion. On the other hand, 
a reinterpretation of the lower energy data on the 
basis of a small negative D wave could lead to a simpler 
S-wave energy dependence. 

Table V shows that the ass; phase shift is of the order 
of 40-55° over this energy interval. Thus, at least up to 
190 Mev, no evidence for a resonance is observed. To 
re-enforce this conclusion we note that for a resonant 
interaction in the P, state, the total cross section would 
have to be at least 8r\?. This is just inside of the 


26 We use the notation of reference 1. 
%6 J. Ashkin and S. H. Vosko, Phys. Rev. 91, 1248 (1953). 
27 EF, M. Henley and M. Ruderman, Phys. Rev. 90, 719 (1953). 
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experimental errors. However, any additional states TABLE V. Phase-shift solutions. 


contributing to the scattering would add to the total 
cross section. The angular distributions are qualitatively Phase shifts 
different from a pure Py state (1+3 cos). In fact, if 151 w= 30°, an=8* a= 45° 
cne assumes a3; near 90°, then, independent of any 188 agin = 50°, de bOF: ege 8 
normalization, the angular distribution at 188 Mev Combined a= — 40°, a= 12°, a3 40° 
would imply an even-wave contribution of at least E= 168 
40 mb.”* Thus the total cross section would have to be L= 168 ay= — 23°, == vt | pain 
larger than 240 mb. No such argument may be made Pre is: 
against a possible as, resonance. The experimental 
momentum dependence of the a33 phase shift suggests 
a leveling-off although an extrapolation to 90° at about The authors wish to acknowledge the contribution of 
230 Mev is possible. the scanners, B. Kuharetz, M. Johnson, M. Hecht, and 
R. Klein, to this work. D. C. Peaslee’s computation 


aon ising be, foming he ratio Fo te( OY group assisted greatly in the analysis of the track 
implies sinta;>0.5 or or >2.5(4rh?*). measurements. 





Lab. energy 
Mev 
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Neutron Production by Cosmic Rays* 
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An experimental study has been made of the production of neutrons in the nuclear interactions of cosmic 
rays. An apparatus selected events in which a nuclear interaction occurred in or near a liquid scintillation 
counter, with the production not only of ionizing particles but also of neutrons of a few Mev energy which 
were slowed to thermal energy in a paraffin moderator and detected by BF;-filled proportional counters. 
Such coincidences are termed (s,n), (s,2m), and so on, according to the number of detected neutrons. The 
average number, ¥, of neutrons produced per disintegration was calculated from the observed relative 
numbers of (s,m) and (s,2n) coincidences. 

These data were obtained at Climax, Colorado, at an altitude of 11 200 ft. Analysis shows that events 
of the type selected in this experiment account for the production of 3X 10~ neutrons g™ sec, a figure 
which is close to the total neutron-production rate in carbon as previously measured at the same location. 
In these events, it is concluded that #=1.340.2, Combination of this result with previously determined 
relative multiplicities yields the values )=2.2 for production in aluminum and #=6 for production in lead. 


I. INTRODUCTION It has been established? that in emulsion exposed at 
VIDENCE that neutrons are produced by cosmic mountain altitude the mean number of prongs per star 
rays in their interactions with matter was sought of one or more pra ws 22 — that many prongs 
and found soon after the discovery of the neutron.' It moe pRovene ¢ pera rah Mev. a sae 
is believed that the predominant neutron-production * Se ater na See sides anciliwan at , 
process must be the type of high-energy nuclear disinte- ould also be produced. Direct measurement of these 
gration observed as a “star” in nuclear emulsion. The wroiganend severely restricted by the low efficiency of 
I ta a R . all available neutron detectors, and the mean number, 
ionizing particles produced in stars are accessible to pe > re ape : 
sas ateaaes aides ‘ie os Ps \si or “multiplicity,” of neutrons produced in one act has 
study since they leave tracks, or “prongs,” in emulsion. remained quite uncertain. 


* This paper is an adaptation of a dissertation presented to the A number of comparisons of the over-all rates of 
Graduate School of Yale University in candidacy for the degree neutron and star production have been made. All these 
of Doctor of Philosophy. The work was a in part by the involve two extrapolations. First, some adjustment 


joint program of the U. S. Office of Naval Research and the U. S. . ‘ ? 
Atomic Energy Commission. Preliminary results were presented Must be made to allow for the difference in the materials 
" the ener meeting of the American Physical Society in for which the neutron and star rates have been meas- 
anuary, 5 

¢ U. S. Atomic Energy Commission Predoctoral Fellow. ured. Second, the star rate must be corrected for the 
: bg Lesher, Taye, Bey. 44, ae San and Ji Franklin disintegrations involving 2, 1, and 0 ionizing second- 
nst. , 555 (1937); L. H. Rumbaugh and G. L. Locher, Phys. i i j i i 
Rev. 49, 855 (1536); E. Schopper, Naturwiss. 25, 887 (1937),  27l€S, Which are events difficult or impossible to observe 
E. M. Schopper and E. Schopper, Physik. Z. 40, 22 (1939); E. 2 P. E. Hodgson, Phil. Mag. 42, 82 (1951); N. C. Barford and 
Finfer, Naturwiss. 25, 235 (1937) and Z, Physik 111, 351 (1938). |G. Davis, Proc. Roy. Soc. (London) A214, 225 (1952). 
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in emulsion. Montgomery and Tobey*® made one of the 
best comparisons of this sort. They measured the 
neutron-production rate in several materials, deriving 
an empirical interpolation formula from which to esti- 
mate the production rate in emulsion. Two sets of star 
data were available to them for comparison. For each 
of these, they extrapolated the observed prong-number 
distributions to include zero-prong events and con- 
cluded that the neutron multiplicity in emulsion was 
2.6 or 4.6. Recent star observations favor the smaller 
figure. Another figure has been published by Puppi and 
Dallaporta,‘ based on Yuan’s’ measurements of the 
neutron-production rate in the atmosphere. They esti- 
mate that the neutron multiplicity for production in 
air is 3.5, 

A more direct measurement of the neutron multi- 
plicity may be made by observing coincidences between 
a detector of neutrons and a detector of neutron- 
producing events. The present experiment is of this 
type. Several previous coincidence experiments have 
been reported in which boron detectors in a paraffin 
moderator have been used to detect neutrons. In all 
of these, however, arrays of Geiger counters have been 
used to select neutron-producing events. The efforts of 
the Washington University group* have been concen- 
trated on neutron production by u mesons. The Cornell 
group has studied neutron production in extensive air 
showers’ and in events in which penetrating ionizing 
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Fic. 1. Sketch of the apparatus. 


%A. R. Tobey, thesis, Yale University, 1948 (unpublished) ; 
C, G. Montgomery and A. R. Tobey, Phys. Rev. 76, 1478 (1949) ; 
A. R. Tobey and C. G. Montgomery, Phys. Rev. 81, 517 (1951). 

4G, Puppi and N. Dallaporta, Progress in Cosmic Ray Physics, 
edited by J. G. Wilson (North-Holland Publishing Company, 
Amsterdam, 1952), p. 378. 

§L. C. L. Yuan, Phys. Rev. 81, 175 (1951) and 86, 128 (1952). 

*R. D. Sard ef al., Phys. Rev. 16, 1134 (1949); A. M. Conforto 
and R. D. Sard, Phys. Rev. 86, 465 (1952). 

7V. Tongiorgi, Nuovo cimento 5, 101, 391 (1948); Phys. Rev. 
73, 923 (1948) and 75, 1532 (1949). 
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particles are produced.’ Examination of the counting 
rates of all of these experiments indicates that the 
events selected were very infrequent compared to those 
selected in the present experiment so that the measured 
multiplicities are not characteristic of the most common 
neutron-producing processes. The Cornell experiments 
were designed to select quite high-energy events, and it 
was judged that the observed neutrons were in general 
the products of several simultaneous disintegrations; 
thus the multiplicity per disintegration was not deter- 
mined. 

The present experiment differs from previous coinci- 
dence experiments in that the most common neutron- 
producing events are selected, and the location of these 
events is specified well enough to permit knowledge of 
the efficiency of neutron detection. The apparatus is 
shown in Fig. 1. BF;-filled proportional counters were 
used as neutron detectors. They were embedded in a 
paraffin moderator in which the neutrons would slow 
down from their initial energies of a few Mev to thermal 
energies, the range where the counters are most sensi- 
tive. A scintillation counter, consisting of 210 g of an 
organic liquid, was placed in the center of the moder- 
ator. A nuclear disintegration in or near this counter 
was detected by it if among the disintegration products 
there was a particle whose loss of energy by ionization 
in the counter exceeded 13 Mev. 

Those scintillations accompanied by one or more 
neutron counts were selected. These coincidences will 
be referred to as (s,jn) events, with 7 standing for the 
number of detected neutrons. Coincidences may be 
attributed primarily to nuclear disintegrations in or 
near the scintillator. The efficiency ¢, for detecting a 
neutron originating in this region, was measured with 
a calibrated neutron source. The multiplicity of neutron 
production could then be derived from the rates of 
(s,m) and (s,2n) events. 

Tongiorgi ef al.’ established that the extensive air 
showers contain neutrons and neutron-producing parti- 
cles. A Geiger counter tray of sensitive area 560 cm’ 
was employed to reject such showers. Since the scintil- 
lator’s area was 58 cm’, a shower of sufficient density 
to be detected by the scintillator would almost certainly 
produce a Geiger pulse. The neutron multiplicity was 
derived from the Geiger anticoincidence rates (s,n,9) 
and (s,2n,9). 

Whenever a coincidence occurred, the scintillation 
pulse height and the delay time between the scintillation 
and the first neutron pulse were recorded. The electronic 
recording circuits have, for the most part, been de- 
scribed previously.’ Additional circuits of conventional 
design were employed to note the occurrence of a second 
or third neutron pulse or of a Geiger pulse in prompt 
coincidence with a scintillation. 

8 Cocconi, Tongiorgi, and Widgoff, Phys. Rev. 79, 768 (1950). 

®*W. C. G. Ortel, Rev. Sci. Instr. (to be published). 

















Il. APPARATUS 
A. Scintillation Counter 


The scintillation counter is shown in Fig. 2. The 
scintillating material was 210 g of a solution prepared 
by dissolving 1 g terphenyl and 3 mg diphenylhexatriene 
in 4 1 phenylcyclohexane. This liquid contains only 
carbon and hydrogen, being nearly identical in compo- 
sition and density with paraffin. The liquid was con- 
tained in a 90 g glass cell covered with an aluminum 
foil reflector and a light-tight layer of tape. The photo- 
multiplier tubes were separated from the cell by Lucite 
“light pipes.”’ Since the events detected by the scintil- 
lator included disintegrations in or near it, the con- 
struction materials were chosen so that the disintegra- 
tions detected would be predominantly those of carbon 
nuclei. The other elements present were of quite low 
atomic weight and may reasonably be expected not to 
introduce serious error in the average neutron multi- 
plicity. 

Pulses from the two photomultipliers were added and 
amplified before being introduced into the coincidence 
circuits. For the purpose of obtaining some idea of the 
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Fic. 2. Scintillator and photomultiplier assembly. 


meaning of pulse size in terms of energy, two Geiger 
counters were used to select scintillations produced by 
ionizing particles capable of penetrating 4 in. of Pb. 
This amount of Pb will just be penetrated by a u meson 
of energy corresponding to minimum ionization density. 
The arrangement of counters and the pulse-height 
distribution obtained are shown in Fig. 3. The pulse- 
height distribution expected is also shown. This was 
calculated with consideration of the distribution of 
possible path lengths through the scintillator and the 
distribution of possible energy losses by a minimum- 
ionizing particle along each path. The greater width of 
the observed distribution may be attributed partly to 
the limited energy resolution of the scintillator and 
partly to the possibility of spurious coincidences caused 
by side showers. 

The peak of the pulse-height distribution was calcu- 
lated to represent an energy loss of 8.5 Mev. All pulse- 
height distributions were scaled to the position of this 
peak. An energy value obtained in this way is not a 
good measure of a disintegration energy for two reasons. 
First, some scintillations are the result of nearby 
disintegrations, all of whose secondaries may not enter 
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Fic. 3. Pulse-height distribution of minimum-ionizing particles. 


the counter. Second, many scintillations will be pro- 
duced by heavily ionizing particles, and it is known 
that the light output of an organic scintillator is a 
function of both ionization and ionization density. 


B. Neutron Counters 


The neutron counters” were of 1.5-in. outer diameter 
and 22-in. active length, with center wires of 0.002-in 
diameter. They were filled to a pressure of 45 cm Hg 
with BF; enriched to 96 percent in B"." All counters 
together had a 150-v plateau starting at 2200 v when 
all pulses greater than 0.003 v were recorded. 

The counting rate averaged 144 min~ over back- 
ground. The background, measured with no paraffin 
present but with each counter surrounded by at least 
1 in. of borax, was 16 min“ and may probably be 
attributed to radioactive contamination of the counter 
walls and to cosmic-ray bursts. 

The efficiency of the moderator and neutron counters 
for detecting neutrons from a point source was measured 
directly. The efficiency of the apparatus is somewhat 
energy dependent ; however, it has been shown previ- 
ously’ that the energy of neutrons produced by cosmic 
rays is about the same as the average energy of those 
from a Ra-Be source. A 5-mC source of this type was 
supplied by the Canadian Radium and Uranium Corpo- 
ration, who state that the rate of neutron emission is 





The neutron counters were made and filled by the N. Wood 
Counter Laboratory, Chicago, Illinois. 

"The BF, was furnished by the Isotopes Division, U. S. 
Atomic Energy Commission, Oak Ridge, Tennessee. 
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Channel Width: 50 J) Sec 
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previously observed range distribution of the protons 
from emulsion stars. Such an estimate, based on the 
data of Lattimore,” indicated that 45 percent of the 
detected disintegrations are within the scintillator and 
90 percent are no more than 11 g cm~ distant. Investi- 
gation showed that ¢ is very nearly constant over this 
region. 
III. EXPERIMENTAL DATA 


The equipment was operated at the Yale Cosmic Ray 
Laboratory at Climax, Colorado, during the autumn 
of 1952. The laboratory is located at 11 200-ft altitude, 
51-cm Hg atmospheric pressure, magnetic latitude 
48.1°N. The neutron production rate was measured 


Taste I. Coincidence rates. 
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Fic, 4, Distribution of delay times for (s,m) coincidences. 
The channel width is 50 microseconds. 


5.2 10‘ sec~', with an estimated error of +10 percent. 
This figure was checked by comparing this source with 
two others, one calibrated by the Bureau of Standards 
and one by the Argonne National Laboratory. The 
measured efficiency for neutrons originating in the 
center of the scintillator was 0.050. The location of the 
detected disintegrations may be estimated from the 
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Fic. 5. Scintillation pulse-height distribution. 





0.321 +0,005 
0.142 +0.003 
0,067 +0,002 
0,062 +0,002 
0.100 +0,003 


0.692 +0,006 


0.173 +0,008 
0.114 +0,004 
0.060 +0,003 
0.057 +0.003 
0.093 +0.004 


>13 0.496 +0.010 





r(s,2n) 
(min™) 
Observed less accidental 


0.0047 +0.0007 
0,0022+0,.0005 
0.0016+0,0005 
0.0014+0.0004 
0.0041 +0,0007 


0.0140+0.0015 


Pulse height 
(Mev) Observed 
0.0063 +0,0006 
0.0029 +0.0004 
0.0019+0.0004 
0,0018+0,.0003 
0,0046+-0,0006 





13-27 
27-41 
41-55 
55-69 

>69 


>13 


Pulse height 
(Mev) 


0,0175+0,.0011 





r(s) 


(min~) 


73. £2 
13.8 +0.3 
3,530.06 
2.1140.05 
3.37+0.06 


96 +3 














there by Montgomery and Tobey’ and found to be 13 
times as great as at sea level. 

Figure 4 shows the delay time distribution of all (s,m) 
coincidences. If the accidentals are subtracted, the 
distribution is exponential. From this distribution, the 
mean life of neutrons in the moderator was found to be 
175 usec, a reasonable value. 

The coincidence rates (s,m) and (s,2m) and the 
scintillation rates not selected by any coincidence 
requirement are given in Table I. The pulse-height 
distributions of these events were measured in 40 
channels, and the channels were grouped into five ranges 
of equal voltage width. It should be recalled from the 
discussion of Sec. IIA that the energy values given 


2S, Lattimore, Phil. Mag. 40, 394 (1949) and 41, 819 (1950). 
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for the boundaries of these pulse-height ranges are 
derived from a calibration in terms of the energy loss 
of minimum-ionizing particles and are probably under- 
estimates by a factor of two or more for pulses due to 
heavily ionizing particles. The accidental (s,m) coinci- 
dence rate is distributed according to the pulse-height 
distribution of the total, unselected scintillations. The 
accidental (s,2n) coincidence rate is distributed accord- 
ing to the distribution of (s,m) coincidences. The number 
of accidental (s,2n) events was calculated from a 
measurement which indicated that there is a probability 
of 0.0050+0.0003 that any neutron pulse will be closely 
followed by another. These “neutron showers” were 
about twice as frequent as would be expected on a 
random basis. The pulse-height distributions in Table I 
are presented graphically in Figs. 5, 6, and 7. 

The Geiger tray was placed near the moderator, 4 ft 
center-to-center from the scintillator. The coincidence 


Taste II. True coincidence and anticoincidence rates 
with the Geiger counters. 
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Pulse height 
(min~) 


(Mev) 
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(min) 





13-27 
27-41 
41-55 
55-69 

>69 


>13 


0.0044 +0,0006 
0.0046+0,0006 
0,0023+-0.0004 
0,0037+0,0005 
0.0113+0,.0012 


0.0264+0.0013 


0.168 +0.008 
0.109 +0.004 
0.057 +0.003 
0.053 +0.003 
0.082 +0,.005 


0.470 +0.011 





Pulse height 
ev) 


r(s,2n,g) 
(min~) 


r(s,2n,9) 
(min™) 





0.0047 +0,0007 
0,0022+0,0005 
0,0016+0,0005 
0.0014+0,0004 
0.0021 +0,0006 


0,0115+0,0009 


0.0020+0.0003 
0.0024+0.0003 








rates, corrected for accidentals, are given in Table II. 
These data are included in Figs. 5, 6, and 7. The (s,g) 
coincidence rate of 332 hr agrees with the expected 
rate of air showers to which the present arrangement 
of counters is sensitive. The (s,#,g) rate of 0.026+-0.002 
min is small compared with the (s,m) rate of 0.496 
+0.006 min, indicating, as expected, that only a few 
percent of the neutrons produced by cosmic rays are 
produced in air showers. 

The ratios of various counting rates are given in 
Table III. The significance of these ratios in terms of 
neutron multiplicity will be discussed in Sec. IV. The 
ratio r(s,n)/r(s,2n) is significantly greater than the 
ratio r(s,n,g)/r(s,2n,g) and indicated that, as expected, 
the multiplicity of neutrons in air showers is greater 
than the average multiplicity. In view of the uncertainty 
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Fic, 6, Pulse-height distribution of (s,s) and (s,n,g) coincidences. 


of the point of origin of the neutrons in air showers 
and consequent uncertainty in the efficiency of their 
detection, it is not considered feasible to calculate their 
multiplicity. 

Only 23 (s, 23m) coincidences were recorded. Of 
these, 18 were (s, >3n, g) events. These data are not 
extensive enough to be of much significance. They are, 
however, consistent with the idea that neutrons are 
produced in air showers with a greater than average 
multiplicity. 


IV. INTERPRETATION OF THE DATA IN TERMS 
OF MULTIPLICITY 


Consider an event in which v neutrons are produced 
in a disintegration near the scintillator, where the 
a priori probability of detecting a neutron is ¢. The 
probability that exactly j of the neutrons will be 
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Fic. 7. Pulse-height distribution of (s,2n) and 
(s,2n,g) coincidences. 





566 


Tase ITI. Ratio of rates. 





r(s,9) 
r(s,n,Q) 


4354-12 
127+ 4 
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39+ 2 
41+ 2 
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+5 
+9 
+9 
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r(s,n,g) 


Pulse height BASS isd) Le 
r(s,2n,g) 


(Mev) 
13-27 
27-41 
41-55 
55-09 

> 





> 13 40.84+3.1 


204+ 15 








detected is given by Newton’s formula :” 


Vv 
pi)=(")ea—or (1) 
Jj 


In general, all events will not have the same multi- 
plicity, and the rate of (s,jm) coincidences may receive 
a contribution from any event in which j or more 
neutrons are produced. If the rate of those disintegra- 
tions detected by the scintillator in which » neutrons 
are produced is R(v), the rate of (s,jn) coincidences is: 


r(s,jn) =, R(v)P,(j). (2) 

The total rate, R, of detected disintegrations and the 
average multiplicity, », are 

R=), R(v), (3) 

p= RD, vR(v). (4) 

Unless the coincidence rates r(s,jn) for all values of 

j are known, R and # can be computed only with some 

assumed form for the distribution R(v). In the simple 


case that all events have the same multiplicity, v, it 
may be shown that 


1—e\7r(s,2n) 
y= 1+2(— =) 6) 
e J r(s,n) 


Another manageable assumption is that R(v) has the 
the form of a geometric series: 


R(v) = Roe”, (6) 


This is probably a better approximation to the true 
distribution in the present experiment. The stars ob- 
served’ in nuclear emulsion exhibit a prong-number 
distribution which is quite closely a geometric series. 
With this distribution the coincidence rates reduce to 


r(s, jn) = Roeie~ #1 —e-V(1—) a), (7) 


If the summation of Eq. 4 is performed, excluding 
v=( so as to consider only neutron-producing events, 


the result is 
r(s,n) 
patti | 11 
: f r(s,2n) 


4H. Margenau and G. M. Murphey, The Mathematics of 
Physics and Chemistry (D, Van Nostrand Company, Inc., New 
York, 1948), p. 422. 


(8) 
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Table IV gives the comparative results of Eqs. 5 and 
8 when applied to the experimental data for all pulse 
sizes together after subtraction of coincidences due to 
air showers. These data are r(s,n,g)/r(s,2n,g)=40.8 
+3.1, r(s,n,g) =0.470+0.006 min=. 

Comparison shows that in spite of the radical differ- 
ence in the form of the assumed distributions, the 
calculated rate of events and the average multiplicity 
are not very different for the two cases. 

In Table III, the ratios of various rates are given for 
each pulse-size group. Examination of this table leads 
to two conclusions. First, the neutron multiplicity of 
events not including air showers does not appear to be 
a function of pulse size. This conclusion is based on the 
constancy of the ratio r(s,n,g)/r(s,2n,g). Second, the 
two ratios r(s,n,g)/r(s,2n,g) and r(s,g)/r(s,n,g) appear 
to be equal for the larger pulse sizes. This would be 
expected if the multiplicity distribution were a geo- 
metric series extending to zero-neutron events. If a 
geometric series of multiplicities is fitted to r(s,n,g) 
and r(s,2n,g) and extended to zero multiplicity, the 
calculated rate of disintegrations agrees with the ob- 
served rate of scintillations, for large pulses. This 
comparison is shown in Fig. 8. This line of argument 
suggests that a geometric series of multiplicities is a 
reasonable approximation to the true situation and 
that a relatively large proportion of disintegrations 
may have zero neutron multiplicity. 

The best value of the average neutron multiplicity 
for neutron-producing events is judged to be #=1.5. 
This value has a statistical error of +0.05 and a 
further error of +0.05 introduced by the uncertainty 
in €. 

Much recent evidence" favors the theory that each 
detected disintegration is part of a cascade of disinte- 
grations so that the particles capable of nuclear inter- 
action at any point are secondaries, produced in 
disintegrations above. Since the efficiency for neutron 
detection is appreciable for neutrons originating through- 
out a fairly large portion of the moderator, the observed 
events must sometimes include more than one disinte- 
gration. An estimate of the effect of cascades on the 
measured value of # was made on the basis of an 
oversimplified model. If a mean free path for star- 
producing radiation of 80 g cm™ is assumed, and if it 
is assumed that neutrons originating within 20 g cm 
of the scintillator would be detected, it may be con- 


TABLE IV. Comparison of results calculated from two different 
assumed multiplicity distributions. 








Distribution R(v21) 





R(v)=R 5.1 min“ 
R(v) = Roe”! 6.6 








4G. Thomson and P. E. Hodgson, Phil. Mag. 42, 978 (1951); 
B. Rossi, High Energy Particles (Prentice-Hall Publishing Com- 
pany, New York, 1952), p. 486. 
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cluded that about 25 percent of the detected events 
include two disintegrations. If both of these disinte- 
grations have the same multiplicity, it may be con- 
cluded that the measured value of # must be corrected 
by the factor 0.7; thus a corrected value of =1.1 is 
obtained. This is probably an overcorrection, since, as 
mentioned in the previous paragraph, there is reason 
to believe that many disintegrations produce no neu- 
trons, and so many cascades of more than one star 
will produce no more than one neutron. 

It is believed that the best estimate of the corrected 
multiplicity is v=1.3, with an uncertainty of +0.2 
resulting mainly from the absence of a direct experi- 
mental basis for the cascade correction. 


V. DISCUSSION OF THE RESULTS 


In addition to the neutron multiplicity, this experi- 
ment yields several secondary results. The star pro- 
duction rate in parafin may be derived on the assump- 
tion that, as stated in Sec. IIB, 45 percent of the 
detected events are stars in the scintillator. Using the 
rate of neutron-producing events from Table IV, on the 
basis of a geometri¢ series of multiplicities, the star 
production rate is 21 g™' day~'. For comparison, if 
Lattimore’s star rates,” including the production rate 
of single fast protons as possible neutron-producing 
events, are extrapolated from emulsion to paraffin on 
the assumption that the cross section varies with 
atomic weight, A, as A!, the result is 17 g“' day“. The 
assumptions involved in this calculation make it 
difficult to estimate the errors. 

The neutron production rate in paraffin may be 
derived from this experiment in two different ways. 
Using #=1.3, the star production rate of 21 g™' day 
implies a neutron production rate of 3X 10~* g™ sec. 
This figure depends ultimately on the measured coinci- 
dence rates. The total neutron counting rate is also 
related to the neutron-production rate. A calculation 
identical to that of Montgomery and Tobey’ indicates 
that the observed rate of 144 min~ implies a neutron- 
production rate of 2.6X10~* g™ sec~'. Both of these 
figures may be compared with the result of Montgomery 
and Tobey, 2.5<X10~* g™ sec, which was obtained at 
Climax. Again, it is difficult to estimate the errors. 
The calculation indicates, however, that the bulk of 
neutron production, as measured by Montgomery and 
Tobey, is the result of events of the type selected in the 
present coincidence experiment. 

Relative production rates of neutrons in materials of 
different atomic weight have been measured by Mont- 
gomery and Tobey’ and by Simpson."* As pointed out 
by Montgomery and Tobey, these rates are propor- 

167, A. Simpson, Proceedings of the Echo Lake Cosmic Ray 
Symposium (U.S. Office of Naval Research, Washington, D. C. 
1949), p. 252. 
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Fic. &. Comparison of the rate of detected disintegrations, 
calculated from r(s,x) and r(s,2n), with the observed scintillation 
rate. 


tional to i¢/A, where a is the relative cross section of 
the material. Relative multiplicities calculated from 
this expression may be reduced to absolute values by 
the result, #= 1.3 for C, of the present experiment. For 
this calculation, the production rates measured by 
Montgomery and Tobey were used whereas values of ¢ 
were taken to be proportional to the total cross sections 
measured by Fox ef al.'* for 300-Mev neutrons. The 
result is #=2.2 for production in Al and #=6 for 
production in Pb. The mean atomic weight of the 
elements in nuclear emulsion is about the same as the 
atomic weight of Al. The mean neutron multiplicity in 
Al is comparable to the mean prong multiplicity, 2.2, 
of stars observed? in emulsion. 

This investigation was initiated following suggestions 
of the late Professor Carol G. Montgomery. The 
experiment was planned with the advice of Professor 
Raymond V. Adams. The experiment was performed 
and the data interpreted with the aid and encourage- 
ment of Professor Henry L. Kraybill, for whose constant 
and stimulating interest I am most grateful. The 
members of the Yale Cosmic Ray Group, in particular 
Mr. Irwin Tessman, contributed willing help to the 
experiment. The generous hospitality of Mr. Richard 
T. Hansen, Chief Observer at Climax, greatly facilitated 
the work there, which was carried out at the site of 
the High Altitude Observatory of Harvard University 
and the University of Colorado. 


®R. Fox ef al., Phys. Rev. 80, 23 (1950). 
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Total Cross Section for Positive Ions in Hydrogen 


STanLteyY L. LEoONARD* AND Donatp H. Stork 
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(Received September 21, 1953) 


The total cross section for positive pions in hydrogen has been measured at pion kinetic energies of 33, 44, 
56, and 70 Mev. The attenuation of pions of these energies in liquid hydrogen was studied by scintillation- 
counter techniques. The geometry was such that pions scattered at angles greater than +35° were counted 
as having been removed from the beam. Therefore, the term “total cross section” is taken to mean the 
cross section for all interactions except those in which the pion is scattered into an angle of less than +35° 


from the pion-beam direction. The results are: 


Pion energy (Mev) 
3344.5 
4444 
56+4 
7045 


Cross section (mb) 
6442.1 
9.8+1.5 

17.642.2 
19.0+2.6 


The energy dependence of the cross section seems to agree with the predictions of lowest-order perturbation 
theory for pseudoscalar mesons with gradient coupling to the nucleon. 





I. INTRODUCTION 


T the time when work on this experiment was 
begun, the total cross section for positive pions 
in hydrogen had been’ measured for pions of energies 
greater than 53 Mev.'~* It is of theoretical interest to 
extend these measurements to lower energies. This 
paper describes a determination of this cross section 
for 33-, 44-, 56-, and 70-Mev pions. This measurement 
provides a comparison with previous measurements 
and extends the cross-section data to energies as low 
as feasible for the particular method utilized. The 
lower energy limit resulted from the low pion beam flux 
and the rapid increase, with decreasing energies, of the 
correction required because of pion-muon decay. 
Recently, cross-section measurements have been re- 
ported for pions of 37 Mev, 40 Mev,® and 43 Mev.® 
Comparison of the results with those of this experiment 
shows that the agreement is satisfactory. 


II. EXPERIMENTAL METHOD 


In this experiment, the 340-Mev scattered deflected 
proton beam of the Berkeley 184-in. synchrocyclotron 
was brought out through the cyclotron shielding, 
through a 2-in. diameter collimator, into the so-called 
“cave” area (Fig. 1). There it passed through a pion- 
production target, of polyethylene or carbon, placed at 
the front edge of a strong magnetic field. Pions of the 
desired energy were deflected by the field, through 
about 90° in an arc of 18.5-in. radius, passed through 
an exit slit at the rear edge of the magnet pole faces 
and into a narrow hole cut through the concrete shield- 

* Now at Principia College, Elsah, Illinois. 

! Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952) ; 
Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 (1953). 
* Isaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952). 

+ Fowler, Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 91, 135 (1953). 

4C. E. Angell and J. P. Perry, Phys. Rev. 92, 835 (1953). 

5 J. P. Perry and C, E. Angell, Phys. Rev. 91, 1289 (1953). 

* Weaver, Lord, and Orear, Phys. Rev. 91, 466 (1953). 


ing that formed the side wall of the cave. In this way 
a beam of pions of the desired energy was produced. 
This beam was further defined by a thin anthracene 
scintidation counter placed inside the hole in the cave 
wall. The beam then emerged into a region outside the 
shielding, passed through two stilbene crystals viewed 
by photomultiplier tubes, and entered the liquid-hydro- 
gen target. Upon emerging from this attenuation target, 
the beam passed into a large cell of liquid scintillator 
viewed by photomultipliers. 

Pions were identified by the heights of the pulses 
produced in the photomultiplier tubes viewing the two 
stilbene crystals, in conjunction with the momentum 
measurement which is implicit in the magnetic selection 
of beam particles. By means of the electronic setup 
(see following), those pions that interacted with the 
hydrogen nuclei, and so did not reach the back counter, 
were counted. In addition, the total number of pions 
passing through both the stilbene crystals was meas- 
ured. From these two numbers, plus information about 
the amount of hydrogen in the attenuation target, the 
total attenuation cross section was calculated. 

Carbon targets were used to produce the beams for 
the 56- and 70-Mev attenuation measurements, and 
polyethylene was used at the other two energies. The 
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thicknesses of the polyethylene targets were chosen so 
that the pions due to the reaction p+ p=2*++d would 
emerge from the target at the energy desired for the 
pion beam. In all cases the width of the production 
target was 1} in., the same width as the exit slit. These 
dimensions determined the momentum selection of the 
pions. 

Counters 1 and 2 (Fig. 1) were placed at the approxi- 
mate position where the magnetic lens consisting of the 
fringing field of the magnet formed an image (in the 
vertical plane) of the target. For the lower two pion 
energies, the magnetic field was varied and the two- 
fold coincidence counting rate in counters 1 and 2 was 
maximized with respect to the field intensity, thus in- 
suring that the beam particles were primarily due to 
the intense peak in production from polyethylene re- 
sulting from the p+ p=a*+-d reaction.’ 

The energy of the particles in the beam was deter- 
mined by an integral range measuremert, in which the 
threefold coincidence counting rate for counters 1 and 2 
and the back counter was obtained for various thick- 
nesses of copper placed between counter 2 and the back 
counter. The percentage of the beam particles that 
were pions was determined by a pulse-height analysis 
that is described below. 

The intensity of the pion beam was increased over 
the value obtained in preliminary runs by a factor of 
about two by extending to the pion-production target 
the evacuated tube through which the protons traveled. 
This expedient reduced the spreading of the beam 
caused by multiple Coulomb scattering in the air and 
in the ion chamber monitor that was placed at the exit 
of the evacuated tube. Since the vertical dimension of 
the proton beam at the production target was decreased 
in this way, the vertical focusing of the magnet fringing 
field produced a smaller pion image at the counter 
telescope. The resulting pion-beam flux through the 
telescope was about two particles per second. 

The beam defining counter (No. 0 in Fig. 1) was 
placed two feet in front of counter 1 and consisted of a 
1}-in. X 1}-in.X}-in. anthracene crystal viewed from 
one edge through a short Lucite light pipe by a single 
RCA 1P21 photomultiplier tube. Counter 1 was a 
1}-in. X 1}-in. X }-in. stilbene crystal viewed from oppo- 
site ends through short Lucite light pipes by two RCA 
5819 photomultipliers. Counter 2 was very similar, 
a 1}-in. X 1}-in.X}-in. stilbene crystal viewed on oppo- 
site ends by two RCA 5819 photomultipliers, also 
through short light pipes. The separation between 
counters 1 and 2 was 23 in. The back counter consisted 
of a disk-shaped cell, 14 in. in diameter and } in. thick. 
The front face was made of 16-mil dural foil and the 
rear face of }-in. Lucite. This cell was filled with a solu- 
tion of terphenyl (0.4 percent by weight) in phenyl- 
cyclohexane with about 15 mg of diphenylhexatriene 
per kilogram of solution, for the purpose of shifting the 

’ Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 91, 
677 (1953). 
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wavelength of the radiated light to a region of greater 
sensitivity of the 5819 photomultiplier cathode. It was 
viewed from the rear by ten RCA 5819 photomultiplier 
tubes separated by a light baffle into two groups, 
a central core of four tubes viewing a central 8-in. 
circle, and an outer ring of six tubes viewing the outer 
3-in. ring of the disk.* 

The photomultipliers used in counters 1 and 2 were 
selected for good pulse-height resolution in viewing 
stilbene crystals. Since the pulse-height resolution also 
depended upon light-collection efficiency, the light pipes 
were designed for optimum light collection consistent 
with the requirements of geometry. All the 5819 photo- 
multipliers were protected from the effects of the stray 
magnetic fields in the cyclotron building by mumetal 
shields. The tubes viewing the pulse-height counters 
were encased in an iron box for additional shielding. 

The liquid hydrogen target was placed as close to 
the second crystal as possible to reduce to a negligible 
amount the number of pions removed from the beam 
by multiple scattering in the crystal. Although “poor” 
geometry was required for the multiple Coulomb 
scattering, it was desirable to have the back counter 
as far from the target as possible in order to have fairly 
“good” geometry for the nuclear scattering so that as 
much of the total attenuation cross section was meas- 
ured as possible. 

The angle subtended at the second crystal by the 
back counter was determined in part by the fact that 
some beam pions decayed in flight after passing through 
the first crystal (some of the decay muons then passing 
through the second crystal) or the second crystal. It 
was important to make the angle subtended by the 
back counter large enough so that a negligible number 
of the decay muons passed outside the rear counter. 
As a compromise between the conflicting “good” and 
“bad” geometry requirements, the back counter was 
placed so that it subtended a half-angle of 35° at the 
center of the hydrogen target. This was the smallest 
angle which was still large enough to include all but a 
negligible fraction of the multiply scattered pions and 
all but a negligible fraction of the largest angle pion 
muon decays. 

It was impossible to distinguish experimentally the 
true attenuation events from those pion-muon decay 
events occurring after counter 2 which yielded muons of 
such low energy that they reached the end of their 
range without entering the back counter. A discussion 
of the calculation of this correction appears later in 
this paper. 

The electronic apparatus used in this experiment is 
shown schematically in Fig. 2. Pulses from the defining 
counter and counters 1 and 2 were amplified by means 

* This separation was not at all complete since the baffle ex- 
tended only up to the rear face of the disk, but it would have per- 
mitted an estimate of the relative number of pions scattered into 


the outer ring as compared with those coming through the center 
section. This feature of the rear counter was not exploited in 


this experiment. 





S. L. LEONARD AND D. H. 


VY sen 


i ah’ 


i 
COUNTER @ 0 ie 


STIL BENE | 


counter os IST) 


LIQUID Hy FLASK 
TARGET OUTER _- 
acne 6" OAMETER 
LGU SCmT LATOR 


LIGHT BAFFLES 
y 











oom | 


GATE ouT Suge?) 
SCALER }-——-+--e 


TERTROMIA SCOPE 
MODIFIED FOR SHPI1 CRT 
WITH 12 AV SUPPLY 





BACK ViEW 


Fic, 2, Schematic diagram of electronic apparatus and counters. 


of standard linear amplifiers (LA) and passed through 
gate-forming circuits (VG). The outputs of the gate- 
forming circuits were fed into a coincidence circuit of 
0.5 microsecond resolving time. A threefold coincidence 
caused by pulses from these counters triggered the 
oscilloscope sweep. From the second outputs of the 
linear amplifiers, pulses from counters 1 and 2 and from 
the two sections of the back counter passed through 
different amounts of RG65/U delay line and were fed 
into a “funnel” circuit whose output was fed into the 
signal input of the oscilloscope. The function of this 
funnel circuit was to provide independent impedance 
matching and voltage attenuation and to funnel the 
pulses into one output. In this way, the four pulses 
from the four counting units, separated in time by 
means of the delay line, were displayed on the oscillo- 
scope trace, the sweep being triggered by the threefold 
coincidence. These traces were photographed on con- 
tinuously moving 35-mm film. The sweep time was 
5 microseconds, and the pulses were separated by about 
0.8 microsecond. 

In order to insure that the pulses in the two pulse- 
height counters were not too short for effective feed- 
back in the linear amplifiers, the pulses were lengthened 
by a simple R—C network not shown in the diagram 
and then clipped to 0.25 microsecond in length by 
shorted clipping lines. The individual voltage attenua- 
tion at the input of the funnel circuit made it possible 
to adjust the heights of the pulses for photographic con- 
venience at the start of any run without tampering 
with the gains of the amplifiers or the voltages on the 
phototubes. The latter two variables could thus be 
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adjusted for optimum performance of the phototubes, 
amplifiers, and gates. 

The oscilloscope was equipped with a gating circuit 
that provided a gate pulse whenever the sweep was 
triggered. This gate output was fed into a scaler, which 
therefore registered the total number of sweeps. A record 
was kept of the number of sweeps photographed on 
each section of film. An ion chamber placed in the 
primary proton beam served to monitor the integrated 
proton beam flux. 

The liquid hydrogen target used in this experiment 
(Fig. 3) was one designed by Mr. John Garrison for 
experiments on proton-proton scattering. The hydrogen 
flask was a circular cylinder with axis perpendicular to 
the beam, and about 5.6 in. in diameter. The thickness 
of hydrogen in the beam direction was 1.00 gram/cm’. 
A liquid nitrogen jacket cooled the target, several heat 
shields reduced radiant heat transfer, and an insulation 
vacuum of less than 10~* micron provided good heat 
insulation. 

For this experiment a new outer jacket was designed 
and constructed. This jacket is shown in Fig. 3. The 
beam entered the target through a hole in the jacket 
3 in. in diameter, covered with a 7.5-mil aluminum foil. 
The exit window was covered with 10-mil aluminum 
foil and was 9 in. in diameter. This diameter was such 
that when the back counter was set to subtend a half- 
angle of 35° at the center of the hydrogen flask, the 
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angles subtended at the second crystal by the back 
counter and by the exit window were the same. 

The pulses from counters 1 and 2 and from both 
sections of the back counter were displayed on the 
screen of a 5XP11A cathode-ray tube using a 12-kv 
power supply. These pulses were photographed on con- 
tinuously moving Kodak Linagraph Pan 35-mm film by 
means of a General Radio camera with a f/1.5 lens. 
The speed with which the film was moved through the 
camera was adjusted to keep the spacing between 
sweeps great enough for ease in subsequent reading of 
the processed film. A set of small neon lamps was 
mounted around the rim of the cathode-ray tube face 
and inside the light shield which enclosed the camera 
lens and oscilloscope face. The lights were controlled 
from outside the shield and were used to mark the film 
to identify which portions were exposed under a given 
set of conditions. After processing, the film was ex- 
amined with the aid of a Recordak film reader. The 
pulse heights and separations between pulses could then 
be measured on an arbitrary scale by means of a grid 
placed in the focal plane of the film reader. The height 
of the pulses could be read ¢o an accuracy of about one 
part in thirty, and the separation between pulses could 
be determined to about one part in twenty. The latter 
corresponded to a time resolution of about 0.04 micro- 
second, 


II]. DETERMINATION OF THE CROSS SECTION 


In order to determine the attenuation cross section, 
it was necessary to know the thickness of the target in 
grams/cm’, the total flux of pions through the target, 
and the number of pions that failed to reach the back 
counter. The target thickness was 1.00 g/cm’. 

In order to find the flux of pions, it was only necessary 
to determine the fraction of the sweeps initiated by 
pions since the total number of traces photographed on 
each section of film was registered on the scaler con- 
nected to the gate output of the oscilloscope. For the 
purpose of accomplishing this, pulse-height measure- 
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Fic. 5. ““Three-dimensional” plot of pulses from counters 1 
and 2 en all sweeps for which the pulses from the back counter 
were missing for the case of 33-Mev pions, 


ments were made on all traces in a group of samples of 
the film. These pulse heights were then plotted in the 
following way: a set of coordinate axes was laid out 
with the abscissa representing the pulse height in 
counter 1 and the ordinate representing the pulse 
height in counter 2. Each trace was represented by a 
dot whose coordinates indicated the pulse heights in the 
two counters. The distribution of the dots then repre- 
sented the pulse-height distribution for the counters. 
A typical diagram representing the data at the lowest 
pion energy is given in Fig. 4. It is seen that most of 
the dots cluster in a rather limited region; these repre- 
sent the pions. From this diagram one can set up criteria 
for classifying the particle responsible for a given trace 
on the oscilloscope. The criteria actually used are shown 
on the diagram, all dots inside the indicated polygon 
being ascribed to beam pions. From this diagram the 
fraction of beam particles that fulfilled the criteria was 
determined. From this fraction and the total number of 
sweeps, the number of pions traversing the target was 
computed, It is seen from this diagram that the pulse- 
height resolution in counter 1 is about 1.5 times as good 
as that in counter 2. This ratio is what one expects if 
the resolution width is due primarily to the statistics of 
electron emission at the photocathodes of the photo- 
multiplier tubes, since about twice as much energy is 
lost in the first crystal as in the second. 

The number of attenuated pions, Nau, was deter- 
mined in the following way: all of the film exposed with 
the liquid hydrogen target in place was scanned for 
sweeps on which appeared pulses from counters 1 and 2 
alone. The heights of the two pulses on each of these 
sweeps were measured. These were then plotted in the 
“three-dimensional” type of diagram described above. 
The diagram for the lowest energy measurement is 
shown in Fig. 5. The pulse-height criteria for pion 
identification were applied, and the number of such anti- 
coincidence events initiated by pions was determined. 

It is believed that the other groups of dots in Fig. 5 
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may be identified as follows: those falling along line A 
have the correct pulse height in counter 1 but too 
large a pulse height in counter 2. These are considered 
to be a result of pions that (a) decay between counters 1 
and 2, giving rise to low energy muons that stop before 
reaching the rear counter or (b) are captured in 
counter 2, giving rise to a nuclear star. Those in region B 
have the right relative pulse heights to be considered a 
result of the low-energy muon contamination of the 
beam, resulting from pion decays near the backward di- 
rection in the pion center of mass, the decays occurring 
ahead of counter 1 and the muons stopping in the target. 
The dots in region C appear to represent the proton con- 
tamination of the beam. It should be mentioned that 
there was a group of dots for very large pulses in both 
counters which could not be shown on this diagram; 
this group also represented protons. 

Then, if N, is the total number of pions passing 
through the target, pf the thickness of the target in 
grams/cm?, A the atomic weight of the target hydrogen, 
and Ay Avogadro’s number, one can write an expression 
for the attenuation cross section 


Natt Natt 
X<10-" cm’, 





c= = 
NuptAo/A 5.98N, 


The last relation makes use of the fact that the target 
thickness was 1.00 gram/cm? and that the attenuation 
fraction was very small compared to unity. 


IV. CORRECTIONS 
A. Pion Decay Giving Rise to Spurious Events 


It is apparent that beam pions that decayed after 
passing through counter 1 and at least most of the way 
through counter 2 were indistinguishable from any 
other beam pions. Some of the muons from these decay 
events had such low energy in the laboratory that they 
reached the end of their range before being detected in 
the back counter. Such events were indistinguishable 
from the true attenuations of the pion beam. There- 
fore, it was necessary to correct for these false attenua- 
tions on a theoretical basis, by use of the lifetime and 
dynamics of the decay process. At the lowest energy 
(33 Mev), the correction is a very significant one, the 
number of false attenuations being about 0.53 percent 
of the total flux and the number of true attenuations 
being about 0.36 percent of the total pion flux. At 44 
Mev, the correction was about 0.1 percent of the total 
flux, and it was negligibly small at the two higher 
energies. 

Because of the asymmetry of the liquid-hydrogen 
target with respect to the beam direction, it was in- 
convenient to calculate the correction for spurious 
events by means of any analytic expressions. For this 
reason it was decided that the correction could most 
reliably be determined by means of a Monte Carlo 
calculation that simulated the actual candom processes 
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involved in the experimental situation. Such a calcula- 
tion is exact within the limits determined by the 
statistics involved and can be carried to any desired 
degree of precision, the accuracy of the results being 
limited only by the uncertainty in the initial data used 
for the calculation (such as the value of r= 2.54 10-* 
sec used for the pion mean life). Because of the rela- 
tively large statistical uncertainties caused by the low 
counting rate in this experiment, coupled with the large 
target-out subtraction (Sec. V. B below), it is necessary 
only that the muon-decay correction be known to an 
accuracy of 15 percent at the lowest energy. At the 
higher energies the required accuracy was smaller still. 

To calculate this correction to 15 percent, it was 
necessary to consider only 600 decay events in the 
counter telescope. These were assumed to be isotropi- 
cally distributed in the pion center of mass, and con- 
sideration had to be given only to those muons coming 
off at large enough center-of-mass angles to have a 
chance of being stopped in the target. For each of these 
latter muons the position and the direction of decay 
were assigned with the aid of a table of random num- 
bers, and its fate was then decided on the basis of 
knowledge of the geometry and stopping power of 
materials in its path. The spread in the energy of the 
beam pions was taken into account to first approxi- 
mation and introduced only a very small uncertainty 
(less than 5 percent) into the correction. 

It was the magnitude of this correction and its 
rapidly increasing importance as the pion energy was 
reduced that set the lower practical limit on the pion 
energies used in the experiment. 

In addition to the above considerations, it was neces- 
sary to take into account those muons arising from 
decay of beam pions ahead of counter 1. Some of these 
muons had such low energy that they stopped before 
reaching the rear counter. At all energies except the 
lowest (33 Mev), these muons were reliably separated 
from the pions by pulse height. It is possible that at 
the lowest energy some of these muons caused pulse 
heights within the limits of the pion criteria, because of 
the width of the Gaussian pulse-height distribution for 
these muons. However, it can be shown that this is a 
negligible correction even at the lowest energy, largely 
because of the small number of pion decays near the 
first counter that gave rise to muons reaching the 
second counter. 


B. Attenuation in the Walls of the Target and 
in the Second Crystal 


Some of the pion beam passing through the counter 
telescope was attenuated by the second crystal, by the 
walls of the hydrogen flask, by the heat shields, and by 
the various beam windows. In order to correct for this, 
a “dummy” target was constructed that was essentially 
identical to the actual target except that the hydrogen 


9 Jakobson, Schulz, and Steinberger, Phys. Rev. 81, 894 (1951). 
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TABLE I. Summary of data, corrections, and results. 











% Pions attenuated* 


Spurious 
Tr He: Dummy» a 


events 


Correction factors 


Muon flux Unequal 
correction Hg path 


Net % 


attenuated Final ¢ 





3344.5 Mev 1.207 0.313 
+0.071 +0.062 


0.919 0.247 
+0.061 +0.054 


1.343 0.329 0.004 
+0.094 +0.083 0.003 


1.480 0.388 0 
0.132 +0.077 


0.530 
+0.070 


0.107 
+0.026 


44+4 


56+4 


7045 





0.364 6.4+2.1 mb 


+0.118 


0.565 
+0.086 


1.010 
+0.125 


1.092 
+0.152 


1.034 1.009 


1.033 1,009 9.8+1.5 


1.031 1.009 17.642.2 


1.029 1.009 19.0+2.6 








* Corrected for accidentals. 
> Corrected for energy difference. 


was replaced by a vacuum. In the experimental run, 
a measurement of the total attenuation in the dummy 
was made in precisely the same manner as the measure- 
ment of the attenuation in the target itself. The per- 
centage attenuated in the dummy cannot be directly 
subtracted from that in the hydrogen target, however. 
In the hydrogen target the pion beam was reduced in 
energy by passing through the target hydrogen and 
therefore passed through the rear walls, heat shield, 
and window of the target at a lower energy. In the 
dummy, the beam passed through all the material at 
essentially the same energy. Since the attenuation cross 
section for positive pions in complex nuclei is a rather 
steep function of the energy, the amount of attenuation 
in the rear half of the dummy had to be corrected for 
this difference in cross section before the attenuation in 
the dummy was subtracted from that in the hydrogen 
target. The correction to the correction was relatively 
small, however. The total “target out” or dummy cor- 
rection was greatest for the 70-Mev measurement, 
amounting there to 6.5 mb. 


C. Accidentals 


In addition to the pulses from the counters, single, ran- 
domly distributed, accidental pulses appeared on many 
of the sweeps. These presumably were caused by the 
random charged-particle background in the vicinity of 
the counter telescope. Since an attenuation event could 
be masked by an accidental pulse appearing at the 
usual position of a pulse from the rear counter, it was 
necessary to correct for this effect. The distribution of 
accidentals was determined from the film; from the 
portions of the sweeps between the positions of the 
normal counter pulses the frequency of accidental 
pulses per cm of sweep could be calculated. It was 
found necessary to increase the observed number of 
attenuated pions by about 3 percent at each energy to 
correct for this effect. The number of pions attenuated 
in the dummy target was similarly corrected. 


D. Muon Flux Correction 


The calculated cross section must also be corrected 
to take into account the fact that (a) the pion beam 
contained a small fraction of muons of the same pulse 
height as the pions and (b) the flux of pions through 
the hydrogen target was reduced by pion decay after 
the first pulse-height counter. 

Calculation of the muon flux correction for muons 
coming from the region ahead of counter 1 was based 
on reasonable assumptions as to the variation of pion 
intensity with distance from the production target and 
the portion of the total beam area “‘seen’’ by the counter 
telescope. The pion mean life used was r= 2.54 10~* 
sec.* This calculation indicated a contamination of 
about 0.5 percent. The contribution of muons from pion 
decay in the region of high pion density near the pro- 
duction target was estimated to be negligibly small 
(<1 percent) on the basis of some experimental data 
on the number of particles passing through large ranges 
of Cu. These data were obtained during the integral 
range measurements of the pion beam energies. 

The number of pion traversals was reduced by about 
2 percent at each energy by decays after counter 2. 
Calculation of the correction for decays between the 
two pulse-height crystals took into account (a) the 
fact that many of the muons resulting from these 
decays did not have such a pulse height as to be con- 
fused with pions, and (b) the fact that many of the 
muons that would have had such a pulse height 
decayed at large enough laboratory angles to miss the 
second counter altogether. 

This muon contamination was assumed to be non- 
interacting, and the total correction to the flux was 
between 3 and 3.5 percent at each energy. 


Vv. RESULTS 


The measured values for the cross section and the 
major corrections are given in Table I. Column 1 gives 
the mean energy of the pions in the target. In the second 
and third columns appear the attenuation percentages 
in the liquid hydrogen target and in the dummy target, 
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Fic, 6. Experimental values of the total cross section for positive 
pions in hydrogen as a function of pion energy. 


corrected for accidentals. The fourth column lists the 
corrections for the spurious events caused by pion 
decay in the counter telescope. The sixth and seventh 
columns list the correction factors needed to account 
for the noninteracting muon contamination of the beam 
and for the fact that the length of path in hydrogen 
varied for pions in different parts of the beam because 
of the cylindrical shape of the hydrogen flask. The last 
column gives the corrected values for the cross section. 
Since the rear counter subtended an angle of +35° at 
the center of the hydrogen target, these values for the 
“total cross section” refer to the cross section for all 
interactions except those in which a pion is scattered 
into an angle within +35° of the pion beam direction. 


VI, DISCUSSION OF RESULTS 


The total cross section for positive pions in hydrogen 
has been measured by a number of observers at a 
variety of energies. The results are displayed in Fig. 6, 
along with those obtained in this experiment. The 
measurements at 110 and 135 Mev are those obtained 
by Anderson, Fermi, Martin, and Nagle’ from the 
integration of their measured angular distribution. The 
measurement shown at 58 Mev is that of Bodansky, 
Sachs, and Steinberger." This value is believed by these 
authors to be more reliable than their earlier value, 
obtained in an attenuation measurement.? The value 
shown at 53 Mev is that of Fowler, Fowler, Shutt, 
Thorndike, and Whittemore,’ measured by cloud-cham- 


” Bodansky, Sachs, and Steinberger, Phys. Rev. 90, 996 (1953). 
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ber techniques. The measurement at 47 Mev is a very 
recent one by Weaver, Lord, and Orear,® using nuclear 
emulsions. The cross section shown at 37 Mev is the 
most recent value obtained in an attenuation measure- 
ment reported by Angell and Perry.‘ The cross section 
at 40 Mev was obtained by Perry and Angell® by 
integrating their measured angular distribution. Most 
of these values represent the cross section for scattering 
of positive pions at angles larger than some limiting 
angle determined by the experimental apparatus used. 
This limiting angle is different for each of the measure- 
ments. The cross sections may be compared with little 
error, however, since the angular distributions of Ander- 
son et al.,! Bodansky et al.,? and Perry and Angell® show 
that the scattering cross section at small angles is 
relatively small. 

The curve drawn through the points represents the 
relation o=bp"*/E” plotted as a function of the pion 
kinetic energy in the laboratory, T; E’ is the center-of- 
mass total energy of the pion and 9’ is its center-of- 
mass raomentum. The value of 6 has been adjusted for 
least squares best fit to all the data. The above energy 
dependence is obtained theoretically when the cross 
section is calculated from second-order perturbation 
theory, assuming a pseudoscalar pion field and using 
gradient coupling (@- V@) to the nucleon. Marshak" has 
performed this calculation in the lowest order perturba- 
tion theory, using (a) the complete pseudovector 
coupling interaction and (b) the pseudoscalar coupling 
interaction. The result for the pseudovector coupling 
differs only slightly from the curve shown in Fig. 6. 
The result for pseudoscalar coupling gives an entirely 
different energy dependence, the cross section decreasing 
slightly with energy, in disagreement with the experi- 
mental results. The results of these theoretical calcu- 
lations depend very strongly on the mathematical 
methods used to obtain them. Recent speculations?” 
have lent support to the notion that pseudovector and 
pseudoscalar coupling may give results which are quite 
similar in this energy range. Nevertheless, the curve 
shown provides a fairly good fit over a large range of 
energies, and it seems plausible to infer that gradient 
coupling is predominant above 30 Mev. 
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Standard Ilford G.5 plates were exposed in an improvised 46-Mev external pion beam of the Chicago 
cyclotron. Scatterings of the pions by the hydrogen in the emulsion were observed by scanning for recoil 
protons and examining the proton beginnings for an incoming and scattered pion. Energy-momentum con- 
servation permits separation of similar looking nonhydrogen events from the pion-proton scatterings. The 
average pion energy in the plates was determined to be 45:2 Mev from 15 events where the recoil proton 
stops in the emulsion. A total cross section of (12+3) millibarns has been obtained from 37 pion-proton scat- 
terings. No scatterings were observed less than 79°. Only four are less than 90°. A phase-shift analysis of the 
data gives a3= —(5.7+1.2)°, ags= (4.44+1.1)°, and as;= (2.4+1.8)°. Since these particular phase shifts 
happen to give very little Coulomb interference, these data do not determine the absolute signs of the 
phase shifts. Upon comparison of these results with scattering data at other energies, a3 appears to vary as 
the first power of the pion momentum and a3; with the third power at pion energies less than 80 Mev. 


I. INTRODUCTION 


OR pion energies less than 80 Mev, A is greater 

than the range of nuclear forces (r9>=1.4X10-" 
cm). Pion-proton scatterings in the low-energy region 
should be simpler to interpret than the higher energy 
scattering results. For example, in the energy region 
where A>>ro, quantum mechanics gives for the phase 
shift of /-wave scattering: 


bet, (1) 


where 7 is the pion momentum in units of M,c. So far 
(x+— p) angular distributions below 80 Mev have been 
obtained at 53,' 78,? 58,* and 40 Mev.‘ 

The earlier scattering results'> indicated that the 
s-wave phase shift might not behave according to Eq. 
(1) in the 50-Mev region. The early results of Anderson 
et al.® at 110 and 135 Mev gave an increase in a; (the 
s-wave phase shift) much more rapid than the first 
power of n, and the 53-Mev results of Fowler et al.' 
gave a symmetric angular distribution indicating zero 
s-phase shift at this energy. An explanation for such an 
anomalous s-wave behavior was given by Marshak® by 
postulating an attractive s-wave interaction with a 
strong, short-range repulsive core. This would force a; 
to change sign at some intermediate energy. However, 
the present experiment along with the more recent 
40-Mev' and 58-Mev’ results gives strong evidence that 
a3 is proportional to the first power of the pion mo- 
mentum at these energies. If as had changed sign, there 
would be predominant scattering in the forward direc- 


* Supported by the joint program of the U. S. Atomic Energy 
Commission and U. S. Office of Naval Research. 
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tion. In this experiment 33 scatterings were observed 
greater than 90° and 4 less than 90°. This is an even 
stronger backward scattering than observed at the 
higher energies. 

These 37 events were fitted by an extended maximum 
likelihood method described in Sec. IV to give a;= 
— (0.100+0,.023), a33== (0.077+0.020), and as, = (0.042 
+0.035). a33 is the phase shift for scattering into the P, 
state and a;; for scattering into the P; state. Because 
n<1, states of higher angular momentum are neglected. 

The resulting phase shifts happen to give a small 
nuclear scattering in the region 0° to 60° and thus a 
Coulomb interference perhaps even smaller than the 
pure Rutherford scattering. This makes determination 
of the signs of the phase shifts unfeasible for this energy 
region. 

Details of exposure and beam analysis are given in 
Sec. IT. As described in Sec. III the plates were area 
scanned under 830 magnification for single proton 
beginnings. Then each proton beginning was examined 
for an incoming and scattered pion. Three-pronged 
events of this type, but not due to hydrogen, were 
rejected on the basis of two tests: coplanarity of the 
three prongs, and angular correlation of the two scat- 
tering angles to satisfy energy-momentum conservation. 
The resulting total cross section of 12+3 mb and the 
corresponding phase shifts are calculated in Sec. IV. 
The angular distribution is shown in Fig. 2. 


II, EXPOSURE 


The lowest-energy pions able to escape the field of 
the Chicago cyclotron are 29 Mev. The channel in the 
12-foot iron shield closest to this escape orbit is the 
channel normally used for external scattered protons. 
This channel gives pions of 46 Mev according to an 
absorption curve obtained by using two scintillation 
counters preceding the absorber and two others fol- 
lowing in quadruple and double coincidence. This tech- 
nique of beam analysis is described in reference 2, 
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Fic. 1, Experimental setup for obtaining 46-Mev external pi-plus 
beam using proton channel of the Chicago cyclotron. 


Of course a somewhat lower-energy pion beam of less 
path length could be obtained if a channel were cut as 
indicated by the dotted lines in Fig. 1. Analysis of the 
absorption curve gives a value of 81+3 percent for the 
pion content of the beam used. This value was inde- 
pendently checked by counting grain density of 73 
successive tracks over a length of 600u. The tracks 
cluster into two groups of grain densities: 13 tracks 
about an average of 250 grains and 60 tracks at 330 
grains. Muon decay electrons gave a value of 17748 
grains. If the lighter tracks are assumed to be muons, 
this gives a value of 82-5 percent for the pion content. 

The beam was carefully collimated to reduce high- 
energy background protons. The low-energy protons of 
the same momentum as the pions were filtered out by 
the Bakelite wall of the plate holder. In an effort to 
achieve parallel pion tracks the plates were exposed in 
the vertical plane. In the plates used, 50 percent of the 
tracks were parallel to within +2°. The flux of tracks 
was 4.1 10° mesons/cm?. 


III. SCANNING 


The scanning technique is exactly the same as that 
described by one of the authors.’ At this energy dis- 
covery of events is easier than at 120 Mev since all 
recoil protons are quite heavy and the 45-Mev pions 
are about twice minimum ionization. Scanning efficiency 
is estimated to be greater than 90 percent on the basis 
of a double scanning. The first scanning was accom- 
plished by scanner X whose efficiency was about 80 
percent based on 30 of these (x+— p) collisions. Scanner 
Z then completely rescanned this area. In no case did 
scanner Z fail to find an event which was found pre- 
viously by scanner X. In addition certain test portions 
of the plate (about 20 percent of the scanned area) were 
scanned a third time by scanner Y and again all events 
were seen. 

Events which occur near the surfaces of the emulsion, 
or are close to being straightforward or backward 
scatterings are somewhat more difficult to see, and are 
thus excluded from the cross-section calculations, with 
the appropriate geometrical corrections being made. 
The regions excluded are those within 15y of the surfaces 


¥ Jay Orear, Phys. Rev. 92, 156 (1953). 
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of the emulsion, and events where the scattering angle 
is less than 30° or greater than 160°. 

The probability that a nonhydrogen event be 
counted as a pion-proton collision is very small in this 
case.’ 


IV. RESULTS 


If L, is the total pion path scanned, my the density 
of hydrogen in the plates, and dN/dw the number of 
events per unit solid angle, then 


de 1 dN 


Rag aa 


The value ny = 3.34+-0.1X 10” protons/cm! is specified 
by Ilford, where the uncertainty is that due to moisture 
content of the emulsion. The vaiue Z,= (1.045+0.040) 
10° cm is based on flux determination using 1357 
tracks. In Table I the region 30°<x< 160° is divided 
into four regions of equal solid angle, Aw= 2.84 stera- 
dians. x is the scattering angle in the center-of-mass 
system. These four points of the angular distribution 
are shown in Fig. 2. The corresponding total cross 
section is 12+3 mb. The error of +3 mb is obtained 
by combining the statistical error of 36 events with the 


TABLE I. Number of events in four equal units of solid angle. 








Limits of x 30° to 66° 66° to 92° 92°to119° 119° to 160° 
No. of events 0 5 10 21 
(da/dw)X10"7 <0.13 048+0.21 0.9640.30 2.00+0.55 








uncertainty in total pion track scanned and the uncer- 
tainty of scanning efficiency (assumed to be 0.95 
+0.05). 

The following is a list of values of x for all 37 events 
observed. Parenthesés containing the energy (in Mev) 
of the incoming pion follow those events in which the 
recoil proton stops in the emulsion: 79.5° (47.0 Mev), 
84, 84.5 (47.2), 87, 92, 97.5 (43.8), 102.5, 111, 113.5, 
115(47.2), 115, 116 (49.0), 116, 117.5, 117.5, 121 (47.7), 
124(48.6), 126.5, 128.5(43.3), 132, 133.5, 137, 140.5- 
(45.3), 142, 142.5(48.2), 143(47.8), 145, 145, 146, 
148(46.5), 148, 150, 152(46.5), 158(48.1), 158, 160- 
(38.6), and 162. 

A theoretical curve is fitted to these 36 data using a 
statistically efficient method which makes equal use of 
each scattering angle. The theoretical form for the dif- 
ferential cross section is given in Eq. (2) which is a 
close approximation including Coulomb interference 
when the phase shifts are small.* 


¢o1f 
S(x) = vast (2a33+a) cosx — 2heB —s 


+K*(a33—aa)? sin*x. (2) 


8 J. Ashkin and L. Smith, “Coulomb Interference Effects in the 
Scattering of Mesons by Protons,” Technical Report No. 1, 
Carnegie Institute of Technology, Feb. 2, 1953 (unpublished). 





SCATTERING OF 45-MEV 


The maximum-likelihood method was used to obtain 
the phase shifts and their errors. According to statistics, 
no other method of analysis can give the phase shifts 
with greater accuracy in the limit of large N.° 

The relative probability that V events be found at V 
scattering angles x; is 


P=exp| — nubs f f(xdo| TL f (xi). (3) 


The maximum-likelihood theorem states that the best 
values of the phase shifts are those which maximize P. 
The theorem also states that the standard deviation 
in the value of a so obtained approaches the minimum 
possible error: 


[((da)*)a—| f fdw / N f F(0f/aayaa), (4) 


The error ellipsoid in the three-dimensional space of «as, 
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Fic, 2. do/dw in mb/sterad corresponding to dividing the data 
into four equal units of solid angle. The solid curve is the best-fit 
theoretical form assuming repulsive s wave. The dashed curve is 
the best fit assuming attractive s wave. 


@33, and a3, was calculated using expressions of the form 
of Eq. (4). The extreme points of this ellipsoid in the a 
directions were taken as the errors in the a’s. These 
calculations were made assuming both sets of signs for 
the phase shifts. For repulsive s-wave the calculations 
gave a3;= —0.100+0.023, a33= 0.077+0.020, and 31 
= 0,042+0.035. The attractive s-wave calculations gave 

® We are indebted to Mr. George Backus at the University of 


Chicago for proving that the maximum-likelihood theorem may 
be extended to a probability function of the form in Eq. (3). 
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Fic. 3. as and ass vs 9 of the pion in the center-of-mass system. 
Present 45-Mev results are plotted along with those of 58 Mev 
(see reference 3), 78 Mev (see reference 2), 120 Mev (see reference 
2), and 135 Mev (see reference 2). 


as= 0.133+0.021, a33= —0.057+0.020, and a3;= — 0.045 
+0.035. The two curves are plotted in Fig. 2. 


V. CONCLUSIONS 


The quantity P in Eq. (3) is proportional to the 
probability that the experiment turn out as it did given 
f(x). In this experiment the ratio of the two P values 
corresponding to the two sets of phase shifts is 1.4 in 
favor of the repulsive s-wave. Thus whether one assumes 
attractive or repulsive s-wave, the probability of the 
experiment turning out the way it did is about the 
same. This is because a3 is close to —1/2a, and ac- 
cording to Eq. (2) there should be almost no inter- 
ference term. For this reason it is extremely difficult to 
determine the signs of the phase shifts from Coulomb 
interference in this energy region. Determination of the 
signs of a should be possible using this plate technique 
at higher energies. Preliminary results on 120-Mev xt 
tend to favor repulsive s-wave." 

The values of a; and ay; are plotted vs n in Fig. 3 along 
with the values obtained by others. It appears that for 
data below 80 Mev a; can be fitted quite well by 
a3=—7.79 and as3 by a33= 147? in degrees, This good 
fit helps verify both Eq. (1) and the results of others.?~ 

We wish to acknowledge the scanning done by Miss 
Irene Kubota and Mr. Paul Hodge at the University of 
Washington and by Mr. William LaMere at the Uni- 
versity of Chicago. Dr. Frank Solmitz and Mr. George 
Backus at the University of Chicago helped with the 
statistical analysis and calculations. In addition we are 
indebted to Professor Enrico Fermi for many helpful 
discussions. 
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Cosmic-ray air showers of total energy in the range 10" to 10" ev have been studied at 3260-m elevation 
with a large multiplate cloud chamber in combination with five thin-walled ionization chambers. The 
spatial distribution of electrons near the shower axis is usually a smooth function of distance with a sin- 
gularity less marked than 1/r, Evidence is presented, however, to show that some showers have a lumpy 
structure near the axis. The showers are very poor in high-energy electrons and photons near the axis, 
relative to the expectation for a single electron-photon cascade. The angular distributions of shower axes are 
found for various shower sizes and prove to be quite similar to those expected for single electron-photon 
cascades. The implications for various shower models are discussed and a fairly extensive nucleonic cascade 


is indicated. 





I. INTRODUCTION 


OSMIC-RAY events of very high energy have 
been studied in three stages of development: the 
initial interaction, which is explored with emulsion 
techniques ;' the resulting cascades near their maximum 
development; and the residual high-energy » mesons, 
which are studied in underground experiments.? The 
low absolute rate of these events limits the emulsion 
techniques to about 10" ev, and the underground 
observations to about 10° ev, so that the highest 
energy events can be studied only at their full develop- 
ment, where their large spatial extension increases the 
effective observing area; the practical energy limit at 
this stage has so far been about 10! ev.*4 
The general features of these cascades near their 
maximum have been clarified in a number of studies, 
by use of counter trays and hodoscopes,® ionization 
chambers,’:* and cloud chambers.’ The charged particles 
present are about 98-percent electrons, and the lateral 
distribution-in-space of these electrons largely agrees 
with the calculation of Moliére* which is based on a 
simplified model of a pure electron-photon cascade. 
However, several experiments*:’* have yielded evidence 
that the density of electrons within a meter or so of 
the shower axis does not show the steep rise expected 


* Assisted by the U. S. Office of Naval Research and the U. S. 
Atomic Energy Commission. 
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from the Moliére theory. This fact is not surprising 
since one is presumably dealing with several superposed 
cascades, each well past its naximum. Nevertheless, 
the agreement with Moliére’s calculations, for distances 
greater than about one meter, and the failure to find 
evidence for multiple high-energy cores near the shower 
axis,’ indicated that a consistent model of the shower 
was not easy to find. A satisfactory model is needed, 
not only to unravel this particular aspect of cosmic rays, 
but to afford insight into the nature of the elementary 
high-energy processes and to allow calculation of the 
energy of the primary particle involved. 

The present work combines ionization-chamber and 
cloud-chamber techniques, in order to obtain a relatively 
large amount of information on individual showers. 
The arrangement consists of five ionization chambers, 
in a three-by-five meter area, and a cloud chamber of 
0.2 m? effective area located near the center of the 
ionization-chamber array. The ionization chambers 
afford a measure of the density of charged particles at 
five points in a shower, and the cloud chamber gives 
observations of the spatial distribution of particles in 
the chamber, their angular inclination, and, by means 
of five lead plates in the chamber, the energy of the 
more energetic electrons and photons. This information 
is available for each shower; for those showers whose 
axes were close enough to the apparatus one could 
specify the size and location of the shower. 

Data will be presented on the nature of the shower 
near its axis, the high-energy electron-photon compo- 
nent of the shower, and the angular distribution of 
showers of a given size. 

The experiments were carried out at Echo Lake, 
Colorado, at an altitude of 3260 m. 


II. APPARATUS 


The use and calibration of thin-walled pulse ionization 
chambers for measurement of particle density in air 
showers .is discussed in reference 3. In the present 
investigation the equipment was very similar, with 
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AIR SHOWER EXPERIME 


larger ionization chambers (area 0.079 m?) filled to a 
higher pressure, so that the available range of measure- 
ment was extended to lower particle densities. The 
lower limit which was set on pulse height, one millivolt 
(see reference 3), corresponded to 187 particles per 
square meter or 15 particles passing through the 
chamber if the shower is near the vertical. 

The cloud chamber is described in reference 7. The 
effective area of observation was 25X80 cm (0.2 m?), 
and the chamber contained five lead plates, the top ene 
} in. thick, the others 1 in. thick. The top of the chamber 
was 3 in. of dural, and material over the chamber was 
one inch of Celotex. 

Figure 1 shows two views of the experimental 
arrangement: four of the ionization chambers form the 
symmetrical arrangement used in reference 3, but with 
three chambers on a circle of radius 1.27 m and the 
fourth at the center. The cloud chamber is as near the 
center of the circle as possible, and the fifth ionization 
chamber is out beyond the cloud chamber, 3.62 m from 
the center. 

The ionization-cham)er pulse heights were recorded 
photographically whenever any two of the four closely- 
grouped chambers simultaneously gave pulses greater 
than 1 millivolt (equivalent to 187 particles/m?), the re- 
solving time for this coincidence being 20 microseconds. 
Since fourfold coincidences on the photographic 
record were ultimately required, the accidental coinci- 
dences were nil. During the first part of the experiment 
the same criterion (any two of the four chambers) was 
used to trigger the cloud chamber; however, there was 
appreciable loss of cloud-chamber time because of its 
five-minute recycling period, so that for the latter part 
of the experiment the selection criterion for triggering 
the cloud chamber was changed: the triggering event 
was any two of the three chambers which were closest 
to the cloud chamber. It was hoped in this way to 
eliminate from the cloud-chamber pictures some of 
the small distant showers which yield very little 
information. 


III. DETERMINATION OF POSITION AND SIZE 
OF INDIVIDUAL SHOWERS 


(a) Method 


Reference 3 discusses the method and assumptions 
under which a few isolated measurements of particle 
density, in a shower, can be used to determine the 
center of the shower and the total number of particles 
in it: We must assume that the particle density in the 
shower falls off monotonically as we proceed away from 
the axis of the shower; then simultaneous observations 
at a sufficiently large number of points would allow a 
complete determination of the size and location of the 
shower and of its lateral structure in the plane of 
observation. Actually, we have only five density 
measurements available for each shower and must 
therefore assume a lateral structure function for all 


CLOUD CHAMBER 
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Fic. 1. Plan view of the experimental arrangement, showing the 
effective areas of the ionization chambers and cloud chamber. 
The plane of the ionization chambers is actually one meter above 
the central plane of the cloud chamber. The direction of photo- 
graphy is indicated by an arrow. The dots illustrate schematically 
the expected spatial distribution of electrons in a cascade whose 
core struck near the apparatus. For a shower of N = 10* electrons 
each dot should represent 100 electrons. 


showers. In this way we determine whether the assumed 
function is consistent with all the showers we observe; 
if it is consistent, then the ionization chamber data 
give the position and size of each shower that strikes 
nearby and a lower limit to the size of showers that 
strike farther away.’ 

We have assumed the lateral distribution function 
calculated by Moliére and located the centers of the 
showers by the method of intersection of lines of 
constant particle-density-ratio discussed in reference 
3. In agreement with previous work’ the Moliére 
distribution proves to fit the data fairly well, with 
certain exceptions which will be noted in Sec. IV. 
The accuracy of location of the axis of an individual 
shower varied from perhaps +20 cm for the most 
favorable close-in cases to about two meters for those 
which struck four or five meters from the center of the 
circle. Showers which struck farther away than about 
five meters, or even less in some unfavorable cases, 
could not be located, and only a lower limit was assigned 
to their size. In order to ascertain the size of those 
showers whose axes can be located, we note that the 
particle density at a distance r from the axis of the 
shower is given, according to Moliére, by p(r)=N/f(r), 
where JN is the total number of charged particles (here 
assumed to be all electrons) in the shower at this stage 
in its development, and f(r) is the function describing 
the structure of the shower, which we assume to be 


108 Nole added in proof-—G. Cocconi has pointed out that the 
earth’s field broadens the shower distribution in an E-W direction, 
in our case by a factor of about 1.45. Since we force a fit to a 
symmetrical distribution, our locations and shower sizes will have 
a somewhat larger error than we have here assigned to them. 
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the same for all showers; and to be given by* 


0.454 
age ™ (1+4(r/rs) J expl—4(r/rs)*], 


T/T, 


where r; is the characteristic scattering length,’ and is 
115 m at Echo Lake. Then each ion chamber measure- 
ment of p gives us a value of N, Na=pa/f(ra), etc.; 
and the agreement between the five values of N is a 
measure of the extent to which the shower agrees with 
the Moliére function; the average of these five values is 
the number we give as JN, the size of the shower. With 
the spacing used in this experiment, and the require- 
ment that all of the four closely-spaced chambers have 
p= 187 particle/m’, the smallest showers recorded had 
N~105 particles. From previous work’ we expect the 
rate at which the axes of showers of this size or greater 
arrive at a given point to be 0.05 per square meter per 
hour, so that we cannot expect more than about one 
event per week of this size in which the core passes 
directly through the cloud chamber, and must therefore 
rely mainly on observations of showers whose cores 
struck near rather than in the cloud chamber. 

The lower limit on shower size, and therefore upper 
limit on rate of arrival of showers, is set by statistical 
fluctuations in the number of particles actually travers- 
ing the ionization chambers. With a limit corresponding 
to 15 particles, one expects a fractional standard 


deviation in the particle density of 1.04/4/15=0.27,'% 
and one cannot afford a larger error. 


(b) Results and Discussion (the Lateral 
Distribution Function) 


A total of 260 showers was examined, of which about 
45 percent struck close enough to be analyzed; of these, 





Fic. 2. Chart of the locations of the shower cores as determined 
by the ionization chambers. All of the data have been collected 
into one sextant. The size of each shower, in units of 10° electrons, 
is indicated by the legend. 


Wb The factor 1.04, which takes into account the cylindrical 
shape of the chambers, was incorrectly given in reference 3 as 1.5. 
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80 percent fit the Moliére distribution within the rather 
large statistical errors. This indicates that even as 
close as 1 to 3 meters from the axis of a shower, the 1/r 
variation describes the density of charged particles 
fairly well. However, by considering a chart of the 
locations we have assigned to these showers, one can 
see that a systematic discrepancy exists. Figure 2 shows 
such a chart (all of the showers are shown in one 
sextant of the circle); the number of showers should 
increase steadily as one appraoches the center of the 
circle since the required minimum shower size goes 
down (see reference 9), but instead we find a blank 
space at the center of the circle, and another, less 
pronounced, around that ionization chamber on the 
circumference of the circle which is closest to the shower 
axis (labeled “A” in the figure). Clearly the showers 
whose axes were too close to an ionization chamber 
have been mislocated because the particle density at 
the ionization chamber was not as large as the Moliére 
function would predict." The true distribution function, 
therefore, must be considerably flatter, within about 4 
meter of the axis, than the Moliére function. This 
observation agrees with Blatt’s analysis® of Williams’ 
data,? and with Campbell and Prescott’s sea-level 
results® on showers of about the same size. It is hard to 
draw a very definite conclusion from the observation 
since at least three questions are raised: (1) whether 
the Moliére approximate treatment is correct even for 
a shower at its maximum; (2) the extent to which the 
shower is flattened out because it is past its maximum; 
(3) the number and distribution of the individual 
showers which presumably originate from the gamma 
rays from #°-mesons and overlap to give the observed 
shower. The effect of “age” of the shower on the 
distribution near the core (that is, the extent to which 
an individual shower is past its maximum) has been 
calculated by Nishimura and Kamato” in an approxi- 
mation similar to that of Moliére; they find that the 
singularity at the core of a shower should go as 1/r?~*, 
where s, the “age” parameter, is 1 at the shower 
maximum and increases slowly as the shower maximum 
and increases slowly as the shower progresses. For a 
size of shower slightly smaller than the average observed 
in this experiment, assuming that the showers start at a 
depth of 100 g cm~ in the atmosphere, we find that the 
vertical showers would have s~1.08, while those at 
40° from the vertical (where the intensity is down by 
more than a factor of four) have s~ 1.24. The compar- 
able numbers if we assume an initial multiplicity of 20 
(i.e., it is assumed that we are observing 20 overlapping 
showers at once) are s~1.24 for vertical, s~1.32 for 
35°. Thus the average value of s is probably somewhere 
between 1.2 and 1.3, and the strength of the singularity 
at the axis of the shower is accordingly reduced. 

" The finite size of the ionization chamber has a similar effect; 
that is, it causes a mislocation of close-by showers but over a 
much smaller area than the one exhibited by Fig. 2. 


2 J, Nishimura and K. Kamata, Progr. Theoret. Phys. Japan 
5, 899 (1950). 
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The effect of the spread in space and variation in 
size of the individual showers in a multiple-production 
model is hard to estimate although it seems clear that 
a reduction of the singularity near the axis should 
result. Hazen, Heineman, and Lennox" have applied 
the Fermi theory of high-energy meson production to 
the problem and find that the cores should be spread 
out over a region of 1 to 10 meters unless one assumes 
an unreasonably large primary energy for a shower of 
a given size. Such a large spacing of cores would appear 
to be incompatible with most of the observed showers. 

Some of the showers simply do not fit the Moliére 
function. If we define a satisfactory fit to be one in 
which all chambers give values of N less than 40 percent 
from the average, then out of 39 showers which struck 
close to the apparatus, 8 do not fit. This may be 
compared with the work of reference 3, in which the 
spacing of the ionization chambers was much larger 
and which has no bad fits out of 28 showers, Examina- 
tion of the 8 cases suggests that the particle density was 
irregular rather than merely flattened in the middle. 
This interpretation is strengthened by sea level 
observations." 

To summarize, most showers seem to be regula 
except for some flattening within ~0.3 m of the core 
The remainder of the showers appear to be “bumpy” 
within a meter or so of the core. 

We have examined the question of the extent to 
which the flattening of the distribution function will 
cause systematic errors in our prediction of the distance 
of the shower axis from the cloud chamber and found 
the effect to be small. Also our estimate of the total 
size of the shower will not be much affected since the 
part of the shower within 1 meter of the core contributes 
(according to Moliére) only 3 percent of the total 
number of electrons. 

Showers that struck near the observation plane of 
the cloud chamber and within about one meter of 
either end of the chamber should display a detectable 
variation in particle density from one end to the other, 
according to the Moliére distribution; the observed 
density should vary by nearly a factor of two even 
when the finiteness of detecting areas is taken into 
account. 

There were 12 events for which such density varia- 
tions were expected. Only one event shows a marked 
variation in density and in that case there is a maximum 
within the chamber, the maximum coinciding with a 
concentration of high-energy rays. The ion-chamber 
data, however, locate this particular shower axis about 
one meter from the peak observed in the cloud chamber. 
Another event, in which the axis determined by the ion 
chambers is 25 cm beyond the /eft end of the cloud 
chamber, displays a concentration of high-energy rays 
at the right end of the cloud chamber. 


3 Hazen, Heineman, and Lennox, Phys. Rev. 86, 198 (1952). 
4 R. E. Heineman and W. E. Hazen, Phys. Rev. 90, 496 (1953). 
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In two cases the ion-chamber data place the axes 
within the cloud chamber. Both events are small 
(N about 105), and the statistical uncertainties therefore 
result in rather large uncertainties in the axis position. 
Neither case shows a density gradient; in one, the 
cloud-chamber sample contains only rays of low energy, 
and we therefore believe the ion chamber samples give 
a misleading axis position; in the other, there were rays 
up to E=5X10° ev in the cloud chamber, but one 
expects higher energies if the axis is really within the 
chamber. 

Thus, the cloud-chamber observations generally 
confirm the conclusions from the ion-chamber data 
that the Moliére distribution is too peaked near the 
axis and that distributions that are “bumpy” sometimes 
occur. However, the statistical uncertainties in the 
location of the axis of individual showers, particularly 
the smaller ones, make it desirable to use a method of 
analysis that includes a larger proportion of the 
available data. This is done in the next section. 


IV. DETERMINATION OF THE NUMBER OF 
HIGH-ENERGY RAYS 


(a) Method 


The cloud chamber enables us to observe other 
details of the shower structure, at distances from the 
axis that are determined by the ion-chamber data, 
for example, the hardness of the energy spectrum. As 
a measure of the hardness of the energy spectrum we 
choose R= p(r,10°)/p(r,0), where the second parameter 
in each set of parentheses is the lower limit of energy. 
Because of the large number of tracks in the top section 
of the chamber, it was essentially impossible to distin- 
guish between photon and electron initiators for the 
showers produced in the lead and thus p(r,10°) refers 
to the density of electrons plus photons of energy 
> 10° ev. 

The dural top certainly has negligible effect on p(r,10°) 
but perhaps not on p(r,0). Heineman’® has treated the 
transition effect for one inch of dural numerically 
using the energy spectra of Richards and Nordheim"* 
and the lateral distribution functions of Eyges and 
Fernbach."” He found that the electrons increase by a 
factor that is about two for r<2 or 3 meters and that 
decreases to 1.3 at 10 meters. Since one inch of dural 
constitutes only 0.3 radiation unit, we should not 
expect the transition effect to depart drastically from a 
linear dependence on thickness for smaller thicknesses ; 
thus a linear interpolation was used to obtain the 
transition effect. 

The energy of the photons and electrons was deter- 
mined from the showers that they produced in the 
lead plates. The criterion for energy greater than 10° ev 


* R, E. Heineman, Ph.D. thesis, University of Michigan, 1953 
(unpublished). 

6 J. A. Richards, Jr. and L. W. Nordheim, Phys. Rev. 74, 1106 
(1948). 

17 L. Eyges and S. Fernbach, Phys. Rev. 82, 23 (1951). 
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Fic. 3. The observed number of electrons and photons of energy 
>10° relative to the number of electrons of all energies as a 
function of the distance from the shower axis. The upper curve is 
calculated for a single-electron model with s=1, the lower curve 
with s=1.5, 








was that a shower with a maximum of more than 10 
electrons be produced. It is believed that the film- 
reading criteria were such that the proportion of high- 
energy rays was not underestimated. It is possible to 
overestimate the number of high-energy rays in showers 
entering at an angle from the front or back unless one 
ignores showers starting in the second and succeeding 
lead plates. This procedure results in a slight under- 
estimate of the true number since a few events that 
actually pass through the top plate do not develop 
strongly until the second plate. The difficulty was 
minimized by the large area and close spacing of the 
plates, and furthermore a third photograph, taken at 
nearly 90°, allowed a good determination of the 
forward-backward angle in most cases. 


(b) Results and Discussion 


The results are shown in Fig. 3. The flags represent 
the rms deviation from the mean and probably give a 
good representation of the uncertainty. 

The expected energy distribution was obtained by 
utilizing approximation A of shower theory’ in order to 
determine the total number of electrons or photons 
with E> 10° ev at a given depth and by utilizing the 
lateral distribution functions of Eyges and Fernbach!” 
in order to determine the lateral distributions. Since 
most of the electrons and photons with E>10° ev have 
energies <10" ev, approximation A should be very 
good as long as the initiating energy E> 10" ev.'* The 
accuracy of the lateral distribution functions is more 
difficult to estimate. For electrons of all energies, we 
use the usual results of approximation B in order to 
obtain the number and the Moliére distribution to 
obtain the spatial distribution. The former should be 


“18 B, Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 


fairly accurate for air, and the latter agrees moderately 
well with experiment. The results are shown in the 
upper curve of Fig. 3. 

We have assumed that the showers were at their 
maxima. If a shower is to be at its maximum and we 
let its origin be at 100 g/cm?, there results Eg~10" ev 
and II~~10° particles, which is the size of the larger 
observed showers. However, the next step toward a 
realistic model is to assume a multiplicity in the shower 
initiators. One result would be a reduction in Ep with a 
consequent increase in age at the observation level if 
we assume that the major contribution comes from 
the first generation. The predicted effect of age was 
investigated by using the usual results of shower theory 
again to determine the relative number of high energy 
particles and the results of Fernbach" to determine the 
lateral distribution of electrons at s=1.5. (The choice 
of s=1.5 is based on available calculations and not on 
the belief that the showers are so old.) It was assumed 
that the photon lateral distribution changes by the 
same factors as the electron distribution as s goes from 
1 to 1.5. The results are presented in the lower curve 
of Fig. 3. 

It is seen that the experimental evidence seems to 
favor old showers if we assume that the axes of the 
constituent showers are separated no more than about 
100 cm. With s=1.5 and again assuming an origin at 
100 g/cm’, we obtain Ey>=3X10" ev and Il=100 
electrons. Thus a multiplicity of 10000 would be 
required to obtain the same shower size as before, i.e., 
N=10*. This multiplicity is far removed from the Fermi 
multiplicity of ~30 that one believes to be about 
right since it agrees quite well with emulsion observa- 
tions at lower energies. However, the showers need not 
be so old in order to give tolerable agreement with the 
observations, e.g., with s=1.25, Ey~10", II-~5x 10°, 
and the multiplicity becomes 200. Furthermore, the 
expected finite angles of emission of the 7° mesons with 
consequent lateral scatter in the shower axes will also 
reduce the predicted proportion of high-energy rays. 

The next step would be to include the effect of later 
generations in the nuclear cascade. It seems very 
likely that a sizable contribution is made by cascade 
components that originate in later generations. Qualita- 
tively, there are two opposing effects on s and hence on 
R: the over-all multiplicity is increased, thus effecting a 
decrease in the average energy; the origins of the 
individual cascade initiators are brought closer to the 
observation level. We might therefore expect little 
change in the average value of s as compared with the 
one-generation model. Moreover, the difficulty concern- 
ing multiplicity noted in the preceding paragraph will 
be ameliorated since only a few generations, with the 
slowly varying Fermi multiplicity at each generation, 
will suffice to give the required large overall multiplicity. 
We shall consider this model in more detail in Sec. VI. 


”S, Fernbach, Phys. Rev. 82, 288 (1951). 
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There is some indication from the data that the large 
showers consist of electron-cascade components that 
are younger on the average than for the smaller showers 
(as expected): the average R for N<10° is 0.10; for 
N> 10%, it is 0.16 with an uncertainty of about 0.05 in 
either case. ° 


V. THE ZENITH ANGLE DISTRIBUTION 
(a) Method 


Previous observations of zenith angle have involved 
some sort of average over showers of various sizes 
with the weighting factor determined by the detecting 
system. In the present case, we can obtain zenith angle 
distributions for particular local shower sizes, and thus 
we expect to be able to place more severe restrictions on 
a shower model than was possible heretofore. 

The projected angle as seen by one lens was deter- 
mined by aligning a grid of parallel lines with the 
tracks in the top of part of the chamber. In the cases 
where the angle varied detectably from one side of 
the chamber to the other, the mean of the two extreme 


TABLE I. Mean projected angle as a function of shower size. 





Mean 
projected 
angle 


Classification Number 
of oO 
event events 


Density at cloud chamber 
<500 particles/m? 197 
> 500 particles/m* 69 





15.5° 
13,1° 


Shower size 
1X10°<N<5X10° 59 
5X10°<N<10X105 50 15.2° 
10 105<N(N =24X 10°) 33 18.8° 


15.7° 








angles was used, and this was checked by a measurement 
of the angle at the center. The uncertainty was judged 
to be a few degrees in most cases and was attributable 
to the breadth of the distribution in angles of the 
individual electrons. When there were high-energy rays, 
the axes of their local showers provided a further check 
on the angle. 

It was found that most showers with a local density 
< 200 particles/m? had such a broad distribution among 
the individual electrons that the angle could not be 
determined within 10°. These events proved to be 
distant hits by showers*whose sizes could not be 
determined anyway. 

The observed angles were used to renormalize the 
ion-chamber determination of shower size where 
necessary. 


(b) Results and Discussion 


The data were divided according to shower size into 
three groups with results that are partly indicated in 
Table I. Since the distributions for the two smaller 
shower ranges are indistinguishable, the data have 
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Fic. 4. The observed projected zenith-angle distributions for 
local densities at the cloud chamber < 500 m~, higher distributien, 
and > 500 m7, lower distribution. 
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been combined in the graph of Fig. 5 whereas Fig. 6 
is a graph for the largest showers. 

The angular distributions for showers of a given 
local density determined by the cloud-chamber sample 
alone, are given for the sake of comparison; these data 
include events triggered by GM counters as well as 
by the ion chambers. The distributions are plotted in 
Fig. 4. 
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Fic. 5. The observed projected zenith-angle distribution for 
showers of size N between 105 and 10°. The dotted curve is 
obtained from a nuclear cascade model and is practically independ- 
ent of shower size in this range. The solid curves are for a single 
electron model with Il=10', peaked curve, and 10°, flat-topped 
curve. The curves are space-angle distributions but can be 
compared directly with the observed distributions. They are 
normalized to the observed total number of events. 





HAZEN, WILLIAMS, 











i 


Oo 10 





20 
DEGREES 


Fic. 6. Same as Fig. 5 with N>10° (average N=2.4X 10°), 
II = 10° (solid curve with higher peak), and Il =3X10* (solid curve 
with lower peak). 
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The expected angular distributions for the simple 
case of electronic cascades originating at ~100 g/cm? 
were obtained by utilizing the results of approximation 
B"* and by assuming two different power law distribu- 
tions in energy for the initiators. The results are 
presented in Fig. 7. In Table II some of the numbers 
pertaining to these calculated distributions are given. 

If we assume (1) that the main contribution to the 
observed electrons is from the 2° mesons produced in 
the first nuclear interaction and (2) that only a few of 
these x mesons have high enough energy to contribute 
appreciably, we expect to find that the curves of Fig. 7 
will describe the data of Figs. 5 and 6 quite well. We 
then choose a curve with II(£o,0,4,0)=N (observed) 
as a first approximation. It is seen that the data are 
satisfactorily described by the curves obtained under 
the above assumptions.” 

Next, one asks how much the model can be changed 
before significant disagreement with the data occurs. 
First, we might consider a model in which only the 
first generation contributes appreciably. The effect of 
multiplicity of °-meson production can then be 


le calcula- 
tions with projected-angle observations. J. Daudin [J. phys. et 
radium 6, 302 ( 1945) ] points out that there need be no distinction 
when the distributions can be tolerably well represented by cos*#. 


® It should be noted that we are comparing space- 
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approximated by simply choosing a curve with l= V/2m 
(where m is the multiplicity of 7° mesons) for compari- 
son with the data. Actually, since there is no rapid 
variation in shape of the angular-distribution curves 
in these energy ranges, the mean angle may be used as 
a single parameter that characterizes a distribution 
with sufficient accuracy for the present purpose. We 
find that the observed angular distribution for V = 10° 
to 10° is described by the calculated distributions for 
II=5X10* to II=7 10°, where the two values of II 
come from the limits on the mean angle imposed by the 
observed breadth in its distribution. The mean value 
of N was 510° and, therefore, we find that m, the 
multiplicity of x® mesons, would be in the range } to 5. 
Similarly, for the showers with V > 10°, the multiplicity 
would be } to 5, since II from 510° to 5X 10° agrees 
with the observations. 


VI. EFFECT OF NUCLEAR CASCADE 


An inconsistency must now be admitted: the local 
energies (Part IV) have indicated a high multiplicity of 
electron cascade initiators whereas the angular distribu- 
tions have indicated low multiplicities. The difficulty, 
of course, probably lies in the simplicity of the assump- 
tion of a one-generation, equipartition model. It is 
impossible to better the situation by altering the energy 
spectrum of ° mesons since any changes that aid the 
explanation of the local spectrum hinder the explanation 
of the angular distribution. Thus it seems necessary to 
assume that later generations play an important role. 
The problem of explaining the observations is one of 
separating the function of energy transport from that 
of electron shower formation. Thus it becomes possible, 
in principle, to obtain (a) the penetration dictated by 
the angular distribution observation by utilizing the 
N-component cascade as the principal energy carrier 
and (b) the “old” average age required by the observa- 
tion of the local-energy distribution by a suitable 
choice of the cross sections for production of secondaries. 

In order to see what sort of general effect the nuclear 
cascade might have, a simplified model based on the 
following assumptions was used: (1) the multiplicity 
for both primary and secondary collisions is that given 
by Fermi, (2) all the energy is shared equally by the 
secondaries, (3) one-third of the secondaries are 7° 


Tasie II. “Primary” energies contributing to a given local 
shower size and the mean zenith angle on a single electron cascade 
model. II is the total number of electrons at a vertical depth of 
16 units and EZ, is the primary energy. 
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mesons, (4) all the other secondaries interact at the 
end of 100 g/cm?, and (5) all the interacting secondaries 
have a probability of decay corresponding to # mesons. 

Experimental results' at lower energies confirm the 
essential correctness of (1); (2) is certainly wrong in 
the assumption of equipartition and seems to be wrong 
in the assumption of complete inelasticity; (3) is 
unknown at high energies but is probably not far 
wrong ;” (4) is a simplification that does not affect the 
results greatly because of the large average number of 
mean free paths to the observation level; and, finally, 
(5) gives an admittedly rough estimate of the rate of 
removal of energy from the beam that produces 7° 
mesons, an estimate which is too high because of elastic- 
ity and the creation of nucleon pairs. 

The effect of the production of intermediate-mass par- 
ticles is even more difficult to predict because of lack 
of knowledge of the fraction produced and lack of 
knowledge of how much decay energy is lost to ~ mesons 
and how much goes to gamma rays [ Bridge, Courant, 
de Staebler, and Rossi, Phys. Rev. 91, 1024 (1953), 


TABLE III. Detailed results from the nuclear cascade model. 
N=7.3X 10° electrons from the vertical for a primary proton of 
1.5X10"-ev energy. A single electron primary would require 
about one-half this energy. 





Generation 1 2 3 4 5 6 7 
Depth (g/cm*) 100 200 etc. 


No. of #® mesons 0 12 160 550 


890 1450 


Contribution to 
electrons at 
700 g/cm? 


No. of “N rays” 1 36 


0. 25: £9. te. GF 0.1 
480 3160 104 10° 3000 


No. decaying to 


yw Mesons 6000 9300 3000 


460 








have found evidence that at least some of these particles 
have gamma rays among their decay products ]. 

The angular distribution obtained with the above 
model does not change appreciably with V. The results 
are shown in Figs. 5, 6, and 7. It is seen that the distri- 
bution is indistinguishable from that for a single 
electron model of low energy, viz., I=3.210*. The 
mean angle is, therefore, 14 degrees. Thus, this model 
gives an angular distribution that does not seem to 
agree with the data at all. As mentioned previously, the 
fraction of secondaries that can be lost through decay 
has been overestimated because it was assumed that no 
energy is carried by nucleons. If less of the energy is 
carried by mesons, the angular distribution will be 
flattened since decay is more likely at large zenith angles 
than at small zenith angles. 

Another result of the model that lends support to 
the belief that the rate of loss to 4 mesons is too high 
is demonstrated by the predicted proportion of 4 


21K. Greisen and W. D. Walker, Phys. Rev. 90, 915 (1953). 
#2 G. Salvini and Y. Kim, Phys. Rev. 88, 40 (1952). 
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Fic. 7. Calculated space zenith-angle distributions. The curves 
were obtained for a single electron cascade with the vertical lines 
representing the effect of varying the power in the integral 
electron spectrum from 1.5 to 2.0. The curves are for shower sizes 
3.2X10', 3.2 10°, 108, 3.2 10*, and 10’ electrons. The dotted 
vertical lines represent the calculations for a nuclear cascade 
model; the results are not significantly altered as N goes from 
3X10* to 2X 10°. 





mesons, Table III. At Echo Lake (~700 g/cm*) the 
proportion of u mesons would be about 2 percent. This 
is considerably greater than the results of measurements 
for somewhat smaller showers,’ which indicate less than 
this for all heavy particles and less than 1 percent for 
# mesons in particular. 

Thus we see that the present nuclear cascade model 
does not give results that agree with the experiments, 
but the changes that would probably produce agreement 
are of the sort that one would make on other grounds as 
he improved the model. 

Another interesting prediction from the model is 
that the proportion of NV rays, which depends essentially 
on the number produced just above the apparatus, is 
about 0.5 percent at 700 g/cm? and increases to about 
1.5 percent at 500 to 600 g/cm’. These numbers agree 
roughly with the experiments. 


VII. SUMMARY 


The spatial and energy structure and the angular 
distributions of the showers studied in this experiment 
—showers containing from 1 to 30 or 40 times 10° 
electrons—are not consistent with a single-cascade 
model. Some of the showers exhibit a “lumpy” density 
distribution within a meter or two of the axis whereas 
the majority appear to vary smoothly with distance 
from the axis. The smooth variation is similar to that 
expected for an electronic cascade near its maximum 





586 HAZEN, 
except that it is less steep within one meter or so from 
the axis. The energy spectrum of the electron and 
photon component is “softer” than that of a pure 
electronic cascade, that is, there are fewer high-energy 
rays than one would expect. 

However, a one step multiple-production model of 
the shower development does not seem adequate since 
the observed angular distribution of the showers 
indicates too great a penetration into the atmosphere. 
A simplified nucleonic cascade model is only partially 
successful in reconciling these data. At least one required 
modification is that an appreciable fraction of the 
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energy in a high-energy collision is transferred to_ 
nucleons so that the penetration of the cascade is not 
limited by the decay of pi mesons. This may occur 
because of a lack of complete inelasticity or because 
of increasing importance of nucleon-pair formation at 
high energies. 


ACKNOWLEDGMENT 


We are indebted to Allen J. McMahon and Daniel 
T. Anderson, who operated the ionization chamber 
equipment and assisted with the reduction of the data, 
and to Malcolm A. McLeod, who read much of the film. 


NUMBER 3 FEBRUARY 1, 1954 


The Mass Difference of Neutral and Negative ~ Mesons* 


WILiiAM CHINOWSKY AND JACK STEINBERGER 
Columbia University, New York, New York 
(Received October 28, 1953) 


The angular correlation of the decay + rays from neutral x mesons produced in the reaction r~+p—-n+7° 
has been measured, using counter techniques. Analysis of the observed correlation function yields a value 


of the x~—7® mass difference m,;-—m,0=8.8+0.6m,. 


I, INTRODUCTION 


HE 2-—7° mass difference was first measured by 
Panofsky, Aamodt, and Hadley! in a study of the 
reactions of x~ mesons stopped in hydrogen. In this 
experiment hydrogen gas, inside the cyclotron chamber 
and under 3000-lb/in.? pressure, was exposed to the 
secondary radiation from a target bombarded by 
330-Mev protons. Measurement of the energy spectrum 
of the y rays produced in the hydrogen disclosed two 
groups, one of them rather broad near 70 Mev. This 
was presumed due to the reaction #~+p—n+7", 
m—2y. The width of the distribution is a measure of 
the velocity of the neutral meson. Assuming the 2~ 
at rest, the mass difference was then calculated, 
6=m,- —mMw= 10.6+2.0m,. 

Sachs and Steinberger® have verified the assumption 
that the low-energy group is due to the decay of neutral 
mesons produced by stopped negative mesons. Hydro- 
gen was bombarded by a monochromatic external 
meson beam and the two y rays from the neutral meson 
decay observed in coincidence. 

In a similar experiment, but using the liquid hydrogen 
target previously described,’ we have investigated the 
angular correlation of the two y rays. This provides a 
measure of the x° velocity, as did the energy distribution 
of Panofsky ef al.,' and therefore a new measurement of 
the x~ — 2° mass difference. 

* This work was performed under the joint program of the U. S. 
Office of Naval Research and the U.S. Atomic Energy Commission. 

! Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 


*A Sachs and J. Steinberger, Phys. Rev. 82, 973 (1951). 
5 Lindenfeld, Sachs, and Steinberger, Phys. Rev. 89, 531 (1953). 


II. KINEMATICS 
A. Reaction Kinematics 


Mesons coming to rest in liquid hydrogen become 
bound in the lowest Bohr orbit of a meson-proton atomic 
system in a time short compared to the mean life of 
aw—p decay.*® The velocities in the bound state are 
negligible compared to the sensitivity of this experi- 
ment. The meson and proton are therefore considered 
to interact at rest. The process + p—n+ 7° gives a 
neutron and neutral meson, the sum of whose kinetic 
energies is then equal to the ~—7° mass difference, 
minus the neutron-proton mass difference. From 
momentum and energy conservation, 


5=m,- —my=([_(m,-+m,)°B"/ (1—8")+m,? } 
—m,/(1—6*)'—m,-[1/(1—#)!— 1], 


where fc is the velocity of the neutral meson. For 


small £, 
5=m,—m,y+40'm,-+m,-"/my, ]. 


B. y—v Correlation 


In the x rest system the two y rays are emitted in 
opposite directions. Let £ be the angle between the 
direction of motion of one of the y rays in the rest 
system and the 2° velocity in the laboratory system. 


4A.S. Wightman, Phys. Rev. 77, 521 (1950). 

5 Sargent, Rinehart, and Lederman (private communication) 
have observed, in hydrogen gas at 18-atmos pressure, in a cloud 
chamber experiment, a ratio of r— decays to stoppings <15 
percent. In liquid hydrogen the ratio is then <$ percent. 
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For the angle ¢ between the two ¥ rays in the laboratory 
system, we have 


sin (¢/2)= (1—6*)#/[(1—6*) cos*é+sin’é]}. 
Considering the isotropy of the y-ray distribution in 
the rest system, the probability of observing a pair 
with correlation angle between ¢ and ¢+<d¢ is 


fs (1—8*) singdp ay ae 
(1—cos)46[ (1—cosp)/(1—62)— 2}? 


This correlation function is shown in Fig. 1 for 8=0.2. 
The smallest correlation angle at which y-ray coin- 
cidences should be observed is 
¢.= cos '(26?— 1). 

For small velocities this cut-off angle is a linear function 
of 8, with r—¢<28. The error in 8 is therefore half 
the error ¢, in the experimentally determined cut-off 
angle, and the error in the mass difference will be 
approximately $m,-Be,. 


III. EXPERIMENTAL PROCEDURE 


The negative mesons produced at the internal 
target of the Columbia University cyclotron at Nevis 
are collimated in a channel of the 8-ft iron shielding 
wall and further sorted in momentum’ by a double- 
focusing magnet and the beam defining counters No. 
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Fic. 1. y-y angular correlation function 
P(@) vs @ for B=0.2. 
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Fic. 2. Experimental geometry, top view. 


1 and No. 2. See Fig. 2. Counter No. 1 is a liquid 
scintillator 44 in. in diameter by } in. thick. Counter 
No. 2 is a stilbene crystal 2} in. horizontally by 23 in. 
vertically by § in. in thickness. Between the two 
counters 5 g/cm? of carbon and 5 g/cm? of LiH are 
inserted to maximize the number of mesons stopped in 
the hydrogen. The liquid hydrogen container’ is a ver- 
tical cylinder 3.1 in. in diameter and 44 in. high. How- 
ever, only 33 in. vertically are exposed by the thin part 
(0.006-in. Al foil) of the vacuum chamber. The y-ray 
detectors, counters No. 3 and No. 4, are liquid scintil- 
lators 4 in. horizontally by 8 in. vertically by 1 in. in 
thickness. The centers of the y-ray detection counters 
are each 274 in. from the center of the hydrogen well and 
move in the horizontal plane through the target center. 

To obtain the y—vy coincidence rates we measure 
the four counting rates: 


(a) Pb converter in place, Hz in well; 
(b) Pb converter in place, no H, in well; 
(c) Pb converter removed, H, in well; 
(d) Pb converter removed, no Hz, in well. 


The coincidence rate is then taken to be (a—b)— (c —d). 
The rates without converter were however so small 
that they were usually omitted. 


IV. EXPERIMENTAL RESULTS 


Preliminary measurements were made with counters 
No. 3 and No. 4 at 10 in. from the hydrogen well to 
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Fic. 3. Fourfold coincidence counting rates 
vs absorber thickness, 


determine the most advantageous absorber thickness 
between counters No. 1 and No. 2. The results are 
shown in Fig. 3. The measurements were not extended 
to larger and smaller absorber thicknesses since it has 
already been shown that such coincidences are due to 
stopped mesons.” 

Table I shows fourfold coincidences as a function of 
the angle @ between the y-ray detectors, each counter 
at a fixed distance of 27} in. from the hydrogen cup. 
Incident beam intensity in the 1, 2 telescope was of 
the order of 210° counts per minute. Fourfold 
rates with hydrogen in the cup varied from about 2 
counts/min at 165° to 0.1 count/min at 145°. Back- 
ground rates varied from approximately 1 percent of 


Tasie I. Experimental results. Variation of fourfold coinci- 
dence rates with 0, the angle between y-ray detectors. Counts are 
per 2.048 X 10° monitor counts. 








Number counts Number counts 
hydrogen in without 
cup hydrogen 


Net due to 
hydrogen 





20.9+1.6 
20,.31.7 
23.6+2.1 
21.341.7 
12.1+1.3 

5.7+1.0 

0.9+0.7 


1.30.5 
1.30.7 
1,0+1.0 
0.9+0.9 
0.7+0.5 
0.8+0.6 
1.4+0.5 


22.2+1.5 
21.6+1.5 
24.641,9 
22.4+1.4 
12.8+1.2 

6.5+0.8 

2.30.5 
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hydrogen events to 25 percent at small angles. The data 
are presented in Fig. 3 in graphical form together with 
computed curves to be discussed below. 


V. RESOLUTION OF APPARATUS 


Quantitative evaluation of the cut-off angle ¢, 
requires a knowledge of the resolution of the detection 
system. To this end, consider counter No. 3 as fixed 
and the H; cylinder collapsed into a plane parallel to 
that of counter No. 3. Let N(¢) sin¢d@ be the rate, 
per unit volume of well, of emission of y rays with 
correlation angle between ¢ and ¢+d@, and per unit 
solid angle of one y ray. The corresponding rate on the 
collapsed surface is then 


n(x,y,p)dxdydp= N (p) sin¢dd(r?— x?) 'dxdy. 


Here r is the well radius, x and y, respectively, the 
horizontal and vertical displacements from the well 
center. Let x’, y’ be the coordinates of a point on counter 
No. 3, and let a pair of y rays, y: ard v2, be emitted in 
dxdy, y, striking counter No. 3 in dx’dy’. The rate for 
this process is NV (#) sin¢dp(r’— x*)'dxdydx'dy'/R*. R is 
the radius of the right circular cylinder C, with axis 
coincident with the well axis, on which counters No. 3 
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Fic. 4. Details of geometry used for calculation of 
resolution of apparatus. 


and No. 4 move. Figure 4 shows the geometrical details. 
The trajectories of y: at the angle ¢ with respect to 
‘v1 generate a cone of half-angle Y=x—@ and axis 
along y: projected back. Let x”, y” be the point of 
intersection of 7; on C opposite counter No. 3. Then for 
small angles y the intersection of the cone and counter 
No. 4 may be approximated by the arc of a circle of 
radius p= Ry with center at x’, y”’. We note that 
a! =2x—x", y'=2y—y". Further, let 1(¢,0,«,y”) be the 
length of arc of the intersection of the yz cone with 
counter No. 4, where @ is the angle between counters 
No. 3 and No. 4. The coincidence counting rate is 


C@)= f N(#)dbXL (66), 
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where 


dx!'d at 1(6,0, x", ye 
L(6,¢)= fla : ; — f fasaye—2y 
7. 


is the resolution function of the apparatus. The x, y 
integral is elementary. The x”, y” integration was done 
numerically for a number of values of ¢ and @ by 
constructing regions in x’, y’’ space with equal prob- 
ability of being bombarded by 7; (given by the x, y 
integral X[Ax”’Ay’’]) and summing the arc lengths / 
on a map measure fixed to a compass, the centers of 
the circles being placed in the various regions of x’’, y”’ 
space. The results, giving the resolution function 
L (0,6) for several values of 6 are shown in Fig. 5. 





VI. THE x-—z° MASS DIFFERENCE 


The curves of counting rate vs @ shown in Fig. 6 
were computed by performing, numerically, the integral 


(1—6*)de 
lee cosp)!s[ (1—cos)(1—6*)-!— 


(8) 
L(0,p 
$39) 





C(6)= 
@) a 


for different values of 6*. All curves were normalized to 
the same area as that of the experimentally determined 
curve. The experimental resolution is seen to be some- 
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Fic. 5. Resolution function 1 (@,6). Values of @ are 
indicated on the curves. 
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Fic. 6. Calculated and observed coincidence counting rates as 
a function of 6, the angle between y-ray detectors. Errors shown 
are statistical. 


what poorer than the calculated resolution. This may 
be at least in part due to scattering of the conversion 
electrons in the edges of the lead foil. The best fit is 
obtained with §?= 0.040, and we estimate the limits on 
B* to be 0.0365 and 0. 0435. The x~—7° mass difference 
is then 

M,- — Myo= 8.8+0.6m,. 


This is in good agreement with the earlier result of 
Panofsky, Aamodt, and Hadley, m,-—my= 10.6 2m,,. 
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The proton spectrum for particles in the momentum band 0.4—1.0 Bev/c and the meson spectrum for 
particles in the momentum band 0,09—0.34 Bev/c at zenith angles 45° east, vertical, and 45° west have 
been obtained at 3.3-km elevation and magnetic latitude 48° north. The zenith angle dependence of protons, 
along with a simplified analysis, is presented as data on the nucleonic cascade. It is found that the gross 
zenith angle dependence will fit a cos*6 distribution at 45 degrees east and west, there being no statistically 
significant east-west asymmetry. The simplified calculation assumes that a unidirectional component of 
the primary radiation will (1) suffer exponential absorption along its original path with a path length for 
removal of 120 g/cm? of air and (2) acquire an ultimate distribution at 3.3 km due to scattering fitting a 
cos"w law, m being an adjustable parameter. 

It is found that a value of m of 6.5+:0.7 yields a unidirectional distribution which, when integrated over 
all angles, results in a gross zenith angle dependence agreeing with cos*6. The cos"w distribution with n 
equal to 6.5 is quite sharp and leads to the conclusion that the average projected scattering angle per collision 


is only about 6 degrees. 


INTRODUCTION 


GREAT deal of effort in cosmic-ray research 

has been expended toward determining the 
behavior of a generalized nuclear component in its 
traversal of the atmosphere. It is known that the 
development of this nuclear component involves a 
cascade process cualitatively similar to that of the soft 
component. This has been discussed by Janossy, 
Heitler, Messel, and others.'* The validity of their 
attempts to provide an adequate theoretical description 
of the cascade suffers from an almost complete lack of 
experimental knowledge of the cross sections of the 
many processes involved. Recent experiments on pene- 
trating showers by Branch‘ and others have provided 
evidence to indicate that the differential cross sections 
in inelastic nucleon-nucleus collisions must be sharply 
peaked in the forward and backward directions. 

In successively refined experiments® conducted by 
this Laboratory, a technique of proton-meson analysis 
of the cosmic radiation has been developed using a 
magnetic cloud chamber. This has been applied to the 
present study of the zenith angle dependence of the 
nonelectronic component of the ionizing radiation of 
range less than 15 cm of lead present at an altitude of 
3.3 km. This radiation consists almost entirely of 
mu-mesons and protons. The ability of this apparatus 
to accept these particles in distinct momentum bands 
makes it possible to study the zenith angle dependence 
of protons alone. 

A simple phenomenological analysis of this depend- 


* This work supported by U. S. Office of Naval Research. 

t A division of the Department of Physics. 

!W. Heitler and L. Janossy, Proc. Phys. Soc. (London) A62, 
374 (1949), 

2. Janossy and H. Messel, Proc. Roy. Irish Acad. A54, 217, 
245 (1949). 

+H. Messel, Phys. Rev. 83, 21, 26 (1951). 

4G. M. Branch, Phys. Rev. 84, 147 (1951). 

5 Miller, Henderson ef al., Phys. Rev. 79, 459 (1950); 84, 981 
(1951). 


ence of proton radiation on zenith angle has been made 
in an attempt to separate effects of nuclear scattering 
from the geometrical factors arising from the fact that 
contributions to the total radiation come from all 
directions of primary incidence. If the effect of expo- 
nential absorption is also taken into account, it is 
possible to arrive at a closer approximation to the 
angular distribution of secondaries due to nuclear 
collisions. From this distribution, it is found that the 
mean projected angle of scatter is in agreement with 
the sharply peaked differential cross section mentioned 
above. 


THE EXPERIMENT 
A. Apparatus 


A sketch of the apparatus is shown in Fig. 1. Con- 
struction and operating details have been given in 
previous papers.® The apparatus records the intensity 
of those particles capable of traversing, in turn, the 
2.5-cm lead absorber over the telescope, the Geiger 
tube C1, the cloud chamber, the 1-cm lead absorber 
over C2, C2 itself, but stopping in the 15-cm lead 
absorber at the bottom. Coincidence events of the type 
C1+C2—A1—A2—A3 are selected by suitable elec- 
tronic circuits and initiate chamber expansion. Anti- 
coincidence counters Al, lying outside the acceptance 
beam defined by C1 and C2, serve to limit the number 
of cases in which shower events are recorded, while the 
tubes A2 and A3, also in anticoincidence, establish the 
maximum range of particles accepted. As discussed 
before,® such range definition serves to resolve protons 
and mesons into distinct momentum bands. To the 
extent that scattering and nuclear interaction in the 
absorbers are ignored, the apparatus accepts protons in 
the momentum band 0.4—1.0 Bev/c. 

Particles are deflected in the chamber by a magnetic 
field of 8200 gauss, and momentum measurements are 
obtained by photographing the chamber and comparing 
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the curvature of the projected image of the track with 
that of standard arc. 

As in previous work, the 2.5-cm absorber above A1 
serves to insure the recognition of electron showers. 
Such showers either actuate one of the counters A1, in 
which the case the event is not recorded, or else are 
recognized by the appearance of multiple tracks in the 
chamber. 

The entire assembly sketched in Fig. 1 was so 
mounted that it could be rotated about an axis perpen- 
dicular to the plane of the page, so that the beam at 
any zenith angle up to 50° could be accepted. 


B. Experiments Performed 


Three sets of measurements were taken with this 
apparatus located at Climax, Colorado, elevation 3.3- 
km, magnetic latitude 48° north during the months of 
August, September, and Octcber, 1951. Initial con- 
jectures as to the results of the measurements led to 
the conclusion that appreciable differences in intensity 
would require rather large angles of observation. For 
this reason, an angle of 45° was chosen. The three sets 
of measurements differed only in the zenith angle to 
which the apparatus was tilted, a measurement being 
made at vertical incidence, at 45° to the east of the 
zenith and at 45° to the west. Accumulation of sta- 
tistically meaningful data was too slow to allow 
measurements at other angles. 

Nearly 12 000 photographs were taken, about equally 
divided between the three cases. The method of data 
analysis, including the determination of absolute rates 
quoted here, is described fully in the previous papers. 


RESULTS 


Figure 2 gives the results of the three sets of measure- 
ments. The dark bars on the horizontal axis indicate 
the momentum bands determined by the range limits 
imposed by the apparatus for protons and mesons as 
labeled. The negative distributions show a single peak, 
since they contain mu mesons only, while the positive 
distributions show a second maximum at the momentum 
expected for protons. The rapid cutoff of the negative 
distributions at high momentum insures that the posi- 
tive curve contains very few mesons above 0.5 Bev/c. 
The high momentum tail of the positive curve indicates 
the strong nuclear interaction in the lead absorber 
characteristic of protons. From these graphs, it is 
apparent that the 45° east and 45° west spectra are 
identical within statistics for both protons and mesons, 
and that the vertical spectrum differs from the 45° 
spectra only by a scale factor of about 3.2. These 
results are better shown in Fig. 3, in which the solid 
curve is the vertical spectrum, while the plotted points 
are those of the 45° data averaged over east and west 
and multiplied by the scale factor of 3.2. This scale 
factor corresponds to an angular distribution described 
by cos"@, with n»=3.2+0.3. 
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Fic. 1. Sketch of experimental apparatus. 


Figure 3 indicates that, within the accuracy of the 
experiment and at this altitude, protons of momentum 
near 0.75 Bev/c show the same zenith angle dependence 
as mesons of momentum near 0.25 Bev/c. It is not to 
be expected that protons and mesons should show the 
same zenith angle dependence, since these particles are 
not closely related genetically, and the factors deter- 
mining these zenith angle dependences are not at all 
similar. The present result must thus be considered 
fortuitous for the particular momentum and altitude 
investigated. Indeed, the results of another experiment® 
to be published soon show that at higher momentum 
(2 Bev/c), meson intensities in the vertical and 45° 
directions differ by a factor of only 2. 


DISCUSSION 


As compared to the meson radiation, the atmospheric 
development of the proton radiation (and the nucleonic 
radiation in general) is greatly complicated by nuclear 
interaction which here becomes the most important 
single process. The cascade is propagated through the 
atmosphere principally by protons and neutrons pro- 
duced in successive penetrating showers. Pi mesons 
originating in these showers decay too quickly to have 
high probability of undergoing further nuclear inter- 
action, while the mu mesons secondary to them do not 
undergo appreciable nuclear interaction at all and so 
take almost no part in further propagation of the 
cascade. 

Absorption of the radiation which produces pene- 
trating showers has been studied by Van Allen, Ber- 


®°F. M. Charbonnier et al. (to be published). 
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Fic, 2, Proton and meson momentum spectra for 
three zenith angles. 


nardini, Rossi, and others’~'® who find an exponential 
absorption with a coefficient of about 120 g/cm? of air. 
Studies of the absorption of radiation producing photo- 
graphic stars as well as direct measurements by this 
Laboratory of the relative proton intensity between 
3.3 km and sea level give similar absorption path 
lengths. It should be pointed out that an exponential 
absorption with this path length cannot hold to the 
top of the atmosphere, as in this case, the observed 


7H. E. Tatel and J. A. Van Allen, Phys. Rev. 73, 87 (1948). 

* Bernardini, Cortini, and Manfredini, Phys. Rev. 74, 1878 
(1948). 

* B. Rossi, Revs. Modern Phys. 20, 537 (1948). 

” J. Tinlot, Phys. Rev. 73, 1476 (1948). 


proton intensity at 3.3 km would be much too large, 
as compared with the primary intensity at the top of 
the atmosphere. In the following treatment of the 
angular spread of the proton radiation, a constant 
removal path length of 120 g/cm? is used. In making 
comparisons with observations made at 3.3 km, it is 
not necessary that this assumption hold to the top of 
the atmosphere, but rather that it be good from heights 
of 3.3 km to sea level. Protons observed in this investi- 
gation lie principally between 0.5 Bev/c and 1.0 Bev/c. 
On the basis of ionization loss alone, these protons 
must have had momenta greater by 2 Bev/c at the top 
of the atmosphere. As they will have undergone, on the 
average, several nuclear collisions, the primary energy 
must have been several times greater than this amount. 
For protons of momenta above 7.5 Bev/c the primary 
distribution is isotropic above the horizon, as shown by 
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Fic. 3. Comparison of momentum spectra. Points plotted are 
for the 45° positive spectra averaged over east and west and 
multiplied by a scale factor of 3.2. The curve is the vertical 
positive spectrum. 


the Lemaitre-Vallarta theory of the geomagnetic effect. 
It can be expected then that the protons observed at 
3.3 km are derived mainly from an initially isotropic 
distribution. The radiation at 3.3 km then can be 
considered as the superposition of contributions at this 
altitude from equal primary intensities for all directions 
at the top of the atmosphere. The observed angular 
spread at 3.3 km depends in part on geometrical factors 
resulting from this superposition of contributions from 
many primary directions. It is clear, for example, that 
a primary radiation all of vertical incidence would not 
give rise to so great an angular spread at 3.3 km as 
that observed. Thus, the observed angular spread repre- 
sents an upper limit to that due to nuclear scattering 
alone in traversing the atmosphere. We attempt to 
obtain a closer approximation to the angular spread 
due solely to the nuclear scattering through the fol- 
lowing assumptions: 
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(1) The primary proton intensity is the same at all 
angles of incidence. 

(2) The intensity of secondaries at depth x due to 
primaries of zenith angle @ (independent of azimuth) 
depends only on the diagonal distance d in g/cm? as 
measured along this zenith direction. 

(3) This intensity decreases exponentially with a 
path length of 120 g/cm’. 

(4) The angular spread of secondaries due to the 
primary radiation in a given direction is represented 
by a cos"w law, centered about this direction, with n 
independent of depth. 


The first assumption is completely justified for pri- 
mary momenta above 7.5 Bev/c by the geomagnetic 
theory. As a result of the following computation the 
assumption that the primary radiation is isotropic for 
angles greater than 45° is found unnecessary. For this 
smaller angle, geomagnetic theory insures isotropy for 
momenta as low as 3.3 Bev/c. 

The second assumption would be strictly true if there 
were no scattering. With scattering, the geometrical 
situation is not strictly the same for all zenith angles. 
A primary traversing a given path near the top of the 
atmosphere will produce secondaries at lower altitudes 
with lateral displacements from its original path. As 
compared to vertical incidence, minimum path lengths 
for these secondaries (from the point of observation to 
the top of the atmosphere) will be increased for 180° of 
azimuth and correspondingly decreased for the other 
180°. Except for large zenith angles, since average 
path lengths are the same, the situation will not differ 
much from that for vertical incidence. 

Assumption three conforms to the large body of 
experimental determinations of this attenuation. While, 
as has been pointed out, this cannot hold to the top of 
the atmosphere, for the present purpose it need only be 
a close approximation for atmospheric depths from 
about 700 to 1000 g/cm*. Experimental evidence indi- 
cated its validity below 60 000 feet." 

With regard to assumption four, a cos"w scattering 
law has no theoretical foundation. Its use conforms to 
usual practice, m being adjusted to give the experi- 
mentally determined rate of decrease. The assumption 
that » is a constant cannot be true over large ranges of 
distance. Again this need only be approximately true 
over a range of 700 to 1000 g/cm’. As n will be function 
of the proton energies involved, similarity of the proton 
spectra at 700 and 1000 g/cm® can be taken as a 
measure of the constancy of n. This evidence has been 
provided by Wilson.” 

The various quantities used in the calculation are 
defined as follows: 

Iy(0o,¢0) denotes proton intensity at the top of the 


'M. Blau and H. Wambacher, Akad. Wiss. Wien IIa, 146, 
623 (1937). 

2M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 417 (1951). 
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atmosphere in a direction 00, go (see Fig. 4). This is 
assumed to be constant. 

x denotes the depth of the point of observation 
measured in path lengths of 120 g/cm’. 

I ,(00,¢0,82,¢2) is the portion of the observed proton 
intensity at depth x at angles 0,, g, contributed by the 
primary radiation incident at angles @, go at the top 
of the atmosphere. 

1 .(0.,¢2) denotes the proton intensity at depth x 
observed at angles 6,, ¢:. 

w is the angle between dQ and dQ,. 

The counting rate of a Geiger counter telescope at 
the top of the atmosphere will be proportional to 
(80, ¢0)d20, where dQ is the aperture of the telescope. 
The telescope at depth x will record /,(0,,¢2)dQ,. We 
wish to account for the fact that this latter rate falls 
by a factor of 3.2 from the vertical to 45° zenith angle. 
For this purpose, we assume that 


I .(0000,02,¢2) = k1o(00, go) Lexp(— x/cosO) | cos"w. 


We quickly find from Fig. 4 that 
COSw = sin) sind, cos( go— Yz) + COS) COS#,, 
so that 


T,(02,¢2)dQ; = kl(boes) f [ cosdo cos0, 


{26 


+-sin@» sin@, cos(gy— ¢z) |" exp( — x/cosOy)dQydQ,, 

















Fic. 4. Sketch of coordinate system used 
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where & is a normalization factor, and Q is the upper 
hemisphere. The determination of k can be made 
immediately by noticing that 


f I, (40, $0,492, ¢2)dQ, 
Qe 


= kI9(0o,¢0) exp(— x/cos8o) f cos"wd2 dN 


must reduce to [(@0,g0)dM% for the case of no absorption, 
i.e., infinite removal path length. This means that x is 
zero and the exponential factor is unity. Thus, from 


k f [cos cos@,+ sin sind, cos(go— gz) }"d2,= 1, 
Qz 


where 2, is again the upper hemisphere, k can pre- 
sumably be found. The result, however, evidently 
depends on 4. This is to be expected, since for larger 
values of @, the cos"w distribution places particles 
outside the limits of integration. However, it will be 
shown immediately below that the exponent n is large 
enough sc that the contributions to the above integral 
for values of 0, greater than 90° are negligibly small 
for 0 less than 45°, which is the region of interest. 
Thus, it is legitimate to set 0>=0 with the result 


a/2 2n 
k f f cos"6, sind,d¢d0,=1 
0 0 


k= (n+1)/2z. 


The determination of n is independent of this result. 

Involved in the choice of the cos*w distribution for 
an assumed scattering law is the fact that forward 
scattering predominates and that scattering in excess of 
90° is negligibly small. Since cos"w vanishes at 90°, the 
behavior of the forward scattering is fairly well approxi- 
mated. However, cos"w is not zero beyond 90°, and 
contributions to the integral will occur unless appro- 
priate limits for the integration are defined. Again on 
account of the size of m, this difficulty is obviated. 

The physical situation demands that we have axial 
symmetry about the vertical (no deflection by the 
earth’s magnetic field is assumed), and hence, the 
result must be independent of g,. This allows the 
choice g,=0. The integral can then be transformed to 
the expression : 


1 .(02,¢2)d2,= kI (80, of 
0 


r/t4a 


cos"(—a) 
xf [exp(—a/sind siné) sin"*+\d\dEdQ., 
0 


where a=2/2—06,, which is in a better form for the 
necessarily graphical integration. We have data on this 
quantity for 2 directions of observation, and a determi- 
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nation of m can be had by computing the ratio 
p=1,(0,92)/I2(4/4, oz) 


as a function of m and comparing with the experimental 
value of 3.2. Table I presents the results of this calcu- 
lation. It is seen that p is a fairly sensitive function of 
n, and that can be assigned the value 6.5. This is a 
sharp distribution, falling by a factor of nine from zero 
to 45° zenith angle, and is ample justification for the 
various approximations made in evaluating the integral, 
since contributions from primary radiation incident at 
zenith angles greater than 45° are less than 5 percent 
for m greater than 5. 

The value of m so determined is dependent on the 
choice of path length. The sensitivity of the dependence 
is not great, however. The figure for the path length as 
determined by this laboratory is 125+8 g/cm?. Values 
from nuclear plate data* are somewhat higher (about 
135 g/cm?) but refer to particles in much broader 
momentum bands. Within the region L=100—140 
g/cm?, n varies from 6.0 to 8.5. Within the region 
L=12548 g/cm’ and within the statistical accuracy 
of the experimental value of p, m has the value 6.50.7. 


TABLE I. Sharpness of assumed scattering distribution 
vs zenith angle dependence. 











p 


n 

5 2.66 
6 2.93 
7 3.51 
n 9.70 





I 








The case of no scattering at all (m infinite) gives a 
value of p of 9.7, while the introduction of a distribution 
as sharp as cos®‘w brings this ratio down by a factor 
of three. One might wonder whether attenuation alone 
might account for the ratio p= 3.2. A short calculation 
shows that Z would have to exceed 300 g/cm? of air, 
indicating that the effect of scattering cannot be 
neglected. 

An approximation to the average projected angle of 
scatter may be had by a simple analysis. Protons in the 
atmosphere undergo nuclear collisions with a path 
length of about 60 g/cm?,' corresponding to the geo- 
metrical cross section. The distance from 3.3 km to the 
top of the atmosphere is then about 10 such path 
lengths. We can thus assume that observed protons are, 
on the average, in the tenth generation in the sense 
that the proton is separated by a total of ten collisions 
from its primary parent. The root-mean-square total 
angular deviation of a proton undergoing WN collisions 
with an average scattering angle a, regarding this as a 
simple diffusion process, is given by 


A=(A®)t=aV/N. 


A for the cos* “w distribution is about 20°. With V = 10, 
one finds a=6.3°. This number is far removed from 





ZENITH ANGLE DEPENDENCE OF COSMIC-RAY PROTONS 


the value 15-20 degrees predicted by Messel in early 
theoretical treatment of the cascade. 

Branch‘ has determined the angular distribution 
about the shower axis of penetrating particles in 
extensive air showers. Such showers, of course, include, 
in addition to nucleons, many pi and mu mesons. A 
conclusion therefrom, relevant to this problem, is 
nevertheless possible, since Branch finds a root-mean- 
square angular deviation of emergent particles of about 
three degrees. This figure agrees fairly well with the 
figure 6.3 degrees presented here. Branch’s result, which 
this experiment independently corroborates, has caused 
drastic changes in the nature of the cross section 
assumed in the theoretical papers by Green, Messel, 
and Chartres," with the adoption of a distribution 
sharply peaked in the forward and backward directions. 

Other published data concerned with the problem 
treated here is the work of Walker.'® He performed a 
counter-absorber type of experiment at 3.26-km eleva- 
tion and at sea level in which recorded events are those 
due to charged particles producing penetrating showers 
in blocks of lead absorber of varying thicknesses. After 
elaborate precautions to remove the soft and mesonic 
components, he is able to call such particles protons, 
but the method of selection only vaguely defined the 
accepted momentum. Walker’s requirements for the 
lowest energy case are that a charged particle traverse 
two trays of counters separated by 12 inches, enter an 
eight-inch block of lead and produce a shower there, 
whose presence shall be indicated by the discharge of 
three or more counters in a tray located below the 
absorber. Knowledge of which counters in the upper 
two trays were discharged yields the zenith angle 


8 Green, Messel, and Chartres, Phys. Rev. 88, 1277 (1952). 
4H. Messel and H. S. Green, Phys. Rev. 87, 378, 738 (1952). 
16 W. D. Walker, Phys. Rev. 77, 686 (1950). 
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be placed on the extent of the accepted momentum 
band is a lower one, which, because of the requirement 
for shower production, is certainly very much higher 
than the 1-Bev/c maximum cutoff for this experiment. 
This fact is further substantiated by Walker’s ratio of 
the intensity at elevation to that at sea level. This ratio 
is about four, which is far removed from the well- 
established ratio of about twenty as obtained by this 
laboratory, by Wilson” and by Whittemore and Shutt'* 
for low momentum (less than 1 Bev/c) protons. 

Walker finds that his data for 3.26 km can best be 
represented by a cos"@ distribution with m equal to 
5.5+0.7, while at sea level, the exponent is 3.4+ 1.0. 

The very high-energy radiation considered by Walker 
is certainly isotropic at the top of the atmosphere. Only 
absorption can lead to a sharper zenith angle dependence 
with increasing depth. Walker’s zenith angle dependence 
at 3.26 km can be accounted for by an absorption path 
length of 130 g/cm? in the absence of scattering. With 
scattering, an even shorter path length is required. 
This is inconsistent with Walker’s value of 4 for the 
intensity ratio between 3.26 km and sea level. Con- 
tinued absorption with this path length (130 g/cm?) 
without scattering would give a zenith angle dependence 
of cos*-5@ at sea level. The experimental value quoted 
by Walker (w=3.4+1.0) would indicate sharply in- 
creased scattering below 3.26 km which seems unlikely 
at these energies. 

This experiment was performed at a site provided by 
the Climax Molybdenum Company at Fremont Pass in 
Colorado. The authors wish to acknowledge the gener- 
ous cooperation of C. J. Abrams, General Manager, 
and other personnel of the company. Don Eng and 
Elmer Wright of our group are also responsible for 
many contributions to this research. 


‘6 W. L. Whittemore and R. P. Shutt, Phys. Rev. 86, 940 (1952). 
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A Cerenkov detector consisting of a Lucite radiator optically sealed to a large-area side-window photo- 
multiplier has been flown at \=40° at a depth of 25 g/cm? below the top of the atmosphere. The albedo 
was determined and is not more than 5 percent of the incident flux for particles of 8>0.7 in any upward 
direction. The albedo observed is too small to account for the factor-of-two difference between the observed 
E-W asymmetry and that predicted from the primary spectrum and geomagnetic theory. Direct asymmetry 
measurements by the Cerenkov counter suggest that the earth shadow cone cutoff may start at larger 
zenith angles than theoretically predicted. A very rough relative abundance measurement of H:He:Li 


gives 1:0.08:0,02. 





I, INTRODUCTION 


HE present investigation is concerned with two 

discrepancies which have arisen from high-alti- 
tude cosmic-ray measurements, The first factor is the 
failure of the azimuthal effect at high altitudes of the 
total cosmic radiation to agree via the geomagnetic 
theory with the measured latitude effect. The other 
discrepancy is the failure of the total energy, computed 
on the basis of the incident particle flux and geo- 
magnetic theory, to agree with the total energy meas- 
ured by the atmospheric-ionization data. 

The first discrepancy appeared as a result of a latitude 
survey at balloon altitudes' and also appears in data 
obtained with rockets above the atmosphere.’* As 
pointed out in Table IV, reference 1, if one compares 
the east-west effect at a number of latitudes with the 
expected effect, using the vertical counting rate vs 
latitude and also using geomagnetic theory, one finds 
that the measured east-west effect is about one-half 
the predicted value. This comparison is independent of 
the nature of the primary radiation, except that it is 
assumed to be entirely positively charged, as the com- 
parison is made entirely on the basis of the dimension- 
less Stérmer variable in place of the energy. As was 
pointed out, the azimuthal effect might be decreased 
by the presence of splash albedo produced by primary 
particles incident on the atmosphere whose secondaries 
then went out again and were counted as primaries by 
the Geiger telescopes. In order to reduce the east-west 
effect enough by this means to make it consistent with 
the measurements, it was calculated that at. A=0, 33 
percent, at \= 20, 25 percent, and at A= 40, 45 percent 
of the western flux at 60° zenith, would have to be 
projected out again in the eastern direction.' Presum- 
ably, that part of the splash albedo which consists of 
stable particles would leave the atmosphere, and if it 
had an energy less than the cut-off energy for entrance 


* This work supported by the joint program of the U. S. Atomic 
Energy Commission and the U. S. Office of Naval Research. 

1 Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656-669 
(1950). 

2 J. A. Van Allen and A. V. Gangnes, Phys. Rev. 78, 50 (1950) ; 
79, 51 (1950). 
3S, F, Singer, Phys. Rev. 77, 729 (1950) ; 80, 47 (1950). 


from infinity, according to geomagnetic theory, the 
particles would remain trapped in the earth’s field and 
eventually would return to the earth. It has been 
pointed out by Treiman,‘ that if one considers the first 
integral of the Stérmer theory, particles leaving in the 
vicinity of latitude A, and fulfilling the condition that 
they do not escape to infinity and therefore constitute 
part of the albedo, would return to the earth close to 
that same latitude, or to the corresponding latitude in 
the opposite hemisphere over wide limits of the angle 
of emission X. This can be seen from the Stérmer first 
integral 

a=—R cosd\ cosX+ (1/R) cos’A, (1) 


with the auxiliary conditions that a>2, R<1. One 
should note that the angle of return of the albedo 
particle is not the same, in general, as the angle of 
departure. If one, however, measures the amount of 
radiation leaving the atmosphere or moving in an out- 
yard direction, one can then compute the magnitude 
of the effect. 

Evidence for albedo above the atmosphere comes 
from rocket range-ionization measurements of Perlow 
and co-workers*:* in which it was shown that there is 
an appreciable amount of low-energy radiation, possibly 
electrons, above the atmosphere. Van Allen, Singer, 
and co-workers have also shown that the ratio of the 
omni-directional flux to vertical telescope flux values 
at a number of latitudes demonstrates that the average 
omni-directional value is higher than the vertical, 
whereas, according to theory, it should be lower if all 
the particles measured are primaries. Measurements 
with telescopes in rockets by this group at various 
zenith angles above the atmosphere support this con- 
clusion by an increase in the flux towards the horizontal 
direction. It is somewhat difficult to assess the effects 
of these results on the balloon measurements near the 
top of the atmosphere at roughly 15 g/cm*. The balloon 
equipment used to measure the asymmetry contained 
3 cm of lead in the telescope plus the counter wall 

4S. Treiman, Phys. Rev. 91, 432 (1953). 

saan J. Perlow and J. D. Shipman, Jr., Phys. Rev. 71, 325 
“iPerlow Davis, Kissinger, and Shipman, Phys. Rev. 88, 321 
92). 
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thickness, which gave 36 g of lead equivalent or 19 g of 
air equivalent. At a 60° zenith angle there were 30 g/cm? 
of air above the equipment, which means that the total 
initial energy of a proton coming downward toward the 
telescope must have been 270 Mev or more to be 
detected, or when the proton reached the telescope it 
had to have 112 Mev remaining. These energy values 
are considerably above the threshold to which the rocket 
measurements were sensitive, particularly the single- 
counter rocket values, which go down to the order of a 
few Mev, so that almost certainly a large amount of 
extra radiation was measured in some of the rocket 
experiments not directly relevant to the balloon data. 
The above-the-atmosphere splash albedo may be more 
intense than that observed at 15- to 25-g/cm?® depth, 
as the primary flux is larger in directions near the 
horizontal as one goes to smaller and smaller depths, 
and these primaries are more effective in producing 
albedo. 

The second discrepancy which has been referred to 
comes from a comparison of the vertical telescope 
balloon or rocket data with the ionization measure- 
ments of Neher,’ in which it is generally agreed that 
the flux calculations, although agreeing with the ion- 
ization data in the form of the primary-energy spec- 
trum, give about twice the amount of incident energy. 
Energy is calculated from the balloon or rocket flux 
measurements by the equation 


N(E)EdE. (2) 


EminQ\) 


E()= 


The spectrum NV (£) is obtained over the geomagneti- 
cally sensitive region from the vertical balloon flux 
measurements and is extended to higher energies using 
the very high energy data obtained from the air showers, 
which in general agree in form with the high-energy 
spectra obtained by other means. The errors involved 
in this calculation cannot account for the factor-of-two 
differences, except for the uncertainty in the primary 
flux itself, which might arise from the albedo. It was 
therefore considered important to make measurements 
of the albedo at balloon altitudes and to study the 
possible effect of the albedo on the two discrepancies. 


II. THE CERENKOV DETECTOR 


Preliminary attempts to detect the albedo using a 
lead-absorption method gave a nul result at A= 55° at 
20-g/cm* atmospheric depth.’ In these measurements 
a large block of lead was alternately moved to and 
away from the lower side of a counter telescope, and 
the counting rates compared. There were obviously 
present showers from the equipment which changed 
with the position of the lead block, but, nevertheless, 
the effect observed was essentially zero. 


7H. V. Neher, Phys. Rev. 83, 650 (1951). 
8 J. R. Winckler, Phys. Rev. 85, 1053-1054 (1952). 
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Fic. 1. Schematic diagram of the Cerenkov detector. The solid 
angle is 1.86 sterad-cm*. The total detector stopping power is 
30 g/cm’. 


The next experiment involved the use of a Cerenkov 
detector,* which in a preliminary form gave a small 
effect of upward relativistic particles at the top of the 
atmosphere at A= 55°. This early detector used an end- 
window photomultiplier tube optically connected to a 
side arm of a block of Lucite, which constituted the 
radiator. The device had strong directional properties 
but very poor light-collection efficiency, and was dis- 
carded in favor of a much-improved detector.® This 
detector is shown in Fig. 1 and consists of a block of 
Lucite to which is optically joined an RCA-type C-7157 
developmental phototube. This phototube has a side 
window of 13 sq in. sensitive area, and four of these 
phototubes were obtained through the kindness of the 
U.S. Navy Department, Bureau of Ships. Of the original 
four, one was furnished with a cracked base, and one 
was lost because of the failure of a balloon during flight. 
The other two were flown successfully and results are 
reported in this paper. 

The theory of the Cerenkov effect on a classical basis 
has been given by Frank and Tamm” following the 
original discovery in 1934 by Cerenkov." In Fig. 2 is 
plotted the function F(8,n), giving the relative number 
of quanta emitted for the case of Lucite, for a singly 
charged particle. The absolute number of quanta is 
obtained by multiplying F(8,n) by Z*Awt/137c, where 
Aw is the angular frequency region and / the thickness 


~ *J. R. Winckler and K. Anderson, Rev. Sci. Instr, 23, 765-66 
(1952). 

©]. Frank and I. Tamm, Compt. rend. acad. sci. U.R.S.S. 14, 
109 (1937). 

uP, A. Cerenkov, Compt. rend. acad. sci. U.R.S.S. 8, H51 
(1934) ; Phys. Rev. 52, 378 (1937). 
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Fic, 2. Classical relative rate of quanta emission for Lucite. 
Absolute number of quanta = F (8,n) -2xAZ*/(137)*) in the wave- 
length interval Ad for thickness ¢ cm. 


in cm. The energy loss, like ionization loss, varies as 
the square of the particle charge Z. It is seen also that 
the Cerenkov threshold for Lucite occurs at a ratio of 
kinetic energy to rest energy of 0.34, which for protons 
is 0.319 Bev. The quanta emitted per cm then increases 
and becomes constant at about 10 times the rest energy. 
Considering the spectral response of the C-7157 photo- 
multiplier, roughly 5000 usable quanta should be pro- 
duced in the Lucite block by a very high energy, singly 
charged particle. The angle of emission 6 also depends 
on the ratio of kinetic energy to rest energy of the par- 
ticle, and reaches the limiting value of 48° for Lucite 
(see Fig. 3). This means that the radiation given out by 
a particle traversing the block from end to end will be 
almost entirely internally reflected and will proceed 
down the block in the direction of the particle. If this 
light is incident on the photo surface at the end, the 
pulse of light is recorded. If the particle proceeds the 
other way through the block, the light is absorbed in 
the blackened end and does not record. It has been 
pointed out by Huybrechts and Schénberg™ that a 
correction term must be inserted in the classical formula 
to take into consideration the decreased emission in the 
high-frequency Cerenkov bands due to quantum-me- 
chanical effects near the trajectory of the particles. 
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Fic. 3. Angle of emission of Cerenkov radiation for Lucite. 


%M. Huybrechts and M. Schénberg, Nuovo cimento 9, 764 
(1952), 


Because Lucite has no absorption bands in the spectral 
response region of the photomultiplier, it appears that 
this correction does not influence the calculation for 
Lucite. It is evident that collision electrons produced 
in the Lucite block by the high-energy particle may 
themselves give Cerenkov radiation, if they are above 
the threshold. The calculation of this effect shows that 
for high-energy, singly charged particles, there will be 
an increase in the total quanta produced of about 10 
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Fic, 4. Pulse-height distribution for sea-level mesons on equipment 
for flight Z. Flight L gives very similar results. 


percent and that this will add a tail to the pulse-height 
distribution on the high side. A typical pulse-height 
distribution for sea-level mesons is shown in Fig. 4. The 
mesons were required to traverse 6 inches of lead after 
passing through the Lucite block. The distribution was 
obtained for the tube used in flight Z, referred to later, 
and has a half-width of about 50 percent, which is about 
twice that reported earlier.* The half-width appears to 
be sensitive to the photomultiplier itself, but the exact 
cause of the change in half-width has not been deter- 
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mined. This curve clearly shows a tail on the high- 
energy side associated with the collision electrons pro- 
duced in the block. 

The use of a Cerenkov detector for cosmic rays was 
first reported by Jelly’ and was used by Duerden and 
Hyams" in an attempt to separate masses of slow par- 
ticles. The ability of the Cerenkov detector to dis- 
criminate masses was also pointed out by one of us,® 
and comes from combining the Cerenkov emission 
characteristic, Fig. 2, with, say, a range determination 
on the particle. With the present instrument a proton 
of energy between 210 and 319 Mev can penetrate the 
block of Lucite, the phototube, and the associated 
Geiger counters, without producing Cerenkov radiation, 
which is not possible for an electron or a meson. The 
mass discrimination, however, is confined to a narrow 
energy region. The angle of emission of the radiation 
so far has not been utilized to advantage in cosmic-ray 

















Fic. 5. Block diagram of Cerenkov detector and associate 
circuitry for use in the high-altitude albedo and geomagnetic 
studies. 


experiments, because the large solid angle necessary to 
accumulate statistics makes the angular resolution poor; 
but in the case of an accelerator, one may use the angle 
of emission to get a very precise measurement of the 
beam energy, as has been demonstrated by Mather’® 
and Marshall.!* The latter also has utilized the Cerenkov 
radiation for very high speed counting devices because 
of the nature of the radiation itself. An attempt was 
made by Bianchi and Manducci'’ to measure the in- 
tensity as a function of energy to reproduce the classical 
curve, Fig. 2, using a range type of energy selector for 
sea-level mesons. The results seem to show a rise in the 
relativistic region above that predicted by classical 
theory. There has been no further verification of 
this work. 

8 J. V. Jelly, Proc. Phys. Soc. A64, 82 (1951). 

4 T, Duerden and B. D. Hyams, Phil. Mag. 43, 717 (1952). 

16 R, L. Mather, Phys. Rev. 84, 181 (1951). 


16 J. Marshall, Phys. Rev. 86, 685 (1952). 
171A, M. Bianchi and C. Manducci, Nuovo cimento 9, 861 
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Fic. 6. Total and relativistic counting rates at 90° and 120° 
as a function of atmospheric depth. 












































Ill, EXPERIMENTAL DETAILS 


The Cerenkov detector (Fig. 1) consists of the 2}-in. 
X 44-in. X 8-in. Lucite block with one end cut to a 1}-in. 
radius concave to fit the C-7157 photomultiplier. An 
optical seal is made with Canada balsam. The opposite 
end of the Lucite is painted black to absorb all incident 
radiation. The detector is aligned in a threefold Geiger 
telescope composed of 3 pairs of tubes of 4-in. sensitive 
length and 1-in. diameter, with the extremities 144 in. 
center-to-center. The solid angle is 1.86 sterad-cm’. 
This telescope has a relatively small solid angle as 
necessitated by the phototube size, and long flights are 
necessary to accumulate meaningful directional data. 


TaBLe I, Level flight counting rate values. 
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Fic, 7. Total vertical counting rate and balloon pressure height for the two flights. Data are taken for the 
0° and 180° zenith positions for all events registering a Geiger telescope coincidence. The graph at the top is the 
balloon pressure-time record with pressure scale at right top in g/cm’, Flux (particles/cm® sec sterad) 


= (counts/min) X 0.009, 


All data are given in counts/minute, which, when mul- 
tiplied by 0.009, gives the flux in particles/cm? sec 
sterad. The total detector stopping power is 30 g/cm’. 

The electronics and circuit details are shown in 
Fig. 5. The Cerenkov pulse appears at a level of about 
0.2 volt and 1 ysec in length for a singly charged, fast 
particle and is amplified 30 times by the model-100 
preamplifier. This pulse enters the height-time con- 
verter, provided the fast gate is actuated by a signal 
from the Geiger telescope, and is converted into a 
square wave of length from 5 to 100 milliseconds. This 
square wave is transmitted by one of the telemetering 
subcarriers. The fast-gate signal is also transmitted as 
a suitable square wave 50 milliseconds in length on a 
second subcarrier. The detector is mounted so that the 
zenith position can be varied from straight up to 
straight down in steps located at 0°, 60°, 90°, 120°, 
and 180°, and programmed so that approximately 5 
minutes are spent successively at each position. The 
complete gondola is also rotated about a vertical axis 
one turn every ten minutes. Compass readings and a 
sun reference photocell index the azimuth, and these 
data, together with the zenith position and balloon 
pressure height, are multiplexed on the third telemeter- 
ing subcarrier. At the ground receiving station the 
square waves are integrated and the pulses recorded by 
photographing two cathode-ray tubes. The multiplexed 


data is displayed and photographed simultaneously on 
a third cathode-ray tube. Thus the Cerenkov pulse 
height may be recorded for every Geiger telescope 
event, and may be associated with the relevant direction 
in space indicated by the compass and zenith positions. 
The system is quite similar to that used previously for 
transmitting telescope and directional data.! 

Two good flights, designated E and L, were obtained 
at A=40° with separate gondolas. Flight E remained 
level at 23 g/cm? for about 6 hours, and flight LZ at 
27 g/cm? for a similar time. Flight EZ could record a 
pulse-height range just up to the a-particle region at 
four times the pulse height of a singly charged particle, 
and on the ascending portion the zenith angle was set 
at 90°. Flight Z could record pulses ten times that of a 
singly charged particle, which made it capable of de- 
tecting the Li component. Flight L ascended through 
the atmosphere in the 120° zenith position, to observe 
the atmospheric-depth dependence of the oblique- 
upward component. 


IV. EXPERIMENTAL RESULTS 


A. Atmospheric-Depth Variation 


The data obtained on ascent in the two flights are 
shown in Fig. 6. The total Geiger telescope flux at 120° 
(or 60°) passes through a maximum and drops toward 
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small depths. However, telescope events accompanied 
by a detectable Cerenkov pulse, indicating a particle 
having 8>0.7 moving upward 30° above the horizontal, 
increase slowly to about 5 percent of the total. At 90° 
the situation changes markedly, where the relativistic 
component is a much larger fraction of the total. The 
total flux in this case does not seem to pass through a 
maximum, and constitutes a little more than half the 
120° (or 60°) total. The values in Fig. 6 are averaged 
over 360° of azimuth. 


B. Vertical Data at Ceiling Altitude 


The total vertical (0° or 180°) counting rate for the 
two flights as a function of time is shown in Fig. 7 
As can be seen, the 0° and 180° rates are equal on the 
average, and are constant with time for most of the 
flight. Near the end the rate increases somewhat, which 
is associated with both a slight increase in depth and a 
northerly component of balloon drift. The average 
values are summarized in Table I, which also separates 
out the relativistic component in the 0° and 180° 
directions. The relativistic flux extrapolated linearly 


with pressure to 15 g/cm? gives 0.08/cm? sec 'sterad, 
in good agreement with values obtained previously at 
A=40°.! 

In Fig. 8 is presented the 0° and 180° zenith pulse- 
height distributions for flight Z at 23.6 g/cm? for full 
range of the equipment. The dotted curve shows the 
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Fic. 8. Cerenkov pulse-height distributions for flight £, 0° and 
180° direction at 23.6 g/cm’. The dotted curve is for sea-level 
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Fic. 9, Cerenkov pulse-height distributions for flight L, 0° and 
180° direction at 27.6 g/cm*. The dotted curve is for sea-level 
mesons. This is a magnified portion of full scale around proton 
peak, 


distribution obtained for sea-level mesons penetrating 
6 inches of Pb after the detector. A very similar set of 
curves is obtained for flight Z at 27.6 g/cm? (Fig. 9) for 
the region near the singly charged particle peak. In both 
cases the high altitude curve for 0° is filled out above 
the sea-level curve on the low pulse-height side. There 
is also a fraction of events for which a particle traversal 
is recorded but for which no Cerenkov pulse is observed. 
These extra pulses are due to particles which are able 
to penetrate the block but which give Cerenkov radia- 
tion between the threshold and the maximum value. 
The velocity is then determined and corresponds to 
0.34< E/mc?<4. In accordance with the discussion in 
Sec. II, this fraction is assumed to be protons with 
210<E<319 Mev, or upward relativistic particles. 
The 180° distribution shows no peak at all, but indicates 
a small number of upward moving particles with 
0.34< E/me? <4, and a large number of events giving 
no Cerenkov light. Most of these are the downward 
particles recorded in the 0° direction, the remainder 
the protons with 210<E<319 Mev for which direction 
is not determined. From these data the up-and-down 
relativistic and the lower-energy proton flux may easily 
be computed. The Cerenkov light output increases so 
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Fic, 10, Cerenkov pulse-height distribution for flight L, 0° direction, 27.6 g/cm* with wide scale, showing 
proton, He and Li peaks. Dotted curve is for sea-level mesons. 


rapidly above the threshold that the determination of 
particle energy is not sensitive to the choice of what 
constitutes a minimum detectable pulse. The fill-in 
between the sea level and the high-altitude curves on the 
high side is to be associated with nuclear collisions, the 
electron collisions being already present in the sea-level 
curve. This effect is very pronounced, as would be 
expected for approximately 29 g/cm? of Lucite, or 
nearly half of a geometrical mean-free-path for protons. 
The Cerenkov effect comes from charged particles 
produced with E/mc?>0.34 in the collisions. The mul- 
tiplicity cannot be uniquely determined, as the residual 
path in the radiator is unknown for any particular 
event. Some of these pulses may be due to a particles or 
heavy nuclei of reduced velocity, but the principal 
contribution comes from nuclear collisions. 

In Fig. 10 is shown the wide-range pulse-height dis- 
tribution for flight Z at 0° zenith. The singly charged 
peak is just resolved out of the width of the recording- 
oscilloscope background trace for this large scale 
(compare Fig. 9). There is a distinct peak at a voltage 
(read top scale) four times the singly charged peak, 
attributable to He, and a peak at nine times the singly- 
charged voltage attributable to Li. The latter is only 
two or three times background, so that the relative 
abundance figure is not very meaningful. However, we 
get the value H: He: Li=1:08:0.02 applicable at 27.6 
g/cm? at \= 40°. The half-width of the He and Li peaks 
seems much smaller than the proton peak. Since all 
primaries have a value of E/mc well up on the Cerenkov 
curve at this latitude, this is assumed to result from the 


improvement in photon statistics as the number of 
photons increases proportional to Z*. For heavies, 
a nuclear collision may decrease or increase the output 
pulse, depending on the breakup of the heavy and the 
multiplicity of secondaries. 


C. Azimuthal Data 


The azimuthal data from the flights is summarized 
in Fig. 11. The counting rates were determined in each 
zenith position in ten azimuthal sectors. The relativistic 
data, as before, is plotted separately from the total 
telescope rate. The asymmetry effects are very pro- 
nounced even for the total radiation. For the total 
count at 60° zenith the E-W asymmetry is 30+5 
percent, in agreement with that found previously at 
this latitude with Geiger telescopes.' For relativistic 
particles only the effect increases somewhat to about 35 
percent. The E-W effect for pulses of He or larger size 
is not definite, as the statistics are quite poor in this 
case. The asymmetry at 120° zenith is not very well 
defined for the total radiation, but seems to bear the 
expected 180° phase relation to the 60° values.'* 

The largest effect occurs at 90° zenith if one considers 
only relativistic particles, i.e., those for which direction 
is established. The total count rate, being merely that 
of an ordinary Geiger telescope, shows zero effect at 90°. 
The analysis of the pulses giving Cerenkov radiation 
into the ten azimuthal sectors, however, shows an 
asymmetry of ~80 percent at 90°. This measurement 


'*The gondola azimuth is referred to the telescope direction 
when pointing above the horizontal. 
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Fic. 11, Azimuthal data for flights Z and L in 60°, 90°, and 120° zenith positions. The total and relativistic 
parts are plotted separately. At 60° zenith pulses>2 particles also are plotted. 


in particular displays the great superiority of this type 
of detector over conventional telescopes for directional 
measurements. 

Comparison between the observed azimuthal effect 
and the effect predicted from the primary spectrum 
and geomagnetic theory is shown in Figs. 12 and 13. 
The theoretical cut-off energy for protons at \= 40° for 
40° and 60° zenith angles as a function of azimuth is 
shown in Fig. 12. This comes from the work of 
Schremp,'® who computed the shadow cone for this 
latitude, and from simple Stérmer theory. The Stérmer 
variable, as a function of zenith (z) and azimuth (¢), is 
given by the relation 

cos*A 
o= ° (3) 
7+ (y’?—sinz sing cos*\)* 





The value y= 1.0 at A=40° was used. Schremp’s data 
are presented in the literature as projections of the 
allowed cone intersection with the unit hemisphere on 
the horizontal plane. From such figures the earth- 


FE, J. Schremp, Phys. Rev. 54, 153, 158 (1938). 


shadow effect values were taken, with somewhat less 
accuracy than implied by the curves of Fig. 12. 
Figure 13 compares the predicted and observed curves 
for the azimuthal effect at \= 40° for 60° and 90° zenith. 
The comparison was made as follows. The applicable 
integral number-energy spectrum obtained from the 
vertical flux at 15 g/cm? (see reference 1) is 0.30E-°-”/ 
cm? sec sterad, with the energies in Bev of kinetic 
energy for protons. From this spectrum and the curves 
of Fig. 12 the curves of Fig. 13 were constructed. The 
counting rates from the present experiments were 
normalized to have the same azimuthal average as the 
predicted curves and plotted, with magnetic azimuth 
kept on an absolute basis. The flux values of the present 
measurements were on the average too high because of 
the somewhat larger atmospheric depth (25 vs 15 
g/cm*), hence the normalization. Although the primary 
energy is expressed in Bev for protons, the comparison 
is valid for any type primary nucleus, except that all 
positive primaries are assumed. As shown in Fig. 13, 
the present results agree rather well with the Stérmer 
theory at 60° zenith and are in definite disagreement 
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Fic. 12. Theoretical cut-off energy for \=40° considering 
Stérmer theory (lower) and with the addition of the Schremp 
shadow cone calculation (above). 


with the intensities predicted by the shadow-cone 
theory. At 90° zenith the present results lie between 
the simple Stérmer and shadow-cone intensities. In the 
horizontal direction at 24 g/cm? there is 300 to 400 
g/cm* of atmosphere ahead of the detector, so that 
the measurements are farther removed from the pri- 
maries. Nevertheless, the strong indication is that the 
shadow cones lie at somewhat larger zenith angles than 
predicted. Measurements at higher altitudes, say 5-6 
g/cm*, where large zenith-angle data are more mean- 
ingful, are essential to see if this conclusion is justified. 

The albedo flux likely to affect ordinary Geiger 


ANDERSON 


telescopes is shown in Fig. 14, where the relativistic 
(Cerenkov-accompanied) events and the low-energy 
proton events are displayed as vector diagrams in the 
E-W plane. The upward relativistic flux is about 5 per- 
cent of the downward in any direction. For the low- 
energy protons, with direction undetermined, the in- 
tensity is 15-20 percent of the relativistic component. 
It is possible that a larger fraction of these are upward 
particles than for the relativistic case, but even in this 
case their number represents a low fraction of the total. 
Another group of particles are those with a range less 
than 30 g/cm? of Lucite, which are not detected at all. 
The large telescopes used formerly' to study the vertical 
and azimuthal effects between A=0° and A=40° con- 
tained 3 cm of Pb, which implied a minimum energy 
of 112 Mev for protons or 64 Mev for » mesons. The 
Cerenkov data shows the splash albedo effects to be 
not more than 5 percent for the mesons, together with 
protons above 319 Mev. The telescopes included a 
group of protons between 112 and 319 Mev for which 
the splash albedo is not measured, but it is unlikely 
that a large fraction of these are upward moving, in 
view of the results for the energy range just above this, 
and their albedo contribution is hence small in relation 
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to the total flux. Therefore, the splash albedo values 
obtained, if applied to telescope experiments between 
A=0° and \=40°, are too small by a factor of at least 
four to resolve the latitude-asymmetry disagreement. 
Aside from its contribution to the splash albedo, 
which is probably small, the lower-energy proton flux is 
of interest even if 100 percent downward, as it affects 
the second discrepancy mentioned in the introduction, 
namely the absolute energy comparisons. Here we must 
consider the fraction of particles vertically detected at 
15 g/cm? that are not primaries. The present data at 
=25 g/cm’® show a flux that definitely contains at 
least 15 percent nonrelativistic protons which cannot 
be primaries. In addition, the relativistic counting rate 
is decreasing with decreasing depth between 27.6 and 
23.6 g/cm® (see Table I), showing that part of this 
component may be secondaries as well. An extension of 
the present type of measurement to the highest obtain- 
able altitude would be very useful in clarifying the 
situation. However, it appears that perhaps a 10-30 
percent effect may be accounted for by such an investi- 
gation, but not a factor of two, as exists between the 
particle and ionization measurements of total energy. 
It may now be stated in conclusion that neither the 
asymmetry discrepancy nor the energy balance dis- 
crepancy mentioned in the introduction can be ex- 
plained by albedo effects at balloon altitudes at \= 40°. 
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Fic. 14. Vector diagram in the E-W plane for relativistic 
particles (above) and protons of energy between 210 and 319 Mev 
(below). The upper numbers on each diagram refer to flight £Z, 
the lower to flight L. The values are in counts/minute. Statistical 
error +10 percent. Flux (particles/cm*® sec sterad) = (counts/ 
min) X 0.009. 


A possible alternative explanation for the low asym- 
metries observed at \=40° is suggested by the azi- 
muthal effects measured with the Cerenkov detector 
which are free of splash albedo effects. This is the possi- 
bility that the shadow-cone limits lie at larger zenith 
angles than those predicted by Schremp’s calculation. 
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A simple method is demonstrated of expanding the quantum-mechanical partition function in powers of 
the interaction potential between the particles of the system. The result is valid for all types of statistics and 
for all types of interaction, provided the interaction potential is nonsingular. The general term is expressed, 
in terms of known quantities, in a compact form. It is shown that the series must be considerably modified 
for the case in which the potential is singular. The convergence of the series is discussed briefly. 





I, INTRODUCTION 


HE problem of expanding the quantum-mechan- 

ical partition function in powers of 4 (Planck’s 
constant) has been discussed by various authors.’~* 
Several methods of obtaining the original expansions, 
due to Wigner and Kirkwood, have now been given. 
As these series are, however, only useful at sufficiently 
high temperatures, where quantum effects are com- 
paratively small, efforts have been made to develop an 
expansion convergent at low temperatures. Thus, Green‘ 
has obtained the first two terms of an exparision in 
powers of the interaction potential between the particles 
of the system. His results are in an extremely cumber- 
some forrn and are, in any case, limited to the case of 
Boltzmann statistics, whereas the few calculations that 
have actually been carried out®’” at low temperatures 
definitely show that the type of statistics obeyed by the 
particles is of considerable importance. Goldberger and 
Adams‘ obtained the general term in the series proposed 
by Green. The final result was, however, left in an 
awkward operational form and the calculations were 
again limited to the case of Boltzmann statistics. 
Finally, Siegert* showed how the series could be ob- 
tained by solving an integral equation for the partition 
function by an iterative procedure. In this approach it 
is easy to take into account, in a formal manner, the 
type of statistics obeyed by the particles. The general 
term in the series was not, however, calculated in an 
explicit form. A knowledge of the general term is clearly 
of importance if we wish to discuss, even qualitatively, 
the convergence of the expansion. 

The purpose of the present paper is to rederive, and 
to discuss the validity of, the expansion of the partition 
function in powers of the interaction potential. It is 
first shown that the series may be obtained by a 
straightforward application of Taylor’s theorem to the 
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partition function of the system. The calculation is 
quite general and is valid for all types of statistics. The 
general term is expressed, in terms of known quan- 
tities, in a compact form. In Sec. 3 we compare our 
work with that of previous authors. The equivalence of 
our expansion with that due to Goldberger and Adams 
is established. Lastly, the validity of the expansion is 
discussed. It is shown that the terms in the series must 
be considerably modified if the potential possesses any 
singularities. In fact, the series is only valid in this case 
if the particles of the system are considered to have 
finite (nonzero) incompressible cores. A condition is 
obtained for the convergence of the series. 


II. THE EXPANSION IN POWERS OF 
THE POTENTIAL 


The partition function (Z) of a system, is usually 
written as 


Z= da exp(—6&,), (1.1) 


where in Eq. (1.1), 8=1/k7, and the &, are the energy 
levels of the system. A well-known alternative form of 
Eq. (1.1) is 


Z=Tr[exp(—8H) ], (1.2) 


where H is the Hamiltonian of the system, and Tr(A), 
stands for the trace of the quantum-mechanical 
operator A. It is assumed, in what follows, that the 
Hamiltonian is independent of any spin coordinates of 
the particles. 

The trace of any operator is invariant under change 
of representation. Consequently, any complete set of 
wave functions can be used to form the trace in Eq. 
(1.2). 

For a system of N interacting particles, in an en- 
closure, H can be written Ho+gV, where Ho is the 
translational energy and gV the potential energy of the 
mutual interactions. The partition function Z can now 
be thought of as a function of g. It will be shown that 
the Taylor series expansion of Z in powers of g is 
identical with the series proposed by Goldberger and 
Adams. We first write 


2 (- 1)’ 
expl —8(Hot+gV) ]= exp(—8H) =>. ——-#"H’. 
v=) 


y! 


(1.3) 
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If Taylor’s theorem is applied to the right-hand side of 
Eq. (1.3), it becomes 


exp(—BH) = g"/n! S(—1)'B*/vI[D"H" Jono, (1.4) 
n=O y=) 


where in Eq. (1.4) D=0/dg. Combining Eq. (1.4) with 
Egs. (1.2) and (1.3),° 


Z=Z()=E gr/n! y (—1)"8"/v1 Tr{[D"H” pao}. (1.5) 


Thus, the fundamental quantity to be calculated is 
Tr{(D*H”),..0}. To carry out this calculation the fol- 
lowing simple relations are needed: 


D(H)=V, D*(H)=0, n>1, and [H],.0= Ho. 


It is now easily seen, using these relations, that 
(D"H’),..0 can be written as the sum of a number of 
terms of the form 


Ho" V Ae VA: «Ho VAor'**. 


(1.6) 


(1.7) 


In the expression (1.7) the »,’ are integers and can take 
on any values from 0 to »—n, subject to the condition 
that 


n+1 
ys vie =y-n, 
k=l 


As we are only concerned with the trace of (1.7), the 
theorem that Tr(AB)=Tr(BA) can be used to rewrite 
it as 


Ho VAo"V Ho": ++ Ho V, (1.8) 


with precisely the same conditions on the v,. The 
complete expression for (D"H”),.9 can now be written 
down: 

(D*H’),~0= (n— 1) ly Zz AV H,": . -Ho”V, 


(vk) 


(1.9) 


where in Eq. (1.9) 3°) means that the summation 
is to be taken over all sets of integers v,, satisfying the 
relation 


n 
Se V~e=V—N. 
k=i 


The factor v arises from the fact that the first differen- 
tiation gives rise to » equal terms of the form Hy"'V, 
while the factor (n—1)! arises because at the Ath stage 
of forming the nth differential coefficient there are k—1 
groups of H’s, any one of which can be chosen as the 
operand for the kth operator. Thus, (k—1) terms, 
each of which is identical with a typical term of the 
form (1.8), arise from the kth stage of forming D*//’. 
In this way, the complete factor (n—1)! is built up. The 


* This step involves the interchange of the operations of trace 
and summation. If any difficulty arises, in any particular case, 
from this interchange it can be regarded as being purely formal 
and the remainder of the analysis will still be valid. 
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result, Eq. (1.9), holds for m>1; for »=0 the calcula- 
tions are trivial, and the term for n=0 in Eq. (1.5) 
reduces to Tr{exp(—8Ho) ]. We can thus confine our- 
selves to the case n>1. 

The trace of Eq. (1.9) is now formed using free 
particle wave functions (¥,) which satisfy the wave 
equation H\W,=E,W,. These wave functions must be 
correctly symmetrized (or antisymmetrized), according 
to whether we are dealing with a system which obeys 
Bose-Einstein or Fermi-Dirac statistics. If this sym- 
metrization were not carried out, and a single product 
wave function were used, then we would merely have 
the case of Boltzmann statistics. However, all three 
cases are included in the following analysis; the dif- 
ference arises only in the way certain matrix elements 
are calculated. Thus, forming the trace of Eq. (1.9), 


Tr(D"H’),.0= (n—1)!v ©) YO Ea,"Ea,"-*- 


(aj) (rk) 


X Ean” Vayas* _ Vana, (1.10) 


where in Eq. (1.10), the Hq; are the free particle energy 
levels, and the summation >" @;) indicates that the 
summation is to be taken over all sets of the g;. The 
V aia; are the matrix elements of the interaction potential 
V, and are given by 


(1.11) 


Vows { Yat VVqjdr,: + -dt,. 


The integration in Eq. (1.11) is to be taken over all the 
coordinates (including a summation over any spin 
coordinates) of the particles in the system, the limits 
being determined by the boundaries of the enclosure. 
As the Eq; are the same, whether the Wg; are sym- 
metrized or not, the only difference due to the statistics 
arises from (a) the enumeration of states Vg; in forming 
the sum >> «@,) and (5) in the form of the matrix ele- 
ments, Eq. (1.11), according as the Vo; are symmetrized 
or antisymmetrized. 

The sum over the sets (v%) in Eq. (1.10) can be 
carried out by using a generating function. Equation 
(1.10) is written as 


Trl (D"H"),-0 |= v(n—1)! > Vaya, + + Vane, 


(qj) 


x [coeff. of 2-* in T](1—2Fa,)]. (1.12) 
i=] 
The required coefficient can easily be picked out, if a 
technique due to Dingle is used. The generating 
function is broken up into partial fractions, thus: 


[l(i—ske "= Aj(l—sEe)). (1.13) 


i=! j=l 


It is assumed, for the moment, that the Eg; are unequal ; 
 R. B. Dingle, Proc. Cambridge Phil, Soc, 45, 275 (1949), 
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then the A; are given by 


Aj= TL Ea;""(Eaj— Easy. 


if)—1 


Combining Eqs. (1.14) and (1.13), 


Ea; n—1 


[—2k)"'=S] 11 | -| 1-84)" 
tel 


ge ll 1) (Eqj- “di 


(1.15) 


The coefficient of 2’ in (1—sHq;) is Eq;’, so finally, 


Tr{ (D*H’),. o | = y(n —] )! zz Vayas" o Vana, 


x¥ Ea)" T] (Eaj— Ea)". (1.16) 
j=l 


ix) 
The expansion of Z may now be written down, remem- 
bering that the term for n=0 requires special treat- 
ment; thus, 


Z=Zot3 p"Zo, (1.17) 


n=l 
where in Eq. (1.17) Zo is given by, 
Zo= >, exp(—BE,), 
and Z, is given by, 


Z,7 “— (8 ‘n)>- V 4,49" v2 V ana, 


(qj) 


hn 
x }[exp(—B8Eq;) / [] (2ej—Eai)]. (1.19) 
i 1) 
Thus, Eq. (1.19) gives an explicit expression for the nth 
term in the expansion of Z in powers of g, and also in 
powers of the matrix elements of the interaction poten- 
tial. In the above derivation, it might be thought that 
the summation over the sets (qg;) should be restricted 
to unequal values of the q,, because of terms with 
(Eq;—Eq;) in the denominator. Such a restriction is, 
however, unnecessary as it is easily shown that the 
numerators of these terms also vanish for Eg;= E;. By 
a careful passage to the limit (Zg—~£,) a finite result 
is obtained. This result is identical with that obtained 
by allowing some of the Ea; in Eq. (1.13) to be equal. 


III. COMPARISON WITH PREVIOUS WOFK 


Goldberger and Adams, in their paper,’ quote the 
following result, due to Schwinger. If a and b are any 
two operators, then 


Tre (a+b) |= Tre a |— Tri be «| 


. (— 1)" 1 l 1 
+> f Cy lds, [ $2" *dso° . f dS 
2 e e 0 


ns nN 0 0 


KT r (bem 8 ahem (tsa). « «hemete- sme), (2,1) 
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If we identify a with BH, and b with BV g, then the left- 
hand side of Eq. (2.1) is merely the partition function of 
Sec. II. Formally, it is quite clear that this expansion is 
identical with that given above, both being expansions 
in powers of g. This can easily be verified by writing the 
general term in the series in Eq. (2.1) as 


(—6)"g” 1 1 
Z,,=— f $,"—'ds,° + f ds», 
n 0 0 


XT r( Ve bio... Vena + -snBHo), = (2.2) 
The trace in Eq. (2.2) is now formed, using the same 
wave functions as before; thus, 

(—)"g" 
Z,'= ty et ae : Vaya," sag J Gnd 


n (qj) 


l 
xf $1” ' exp(—fsiEq,)dsy- ae 
0 


l 
xf dS», exp(—6s,52° . *SnEan). (2.3) 


By direct integration it is easily shown that 


Bg" n exp(—BEq;) 
Z,= a cites a 7 Vays’ alk: Vana, z: pte? ; 
nm (aj) i=! [] (Ea;— Ea) 


1) 


: (2.4) 


thus Z,’ and g"Z,, are identical. In this form, Eq. (1.19), 
the general term is expressed in terms of known quan- 
tities, Eo; and Voie;. This is a considerable advantage 
if we wish to estimate the order of magnitude of the 
terms in the series. In deriving the expansion, it was 
assumed initially that the Hamiltonian could be split 
into two parts 1» and gV, one of which (#7) had a very 
simple eigenvalue equation, the solutions of which were 
known. However it is obvious, from the method of 
derivation, that the expansion is valid for any partition 
of a general Hamiltonian, provided that the solutions 
of the eigenvalue equation of one of the parts are 
known, and these are used to form the trace in Eq. 
(1.5). Another formal method of generating the series 
is to substitute in the usual formula, Eq. (1.1), for the 
partition function, the perturbation expansion for the 
qth energy level, and then expand the resulting expres- 
sion in powers of g. The procedure requires to be justi- 
fied because of possible degeneracies in the energy 
levels. Our procedure avoids this. 

It is of interest to compare the first-order term in the 
above series, with the same term in the series due to 
Goldberger and Adams® and Green.‘ In both these 
papers the series was generated by expanding the con- 
figurational distribution function, in a power series in 
the interaction potential, and then integrating term 
by term over all the coordinates. No account was taken 
of quantum statistics in either case. It_was pointed out 
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by Goldberger and Adams that the first term in their 
series is identical with that given by Green. However, 
when the term is integrated over all the coordinates, 
the result is trivial, namely that 


gZ, «Zo. (2.5) 


This result follows at once from our expansion, for 
gZ1= —Bg Le V ag exp(—SE,), 


and in the case of classical statistics V,, is independent 
of g, and thus Eq. (2.6) at once reduces to Eq. (2.5). 
However, in the case of quantum statistics V4, is not 
independent of g, and Eq. (2.6) is no longer trivial. In 
a later paper Green" has derived the general term in 
the form of an extremely complicated integral. This 
result is again limited to the case of classical (Boltz- 
mann) statistics. It would seem, however, that if the 
series proves to be useful, it will be in the region of low 
temperatures, where the Kirkwood expansion is too 
slowly convergent to be of any use. In this region there 
is reason to believe that quantum statistics exert a 
marked influence on the properties of a system. Thus, 
the two isotopes of helium show markedly different 
properties at low temperatures. Likewise, De Boer’s 
calculations®.” on the light isotope of helium again 
show up the importance of the statistics obeyed by the 
particles. Indeed, the discussion of the second term in 
the series, Eq. (2.6), completely confirms our statement. 

It might seem, at first sight, that each term in the 
series is proportional to 8. However, the general term 
Z,, consists of a sum of terms of the form Rw,), where 
(q,) is the set of all summation indices q;---g,. It is 
easily shown that if any term Rw,) has r of these 
indices equal then it is proportional to 8’. Consequently, 
each term Z, contains “sub terms” proportional to all 
powers of 8 up to 8". This is contrary to Green’s sug- 
gestion‘ that each successive term would be proportional 


to B. 
IV. THE VALIDITY OF THE EXPANSION 


(2.6) 


In this section, the existence of the individual terms 
(Z,,) will be investigated first, and then the more diffi- 
cult problem of the convergence of the series will be 
discussed. 

In the deduction of the series, no account was taken 
of any singularities in the potential function V. In 
many cases, however, V will possess singularities, for 
instance, if it represents the interaction potential of a 
number of particles. This type of potential was assumed 
in Sec. II. The importance of such singularities is 
illustrated by considering the classical partition func- 
tion. This is proportional to /{ exp(—8V)dQ, where S 
is the whole of configuration space, and Q stands for all 
the coordinates. If the exponential is expanded in 
powers of V, and V has any singularities, then there 
will be an m such that all integrals of the type 


HH. S. Green, J. Chem. Phys. 20, 1274 (1952). 
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S.(BV)*dQ(p>n) will diverge. Consequently, this 
expansion of the classical partition function is invalid. 
This state of affairs can easily be remedied, if the only 
kinds of singularity that V possesses are such that it 
becomes positively infinite. If this is assumed, then the 
range of integration (S) can be split up into two parts 
S; and S», such that S; constitutes the region where V 
is bounded, and S, consists of the remainder of con- 
figuration space. Then it is seen at once that the integral 
over the region S, vanishes, because exp(—@V) is 
identically zero in this region. The partition function 
is now proportional to /{, exp(—8V)dQ and as V is 
bounded in the set of points 5; all integrals of the type 
JS.,(8V)?dQ will be finite. Thus, if we wish to expand 
the partition function in powers of V, the range of 
integration of each term must exclude the points at 
which V is singular. 

It will now be shown that precisely the same con- 
clusion holds in the case of the quantum-mechanical 
partition function. First, it is easily seen that similar 
divergent integrals will occur in the quantum-mechan- 
ical case. For the expansion of exp(— 8/7) consists of a 
sum of terms of the form HoV-+-Ho’»V. Clearly, if 
any one of these operators is expanded, then there will 
always be one term of the type V"Ho’"". When the 
trace of this term is formed, the integral that results 
will diverge for sufficiently large ». To avoid this dif- 
ficulty, a similar method to that used above is em- 
ployed. The following assumptions are first made 
about V: (a) if any pair of particles with position 
vectors r; and r; take up a configuration such that 
|r,—1,;| <2ro, then V is to become positively infinite; 
(b) otherwise, V is to be continuous and bounded 
everywhere. The entire configuration space (5) of the 
system is again divided into two parts, 5; which consists 
of S apart from the N(N—1)/2 regions such that 
|r;—1r,;| <2ro, while S: constitutes the remainder of 
S. These assumptions about the potential energy include 
all the types of interactions that are commonly met 
with in statistical mechanics. Thus, if V has no sin- 
gularities ro is zero and S; is merely the null set. If V 
is singular at isolated points, then ro is again zero, and 
to proceed with the analysis, ro is replaced by ¢, which 
is set equal to zero at the end of the calculations. 
Finally, if there are regions in which V is singular, then 
ro is finite. This would occur for the case in which the 
particles are supposed to have incompressible cores of 
radius 7». 

The partition function Z is given by 


z(8)= f Fe4,*(Q)te(Q) exp(—BE,)dQ, (4.1) 
Ss 


where in Eq. (4.1) ¢,(Q) is the gth eigensolution of the 
eigenvalue equation H¢,=E,, and Q stands for the 
set of all coordinates. The ¢, must, of course, be 
suitably symmetrized. Define /(Q) by the equation, 


I(Q)= Le da” (Q)¢,(Q) exp(—BE,). (4.2) 
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Then, /(Q)dQ is the probability that at a temperature 
T the coordinates (Q) of the system have values lying 
between (0 and 0+dQ. This statement follows immedi- 
ately from the definition that $,*(Q)@,(Q)dQ is the 
probability that the coordinates of the system have 
values lying between Q and Q0+dQ, when the system 
is in the state ¢,(Q). Now, it follows from a theorem 
due to Pauli’ that ¢,*(Q)¢,(Q)7(Q)-0 as we approach 
any of the singularities of V, where dQ has been written 
as 7(Q)dr,---drw, 7(Q) being the weight factor for dQ. 
If this were not so, then the Hamiltonian of the system 
would be no longer be Hermitian. Thus, in the set of 
points S,7(Q)dQ is identically zero. That this must be 
so is obvious in the case of particles with incompressible 
cores, for the wave functions must be made to vanish 
in the region of the core. However, this type of potential 
requires special consideration; we will, therefore, sup- 
pose, for the moment, that the potential is only singular 
at isolated points. The function 7(Q) can be written in 
the form 


1(Q)= 2a bc*(Q) exp(—BH)¢,(Q). (4.3) 


The wave functions ¢, are now expanded in terms of 
the complete orthonormal (suitably syrnmetrized) set 
of free particle wave functions ¥,(Q), and it is easily 
shown that Eq. (4.3) becomes 


1(Q)=dn ¥n*(Q) exp(—BH)W¥,(Q). (4.4) 
When Eggs. (4.4) and (4.1) are combined, it is found that 


z@)={| 1(Q)dQ= 


8i+8e 8 


X ¥.*(Q) exp(—6H)¥,(Q). 
(4.5) 


If Tr’(A) stands for the trace of A, with the restriction 
that all the integrals are to be taken only over the set 
5,, then Eq. (4.5) becomes 


Z(8)= Tr’ (exp—@H). (4.6) 

It is easily proved that the following results still hold: 
Tr’(AB)=Tr’(BA), (4.7) 

Tr’ (ABC: ++ H)=¥ A’o,0,B'aay***H'ana,, (4.8) 


(qk) 


where in Eq. (4.8) the A’¢,¢,, etc., are defined by equa- 
tions of the type 


A'a.a,= J Vo,*AVe.dQ. 
S 


“1 


(4.9) 


We shall call matrix elements such as this “restricted 
matrix elements.” If these results are used, then the 
whole of the previous analysis can be carried through 
again, the usual matrix elements Vg; being replaced 
at each step by the restricted matrix elements V’¢jq;. 
The zero-order term (Zo) requires special attention. For 


2W. Pauli, Handbuch der Physik (Springer, Berlin, 1933), 
second edition, Vol. 24, pp. 123-24. 
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when the trace of exp(—8Hp) is formed, the normaliza- 
tion integral £V,*¥,dQ has to be replaced by the 
integral /,,V,*¥,dQ. This integral is, however, unity, 
because the set S, is a set of zero measure and the 
integrand is bounded in S:. We thus have 


Z= Zo+> eZ. 


n=l 


(4.10) 


where in Eq. (4.10), 


Zo= Dd, exp(—BE,) 
and 


Z,'= a) | (8/n) > V"a,99" 7 Vana, 


(qK) 


X CLexp(—BEs))/T] (Eas— Eas) ]. (4.12) 


In the case in which V is singular only at isolated 
points, the set S; is defined by the parameter e. Thus 
each of the Z, is a function of e. Clearly as e-0 each 
of the Z,’—> for sufficiently large n, and no individual 
term in the series has any significance. In fact, it is 
only possibie to pass to the limit after the series (or 
part of it at least) has been summed. Consequently, in 
this case, the series cannot be used term by term. 

We next consider the terms in the expansion when 
the potential represents the interactions between par- 
ticles that have incompressible cores. For this type of 
potential the transformation of J(Q) from Eq. (4.3) to 
Eq. (4.4) is no longer valid. If we write ¢,(Q) 
=> n4ng¥n, then the transformation can only be 
carried out if }-¢ Gng@n’y*=5n, n’, that is, if 


n(O’)¥ »/*(O)dOdO’ =n, n’. a 
Ef f eaevonv (Q)dQdQ’=5,,y. (4.13) 


Now > ,(0)¢,*(0’)=6(Q—Q’) in Si, and since the 
wave functions ¢,(Q) vanish identically in the set S2, 
de Ge(Q)b_(0’) =0 in So. Consequently, we must have 


Ee f 3 f 4(Q-O)¥a(Q)¥u* (QNdQU 


. f ¥,(Q)¥x*(Q)d0. (4.14) 


o1 


This last relation is obviously not true because the ¥, 
are orthonormal over the whole of the configuration 
space, S; and S,. This difficulty can, however, be over- 
come, if the @, are expanded in terms of the complete 
orthonormal set x,(Q), where the x are the solutions 
of the wave equation for a system of N perfectly elastic 
spheres of radius ro. These wave functions vanish 
identically in the set S:, and obey the normalization 
condition that 


ee f xn(Q)xw(Q)40. (4.15) 
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With these wave functions instead of the V,, the trans- 
formation from Eq. (4.3) to Eq. (4.4) is obviously 
valid. Moreover, these wave functions satisfy the free 
particle wave equation Hox,(Q)=£,x.(Q), in the set 
S;. This means that the whole of the analysis of Sec. II 
is valid provided we replace the free particle wave 
functions ¥,(Q) by the wave functions x,(Q). Thus, 
the expansion given by Eq. (1.17) is formally correct, 
if Voie; is redefined by the equation: 


a f xei*(Q)Vxaj(Q)4Q. (4.16) 
8 


We must also take into account the fact the summations 
over the indices (g;) are over all distinct accessible 
states. Now, the number of these states Ga; that are 
associated with any energy level FE; will be different, 
according to whether we are dealing with free particle 
wave functions or elastic sphere wave functions. Con- 
sequently, even though the first term Zo appears to be 
identical in these two cases, it is, in fact, entively dif- 
ferent. It is clear from Eq. (4.16) that the Vojq; are 
finite. 

It should be mentioned that the methods of Gold- 
berger and Adams, and of Siegert, both require to be 
modified for this type of potential. Consider, for 
instance, the method of Goldberger and Adams. When 
the trace is formed in Eq. (2.2), it is not permissible to 
use free particle wave functions for the same reason as 
we have given above. The simplest suitable set is the 
set of elastic sphere wave functions x,(Q). When these 
wave functions are used, the series again becomes iden- 
tical with that given in this paper. A similar considera- 
tion applies to the integral equation derived by Siegert. 

It still remains to discuss the convergence of the sum 
in Eq. (4.12). Write 


Z.= bias (8"/n) = Vauas" mi Vana,F cae), 


(qk) 


where, if Eq. (2.3) is used, 


1 1 l 
Pam f sds, f $2”*dsz: - f ds, 
0 0 


Xexpl —6(si:Ea,+5,(1—51)Ea,: + +51° + *SnE an]. 


From this equation it is seen that F¢,)>0 for all (qx) 
and 8, and is moreover monotonically decreasing in all 
the summation indices q,. If any one term in the mul- 
tiple sum in Eq. (4.17) is considered, then it is easily 
shown that Fo@x)<exp[—B(Eox)m] where (Eox)m is 
the smallest value that Ea, takes on for this particular 
term. If it is now assumed that the following multiple 
series S,, where S,, is given by 


S,= — 6° al > Vases" <b Vana, | exp(—f£4,), (4.19) 


@, (ak)2a, 


(4.17) 


(4.18) 


converges, then it follows that the multiple series in Eq. 
(4.17) also converges. This is essentially because the 
F@) are monotonic in all their indices g, and are 
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bounded by exp(—@(Ees)m) aS gi”. The symbol 
>’ @s)><¢,, in Eq. (4.18), means that the sum is to be 
over all sets of indices (¢,), omitting always the index q,, 
and that the values of the other g, are to be such that 
qx > 41. This seems to be as far as one can go rigorously. 
However, the unrestricted sum > (@4)Vo,e,° ++ Vena, 
converges because the integral for Vo,¢, converges— 
this follows from the assumptions that were made 
about the potential V. This makes it very reasonable to 
suppose that the restricted sum converges as well, 
particularly as the unrestricted sum always converges, 
no matter in what order the summations are performed. 
Because of the factor exp(—8E,,) the summation over 
the index q; will converge, provided the restricted sum 
is of order less than exp(—8E,,). 

The much more difficult question of the convergence 
of the series as a whole has still to be discussed. The 
classical analog of the series, Eq. (4.10), converges for 
all finite value of g—always granted the assumptions 
we have made about V. Unfortunately, it does not 
seem possible to establish a similar result in the quan- 
tum-mechanical case. However, the following remarks 
seem to be worth noting. Firstly, the convergence of the 
perturbation expansion in powers of g for the energy 
levels &, does not guarantee the convergence of our 
series. Conversely, the convergence of our series does 
not guarantee the convergence of the perturbation 
expansion of any energy level &,. This is because in 
each case it is necessary to rearrange a double sum. 
Finally, it is quite easily shown that the series will be 
absolutely convergent for all finite g, if the series 
Dd’ @e)Ve,,°** Vana, is absolutely convergent for all q:. 
This appears to be so restrictive on the potential V 
that it is unlikely to be very useful. 

The following conclusions can be drawn from the 
preceding analysis. Firstly, if the interaction potential 
has no singularities (of the type discussed), then the 
original series [Eq. (1.17) ] is valid. The existence of the 
individual terms being almost certainly quaranteed by 
the convergence of the integral for V¢,9,. Secondly, if 
the potential has regions in which it is positively in- 
finite, then the original series must be modified and 
must be replaced by the series given by Eq. (1.17) and 
(4.16). In this case the existence of the individual 
terms again depends on the convergence of V,,4,. If the 
potential is, however, singular at isolated points, then 
eventually the terms in the series become infinite, and 
the expansion is invalid. Finally, even in the cases in 
which the individual terms exist, we are unable to de- 
duce any really useful criterion for the convergence of 
the series. 
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An integral equation is derived which sums the contributions of a certain (infinite) set of radiative cor- 
rections to lowest-order meson-nucleon scattering. This equation for the S matrix is examined and an approxi- 
mate treatment given. The resulting scattering amplitude is exhibited in the Thomson and high-energy limits. 





INTRODUCTION 


NE of the shortcomings of perturbation theory has 

been that only finite subsets of the terms relevant 

to a given process can be evaluated in practice. On 

occasion it is possible to include an infinite subset and 
thus partially avoid the perturbation approach. 

In the present account, such an infinite subset of the 
contributing terms to lowest-order meson-nucleon scat- 
tering will be summed to give an integral equation for 
the S matrix for the process, The terms in question will 
be seen to consist of all radiative corrections in which a 
number of mesons are emitted by the nucleon, the 
lowest-order scattering then taking place, followed by 
the reabsorption of the virtual quanta in inverse order 
to that of emission. 


DERIVATION OF THE EQUATION 


In order to derive the equation in question, we start 
with a quantity closely related to S, the Green’s func- 
tion of the meson-nucleon system. Its symbolic solution 
in terms of one-particle quantities has been previously 
shown to be, in the symmetric ps(ps) theory! (which 
we shall use), 


Gun—4,G,= —ig’G,A,[ysGy7s' 
+s'Gyyet6l's/5go’ JA,G,, (1) 


where G,, 4, are the modified nucleon and meson 
propagation functions, respectively, and I's is the ver- 
tex operator and is an isotopic spin vector. 

More explicitly, Eq. (1) reads 


(6:|Gun—A,G,|&:) = —igG, f (dn) (dn’)A,, (En) 


X[T's(n)G.0's(n’) +1's(n')G,T's(n) 
+6I's(n)/dgb(n’) JA, (n’,€2)G,. (2) 


The quantity inside the brackets is essentially the S 
matrix minus the unit matrix, S—1, which we shall 
denote by 7.’ 


* Part of a doctoral thesis submitted to Harvard University. 

t National Science Foundation Predoctoral Fellow, now at The 
Institute for Advanced Study, Princeton, New Jersey. 

1S. Deser and P. Martin, Phys. Rev. 90, 1075 (1953). The same 
notation will be used here. 

The connection between the Green’s function and the S 
matrix in the meson-nucleon situation is worked out in detail by 
Karplus, Kivelson, and Martin, Phys. Rev. 90, 1072 (1953). 


We now make our first approximation in taking the 
vertex operator, I's, to satisfy* 


Pn) =~ ie" f (ar!) (dn’’)y5(n’) 

XG s(n)Gyys(n" Ay (n’’.n’), (3) 
from which it follows that 
8I's(n)/ag6(n") = — ig? f (dt) (dé’)ys(8)G, 


XL1's(n’)G.0's(n) +1 5(n)GP's(n’) 
+6I'5(n)/dgp (n’) TGyys(&)Ay (é’,€). (4) 


We see that 6I';/dg@ reproduces the structure of 7, 
and, therefore, 


T= P5G,T's’+ r;G.rs- ie f (dé) (dé’) 


XK 5(E)G+TG y(t’) A+(€',£). (5) 


This is the promised integral equation for the scatter- 
ing. Its inclusion of the processes mentioned earlier 
may be verified by iteration, for example. 

A further simplification will be made in replacing I's 
by ys. In coordinate space, Eq. (5) now reads 


T ij (xk,x' &’) = rir pysGy(x,x" yb (x— £)8(x’— &’) 
+ 757 y6Gy (xx )y 55 (x— £')5 (x’— &) 


—igtrans f dx") (de"9G, (a0) To(0"5 28) 
KG, (0x \ysrrAy(x,2’), (6) 
and its Fourier transform is 
(2m) ~*T ij (Pipe; pr po’) =LritvsG (Prt p2)¥s 
+ 17 ysGs (pi-— pr’) v5 5 (pit p2— pr’ p2’) 


—igh(2m)“'reys f (dk)G,.(pi—k) (2m) 


XT is(Pi—h, pr} pr’ —k, pr)G(dr'—k)ysreA(k). (7) 


* The assumption of Eq. (3) is equivalent to the inclusion of 
only those graphs for the vertex operator in which virtual mesons 
are emitted and reabsorbed by the nucleon in a “nesting” pattern 
about the vertex point. The equation has in fact been employed 
by S. F. Edwards, Phys. Rev. 90, 284 (1953), in an attempt to 
determine I's. 
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In the above, free-field G, and A, are used. In center- 
of-mass coordinates, P= pi+p2 and p=}(p:— pe), the 
equation simplifies. Since T is a function of x—-x’ only, 
in its center-of-mass dependence, or, alternately, since 
T is defined on the energy shell, we employ the fact that 


T (pipa; pr po’) =T(pP; p'P’) 
=T(p,p'; P)(2m)6(P—P’) (8) 


to write our equation as 
Tis(b,p'; P) = rt 1sG4(P)yst 1)7:1sGy (P+ Py 
~igt Qn)-"yare f G,AP+P—B) 
XTi; (p—4k, p’— 4k; P—R)G,(4 P+ p’—k) 
<ysrrA,(k) (dk). (9) 


In this form, the equation couples various spin and 
isotopic spin components of 7;;. The isotopic depend- 
ence may be separated out by writing 


Ti = 6j;T1+ 5 (147;- T;Ti) T2=6;jT\+ Til 2. (10) 
Then, since 
(11) 


the equation separates with regards to the isotopic spin 


T= 6Gs(P)vst+5sG4(p+ Pp’ ys 


7 OijTR= 3bi53 TrIijTh = — Tijy 


— 3ig*(2m)-* f ysG4TiGyysAy, (12a) 
T2=sGs(P)vs—sGs (P+ P')¥5 


+ig’(2e)~ f WGTGyyehy. (12b) 


A similar treatment might be employed for the spin 
parts; there, one obtains coupled equations for the 
various coefficients A, B, --- of T in an expansion in 
the elements of the spinor algebra: T=A-1+B,y* 
+--+. We shall make use of this breakup at a later 
stage.‘ 

We now suppose that the effect of the radiative cor- 
rections can be approximated in the following way, as 
to structure: the scattering amplitudes 7; will become 
modulating, or scale, functions times the ordinary Born 
approximation amplitudes. The overall effects of the 
radiative corrections will then be contained in these 
scale functions. We assume then, for each 7;, that 


Ti(p,p'; P)=di(po,p2') Ti (p,0'; P), 
Ts,2 = Gs (P)ys+16G4 (2p) 15. 


*A possible treatment to be noted in this connection assumes 
that 7 =+5sf(p,~’; P). In this case, some progress may be made in 
actually solving the integral equation. This assumption seems 
unphysical, however. 


(13) 


MESON-NUCLEON SCATTERING 


613 


When this form for 7 is substituted under the integral 
in Eq. (12), the A, will not be functions of & so that the 
result will be® 


T=)\T= T%+n [ KT. 


(14) 


K is the kernel as derived from Eq. (12). Thus, 


-1 
a= (1- fxro/r) 


which is the usual form obtained when damping effects 
are included. 

The actual integrals occurring in Eq. (14) are not 
feasible in closed form in the general case.* We shall 
therefore restrict ourselves to two limiting cases in 
which they can be performed: the Thomson and the 
high-energy regions. 


(15) 


THE THOMSON LIMIT 


Here the calculations needed have been performed, 
and the results given, by Ashkin, Simon, and Marshak.’ 
Using these, we find that: 


f Kits =1.208)-*2my" 
fxr- —0.22(24)-*(2m)-'a’ = (16) 


7, = —4m(4m?—p2); 2 = Qu (4m? —p?), 
where a’=g’/4r. Taking a conventional value for a’ 
of 10, we find that 


hi=0.87, Ag=0.73. (17) 


Thus, in the Thomson limit, the damping of the Born 
approximation result is relatively small, as might be 
expected in this nonrelativistic approximation in which 
all motion becomes negligible. 


THE HIGH-ENERGY REGION 


We now turn to the opposite extreme, that of high- 
energy incoming mesons. In this case we neglect the 
meson mass y in comparison with its energy w; such an 
approximation might be expected to hold above, say, 
w= 350 Mev. In addition, we shall restrict ourselves to 
forward scattering; although this is not a necessary 
restriction,® it greatly simplifies the work. The quali- 


5 This form and that of Eq. (15) are to be understood sym- 
bolically, as the ordering of the Dirac matrices in the integral 
must be taken into account; in general, the A, will include such 
matrices as well. 

6 They are precisely those arising in the calculation of lowest- 
order radiative corrections to scattering, as is obvious from the 
fact that_f//KT is essentially the 7 for that process. 

7 Ashkin, Simon, and Marshak, Progr. Theoret. Phys. Japan 
5, 634 (1950). The relevant quantities are C; and Cy, which are 
given in Table IV, p. 658. 

8 The integrals occurring in the more complicated nonforward 
situation can also be done in closed form; they may be obtained, 
for example, from the work of L. M. Brown and R. P. Feynman, 
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tative features of the results will emerge in this case as 
well. At this stage, our equations reduce to: 


71(p,P) = vG+(p)yst+vG+(2p)¥s 
— 3ig*(2n)* f (dk) kG (b+ pr) 


KT i(pt+ hk; P+k)G,(k+ pi)ys, 
12(p,P) = 16G+(P)yvs— v0G+(2p)¥6 


+ig?(2r)* f (dk) k*ysG4.(k+ pr) 
XK T2(p+4k; P4+k)Gs(k+ ps)vs. 


Use will also be made of the facts that, for real nu- 
cleons and mesons, ypit+-m=0, p’r+m'’=0, p?+y?=0. 

In making the assumption (13) here, we must realize 
that the A, are, in general, Dirac matrices and take this 
requirement approximately into account® by writing 


T= Asctvpmi/m)T. (19) 


Taking the trace and then /rX yz of the equation re- 
sulting when Eq. (19) is inserted into (18), we obtain 
two equations for \ and yw in each case, which will 
express these in terms of our integrals. These, in turn, 
can be written as functions of the single variable 


5= 2w/m in the lab system. 
The integrals to be performed have the structure 


(ku; kyk,) (dk) 
f (P+ 2k- py) "(K+ 2k-g-+-d) 
(1; Ry) (dk) 
J (H+ 2k-pr)*(P+2k-g+ A) 
and are straightforward. We merely quote the results: 


6 6 





+L(1—8) 


dt 1 -—{ —— In 
Qe (1-8)? 1-8 2 
6a’ 8 


r(1—3a'5/4m) 1-8 


= 25— 46° 


—L(i+6)+ 


5° — 368 
-———— Inb+ L(1+8)+L01-8)~22(0) 
(1—68*)? 


(20) 


2 boos 
~ix| n(1+8)+ -—- -—-;| 
1+5 2(1+8)? 2 


, 


acl 
_  ©(1—3a’b/42r) 


Mh 2a’ /w(1 — 3a’5/4r)A1, 
Phys. Rev. 85, 231 (1952). As far as the integrations are con- 
cerned, our calculation is equivalent to the electrodynamic case 
treated there once the approximation u=0 is made. 

® More rigorously, one would have to write \ as.the sum of all 
16 elements of the spinor algebra. 
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and similar expressions for dA», uz The LZ and L are 
Spence functions, as defined by Brown and Feynman 
(reference 8). 

We note that the d’s and y’s are complex functions, 
as might be expected.” In the usual treatments of 
scattering, the imaginary part of the forward scattering 
amplitude gives the total cross section [o=4rk“(0) ] 
for scattering out of the initial state resulting from all 
possible transitions. In our approximation, and by the 
very nature of the ansatz made, only certain states 
contribute to the decay out of the initial state, rather 
than all of those into which our state can really decay, 
as would be the case in the rigorous treatment. In such 
a treatment, all higher order processes by means of 
which decay can take place would contribute to the 
imaginary part; here, however, only insofar as the an- 
satz simulates the rigorous solution is its imaginary 
part approximately valid. 

We also remark that 7;= (A;+-p2/mui)T;—d,T, 
to within terms in yu’, which have been neglected 
throughout. However, the form of X is strongly in- 
fluenced by the assumption (19). Had we merely taken 
T=\T), an entirely different form of \ would follow. 

An approximate estimate of the damping at 56=3, 
corresponding to w about 350 Mev," again with a’= 10, 
yields 


A. ~0.01(1—0.14), 
(21) 
how 1—0.163. 


Thus, although the 7, part is relatively unaffected, the 
T, is considerably damped at this energy. It may be 
mentioned that if u; had not been introduced, A, would 
have been as strongly damped as the A, quoted, whereas 
Ai would become an order of magnitude larger at the 


same energy. 
DISCUSSION 


We have seen that at low energies damping tends to 
be small, whereas at higher ones at least part of the 
amplitude tends to be very strongly decreased. It is 
obvious that the quantitative statements are not too 
trustworthy; the strong rise of the effect with energy, 
however, is suggestive of what may be expected of field 
reaction effects. Graphs in which many mesons are 
simultaneously present would seem to play an impor- 
tant role at higher energies. It should be of interest to 
compare our treatment with one including a different 


The imaginary parts arise only from the parts of the ansatz 
(19) involving G,(P), corresponding to the reducibility of radia- 
tively corrected “uncrossed” terms as against irreducibility of the 
“crossed” terms. Thus only the reducible diagrams have imaginary 
parts since there is no mode of decay in the irreducible case. 

"' Of course, both 7; and 7» give scattering in a mixture of iso- 
topic spin 4 and § states; if the effects in the respective pure 
states are to be obtained, the proper linear combination of the 
two must be employed. 7; and 72 describe ordinary and charge 
exchange scattering, respectively. 
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(infinite) set of graphs: the ladder approximation arising 
from use of the meson-nucleon equation.' Such a calcu- 
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the objection that inclusion of these other graphs could 
vitiate all its conclusions. 


lation represents another extreme in approximation 
schemes: it drops terms with many mesons in the field 
in favor of higher order (iterated) scattering graphs. 
However, any method which arbitrarily neglects an 
infinite number of relevant terms is, of course, open to 
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The Dirac field, as perturbed by a time-dependent external electromagnetic field that reduces to zero on 
the boundary surfaces, is the object of discussion. Apart from the modification of the Green’s function, the 
transformation function differs in form from that of the field-free case only by the occurrence of a field- 
dependent numerical factor, which is expressed as an infinite determinant. It is shown that, for the class of 
fields characterized by finite space-time integrated energy densities, a modification of this determinant is 
an integral function of the parameter measuring the strength of the field and can therefore be expressed as 
a power series with an infinite radius of convergence. The Green’s function is derived therefrom as the 
ratio of trvo such power series, The transformation function is used as a generating function for the elements 
of the occupation number labelled scattering matrix S and, in particular, we derive formulas for the prob- 
abilities of creating n pairs, for a system initially in the vacuum state. The general matrix element of S is 
presented, in terms of the classification that employs a time-reversed description for the negative frequency 
modes, with the aid of a related matrix 2, which can be viewed as describing the development of the system 
in proper time. The latter is characterized as indefinite unitary, in contrast with the unitary property of S, 


which is verified directly. Two appendices are devoted to determinantal properties. 


TIME-DEPENDENT ELECTROMAGNETIC FIELDS 


HE previous paper in this series! dealt with the 
Dirac field, as coupled to a second prescribed 
Dirac field. We shall now discuss the effect of coupling 
with a prescribed Bose-Einstein field, using the example 
of the electromagnetic field. The Lagrange function and 
field equations of this system are presented in Eqs. 
(IV. 1, 2). 

The simplest extension of the work of IV is obtained 
by supposing that the external electromagnetic field 
vanishes in the vicinity of the boundary surfaces o; 
and o:, while assuming arbitrary values in the in- 
terior of this region. We shall retain the gauge A,=0 
to describe a zero field. The decomposition of the 
Dirac field into positive and negative frequency com- 
ponents on o; and oz can be performed as in IV, and 
the history of the system between o; and ¢» will be de- 
scribed by the transformation function (x@’o,| x’). 
The source substitution (IV. 33) produces the latter 
from the transformation function referring to zero eigen- 
values, 

(00;|0c2) =exp(#Wo). (1) 


The dependence of Wo upon the source is expressed by 


1 J. Schwinger, Phys, Rev. 92, 1283 (1953). 


C(IV. 37)] 


5Wo= f (dz) [an +-(0)5n), 


where now 
Yul —10,— eA, (x) Kp (x))+- my (x))= n(x), 
[10,—eAy(x) KY (x) yu mp (x)) = H(x), 


are the equations to be solved in conjunction with the 
boundary conditions (IV. 40, 41). The associated 
Green’s function [Eqs. (IV. 42, 43)] thus obeys the 
differential equations 

Yul. —10,—€A,(x) JG, (x,x’) + mG, (x,x’) 


= [i0,'— eA, (x’) JG, (x,x’ y+ mG, (x,x’) =6(x—x’), (4) 


(3) 


and the boundary condition that G, as a function of x, 
shall contain only positive frequencies for xo> xo’, A, 
and only negative frequencies for x9< xo’, A. We have 
indicated by xo>A and x»<A that the domain of non- 
vanishing field is confined, respectively, to earlier or 
later times than x. The same statements apply with x 
and x’ interchanged. 

The compatibility of these two forms of the boundary 
condition, for arbitrary A,, can be ascribed to the 
charge symmetry of the theory. If the second differ- 
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ential equation for G,(x,«’) is transposed with respect 
to the spinor indices and x interchanged with x’, we 
obtain the differential equation for the charge conjugate 
Green’s function 


ul. —10,+ eA, (x) ] Gs (x,x’) 
+m G4(x,x')=6(x—x’), (5) 


Mis (x,x") = CG," (x',x)C— (6) 
n= - C se 7 OF (7) 


where 


and 


The charge conjugate Green’s function is thus obtained 
from G, by the substitution A,——A,. The relation 
inverse to (6), 


G4 (x%,2')=C Gy" (x',x)C—, (8) 


now shows that the boundary condition obeyed by 
G,(x,x’), in its dependence on x’, is the same as that of 


G,(x',x). 
The integration of the differential expression (2) 
yields 
a 
wo f (dx) (dx’)H(x)G, (x,x’)n(x’)+-w, (9) 
—a 
where w is the constant of integration, which charac- 
terizes the null eigenvalue transformation function in 
the absence of sources. We can no longer argue that 
this constant vanishes, in view of the presence of the 
external electromagnetic field. The resulting trans- 
formation function differs in form from (IV. 46, 47) 
only by the addition of w to W. In particular, 


(xailx 2) Jo 


-ex| iwi $ don dod 


KG (or) (10) 


where |» indicates the restriction to zero sources. 
The dependence of w upon the electromagnetic field 


is expressed by 


64w= (f (ds)842(2) ) | 


- f (dnote inte) 


—_ 0 


(11) 
where 


ju(x)= eh (x), 1 (x) ] 
rie Bihae tryu(y (x)P (x’))4€(x,2") Jerzy 


and we have used the notation of (IV. 35). In the second 
version of the current vector, it is understood that an 
average is taken of the two limiting forms obtained 


(12) 
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with x9—o'—+0. The symbol tr expresses diagonal 
summation with respect to the spinor indices. Now 


5,(0(x))}o= f (dx")G, (x,x)n(2’) 


-i{ f Gaxyvcoviarin(e.) (13) 


(14) 


so that 
i (p(x) P(x’), e(x,x") o= G,(x,x’), 


which reduces to (IV. 83) in the absence of an electro- 
magnetic field. Accordingly, 


(ju(x)) Jo= ie try ,G,(x,x), (15) 


where G,(x,x) is defined by the same averaged limit as 
in (12). To construct w, we must integrate the dif- 
ferential expression 


iw= f (dx) triey,5A,(x)G,(x,x), (16) 


se 


with the initial condition that w=0 for A,=0. 

It should be noted that w is an even function of the 
external field, and therefore is an even function of e. 
This aspect of charge symmetry follows from the ob- 
servation 


tryvG,(x,x) = try, "GG," (x,x) 
= —try, G+(x,x), 
which shows that 


(hu (x)) b= bie try. (G, (x,x) we Gy (x,«)) 


is an odd function of the external field. Hence, w is an 
even function. It is also worth remarking that w is a 
gauge invariant, Lorentz invariant quantity. 


(18) 


Infinite Determinants 


To obtain explicit formal expressions for w, we intro- 
duce a notation in which the spinor indices and space- 
time coordinates are regarded as matrix indices. Thus, 
the differential equations for the Green’s functions are 
written as 


[y(p—eA)+m]G,=G,[7(p—eA)+m]=1, (19) 
and the differential expression for w becomes 


b6w= Tr(ieyiAG,) = Tr(G,ieybA), (20) 


where 7r represents the complete diagonal summation, 
with respect to continuous coordinates and discrete 
spinor indices. 

We shall employ the Green’s function for the zero 
field situation, which obeys 


(yp+m)G,9=G,°(ypt+m) = 1. (21) 





THEORY OF QUANTIZED FIELDS 


If we multiply the two equations of (19) with G,°, on 
the left and right, respectively, we get the integral 
equations 


(1—G,°eyA)G,=G,(1—eyAG,") =G,", (22) 
which have the symbolic solution 

Gy = (1—G,°eyA)'G,°=G,°(1—eyvyAG,")". (23) 

Hence, 

isw= Trl (1—eyAG,°)~'5(— eyAG,") ] 

= Trl (1—G,%eyA)“5(— G,%eyA) ]. 

We thus encounter the differential expression 

TrX—X =8(log detX), (25) 


which, together with the initial condition, det!=1, 
completely defines the determinant? of a matrix (or 


operator). Therefore, 
e = det (1—eyAG,°)=det(1—G,%yA). (26) 


The identity of the two forms expresses the deter- 
minantal property 


det (1—G,°eyA) = detG,°(1—eyAG,°) (G,")] 
= det (1—eyAG,°). 


(27) 


We have shown that w is an even function of e. 
Hence, we must have 


e’ = det (1+eyAG,°), (28) 


which can also be derived directly from the transposi- 

tion property of determinants. An explicitly even for- 

mula now follows from the multiplication property, 
ev = det (1— ey AG, yAG,"), (29) 


which would be the result of constructing w from (18). 
The relation between the values of e for two different 
fields can also be obtained by determinant multipli- 
cation. We first observe that (26) can be written 


e™ = det[ (G,)"'G,°]. (30) 
Hence, 
exp (iw) /exp (iw®’) 

= detl (G,)“'G "7 det (G°) "GG, ] 

= det[ (G,)“'G,® ] 


= det[1—ey(A—A)G, J, 


(31) 


The matrices that enter in these determinants are of 
the form 1+ AX. An infinitesimal change in the param- 


2 The equivalence of this definition with the customary one is 
shown in Appendix A. 


eter A yields, according to (25), 
5 log det (1+AK)= 7Tr(1+AK)“8AK, (32) 
If we define the logarithm of the matrix 1+AK by 


ny 


log(1-+0K)= f (1+\’K)“'dy’K, 


0 


(33) 
we find that 


det(1+AK)=exp[7r log(1+AX) ]. (34) 


Under appropriate circumstances, the matrix log(1+AK) 
can be expanded in powers of \ and 


2 1 
Tr log(1+AK) => (—1)"""-A*K,g, (35) 
n=! n 
where 
K,=TrK*. (36) 


If we then expand the exponential in (34), we get 


det (1+AK)=¥ \"d», (37) 
now) 


(K,)** (—4K2)** (K3)" 
j => 5 " (—} Prmce (bX) ree, (38) 


A 


k ky! ky! k;! 


in which the summation is extended over all non- 
negative integers k,, ke, --+ such that 


n= k,+2kot+3k3+- ov, (39) 


The direct expansion’ of the determinant is expressed 
by the coefficient 


1 
d,=— fitz: + (dx_) det ny) K (x;,x,), (40) 
n! 


where the summation over spinor indices is understood. 
The identity of the two expressions, (38) and (40), is 
established by remarking that each of the m! terms in 
the development of det,,)K(«;,x;) consists of one or 
more cycles in the variables. Thus, for n= 6, one of the 
terms is 


— [K (x1,%1) LK (x2,%3) K (X3,%2) | 
[ K (x4,x5) K (x5,%6)K (x6,%4) ]. 


On carrying out the integrations, this will yield the 
product of three traces, — K,K2K;. In general, we shall 
find k; unary cycles, kz binary cycles, etc., and these 
integers are related to m by (39). The number of terms 
that have the magnitude K;"K,"*--- is 


n! 


: i. 41 
ky !2**hy13*4k,!-- - ( 


Analysis (Cambridge University Press, Cambridge, 1927), Sec. 
11.2. A derivation, with the aid of operator methods, will be found 
in Appendix B. 
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where the powers of 2, 3, --- express the cyclic sym- 

metry of the traces. A binary cycle contains an odd 

permutation, and in general the sign factor is 
(— 1 )Pathet REM: 


(42) 


The resulting expression for (40) is just (38). 
The quantity 
det’ (14+-AK) = e~7?* det(1+AXK) (43) 


is evidently obtained from det(1+AK) by placing 
K,=0. Accordingly, in the power series expansion 
det’(1+AK) = A"d,’, (44) 

nod) 


the coefficients 


1 
d,! = 1 fx +++ (dxq) det(ny’K(xi,%;) (45) 
n! 


contain determinants which are obtained from those of 
d, by omitting all unary cycles. This is equivalent to 
striking out the diagonal elements of the n-dimensional 
matrix. Similarly, 


det” (14+-AK) = exp[ — 7rAK+47rK?] 


Xdet(1+AK) (46) 


has a power series expansion in terms of determinants 
from which all unary and binary cycles are omitted. 
However, the latter process cannot be represented by 
simply omitting elements of the matrix. 

The modified determinant det’(1+AK) obeys the 
fundamental inequality 


| det’ (1+AK) |*<exp[TrAK (AK)¢]. (47) 


To prove this, we first remark that 


| det’(1+-AK) |? 
=exp[ — 7rAK ] det (1+AXK) expl—7r(AK)t] 
X det (1+AK)t 
=exp[ 7rAK (AK)! ] det’ (14+AK)(1+AK)*]. 
If H=1+A represents a Hermitian, non-negative 
matrix, we have 


det’H = exp[Tr(log(1+A)—A)]<1, 


(48) 


(49) 


since, for every eigenvalue 1+ A’ >0, there exists the 
inequality 
(50) 


(51) 


log(1+A’)— A’ <0. 
det’ (144-AK)(14+AK)t] <1, 


which establishes‘ (47). 
We conclude from this inequality that det’(1+ AK) 
is devoid of singularities throughout the finite plane, 


Hence, 


4 One can also prove (47) with the aid of Hadamard’s inequality, 
R. Courant and D. Hilbert, Methoden der Mathematischen Physik 
(Interscience Publishers, Inc., New York, 1943), p. 31. 
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provided that 
TrKKt<@, (S2) 


The modified determinant is then an integral function 
of X, and we can assert that the Taylor series (44) 
converges for all 4. The same statements apply to 
det’’(1+AK), since 


| TrK?| <TrKKt. (53) 


The dependence of det’(1+AK) upon the elements of 
the matrix K is described by 


5x det’(1+XK) 
= det’ (1+AK)Trf ((1+AK)“'— 15K] 


= —det’(1+AK)Trl(14+AK)“A KK], 
which indicates that the quantities 


det’ (1+-AK) (x! (14+°K)—AK | x’) 


= —(6/6\K (x’,x)) det’(14+AK) (55) 


are integral functions of \. Now 


(5/5K (x’,x))ds’ = — K(x,x’), (56) 


and 


(6/5K (x’,x))dn’ 
1 
ae f(x: +. (dan), 5(x’ — x,)5(x—x;) 


X (0/dK (x%;,x;)) det ny’ K (%;,%;) 57) 
oe d aK 
=p J 2 Geol @/2K aa) 


h X det ny’ K (x4,;) ]z1 = 2,22 =2", 
so that 


det! (1-+XK)(a] (1+-AK)“"AK |x’) 


© 1 
=\K (x,2')+, eh — fx: ++ (dx,) 


n=l nN ! 
K(x,x’), K(x,x;) 


58 
K (x;,x’), pes ' : 


x deter’ | 


is a power series with an infinite radius of convergence, 
under the stated condition on K. We have employed a 
determinantal notation which corresponds to the par- 
titioning of the m+ 1 dimensional array with respect to 
the elements of the first row and of the first column. 
The discarding of unary cycles here implies the omission 
of all diagonal elements save the first, K(x,x’). 
In a similar way, we have 


5x det” (1+-AK) 
= det” (1+AK)Tr[((1+-AK)'— 14+AK)NK] 


(59) 
= det” (14+-AK)Tr[(14+-AK)-"VKNK], 
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so that 


det” (1+AK)(x| (14+.K)~°R?| x’) 


= (6/5\K (x’,x)) det” (14+Ak) (60) 


is an integral function of A, which is represented by the 
convergent power series 


det” (1+-AK) (x| (14+AK)4°K?| x’) 


=-—-> dik 


n=! 


— f (dx)--- (dx) 


0 K (x,x;) 
| (61) 
K (x;,x’), K (x;,x;) 


Xdetia"| 


The omission of K (x,x’), in comparison with the series 
(58), corresponds to its origin by differentiation from 
the binary cycle term $77rK?. 

To employ these results, we first place 


\K=— eyA G,%yA G,°. (62) 


We shall show later that the condition (52) on K holds 
for a certain class of electromagnetic fields. Then 


det’ (1—e*y AG, AG,") = expe Try AG, "yAG," Je 


is an integral function of e, or of the parameter measur- 
ing the strength of the field. But, according to (26) and 
(46), we also have 


det” (1—eyAG,") = exp[fETryAG,°yAG, "Je, (64) 


in which we have used the fact that 


TryAG,°=—TryA Gi= (65) 


since G,°= G,°. Hence 


det’ (1—e*y AG, °vAG,") = [det”’ (1—eyAG,") , (66) 


which shows that the power series expansion for 
det” (1—eyAG,°) cannot have a finite radius of con- 
vergence, since this would contradict the integral 
function property of the left side in (66). Therefore 
(64) is an integral function of e, which is represented by 
the convergent power series 


exp (— ie*w,)e™ = det” (1—eyAG,°) 


vid (dx,)-+- (dan) 


A (x4)) det (2n) "G49 (xinX5) |. 


145 ar 
n=2 


xtrl] (67) 


i=] 


We have exploited the known even character of this 
function, and written 


w, = hiTryAG,°yAG,° (68) 


619 


for the coefficient of e in the expansion of w. Inci- 
dentally, since iw is the logarithm of an integral func- 
tion, its Taylor series will, in general, have a finite 
radius of convergence, which is the magnitude of the 
smallest root possessed by the integral function (67). 

With the knowledge that det’(1—eyAG,°) is an 
integral function, we turn to (61) which provides infor- 
mation about the elements of the matrix 


(1—eyAG,°)"—1—eyAG,° 
= eyA[G,°(1—eyAG,")" 
=eyA(G,—G,"). 

On removing the factor eyA(x) from both sides, we 


obtain the power series representation of the integral 
function 


det” (1—eyAG,)[G, (x,x’) —G,°(x,2’) ] 


~G,° 
J (69) 


-(dx,) tr TGA (x,)) 


i=l 
0, G,°(x,x;) 


G49(%5,0’), Gy°(xi,x5) 


=¥(-e) ~ f tan) 


n=l 


xdetca"| (70) 


The Green’s function G,(x,x’) is thus obtained as the 
ratio of two integral functions, which are each ex- 
hibited explicitly as infinite series. We can also present 
(70) in terms of the matrix J, defined by 

G,=G,°+G,°IG,', (71) 


or 


Gel) = GMa! + f (de") (dG, 


KT (20 a G(x" x’). (72) 


Thus, 
det” (1—eyAG,°)1 (x,x’) 


-E(-9— _S (een) den) te} TTA (2d) 


0, 5(x—x,) | (73) 


x det (n+1 a 
5(x;— x’), G,°(x,,x;) 

in which 6(x— x,) and 6(x;— x’) also imply delta symbols 

for the suppressed spinor indices. 

In discussing the condition (52), where AK is given 
by (62), it is well to notice that the value of det’(1+AK) 
is not affected by replacing K with f-'K f, where f is 
an essentially arbitrary function of x, concerning which 
we only require that it exhibit the space-time localiza- 


5 This result can be identified with the solution of the integral 
equations (22) by the methods of Fredholm, Hilbert, and Poincaré, 
We have, in effect, developed the requisite i ‘of this theory 
directly from the differential) form (25). plications of — 
Fredholm procedure to the theory of scattering = been made by 
several authors [R. Jost and A. Pais, Phys. Rev. 82, 840 (1951), 
A. Salam and P. T. Matthews, Phys. Rev. 90, 690 (1953) }. 
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tion of A,(x), consistent with the same property for 
f(x)"A,(x). Thus, we may say that f{(x)=(A(zx))}, 
where A(x) measures the magnitude of the potential 
vector for the external field. Then 


TrK (AK) t= af (dx) (dx’) (dx) (dx) 


trl f(x) yA («)G 49 (x, 01) yA (41)G4°(x1,2’) 
x f(x’)*yoG_9(x’ x-2)vA (x2) 


XG_°(x2,x)yA (x) f(x)“"vo], (74) 
and the integrations are all confined to the interior of 
the region occupied by the field. Conditions for the 
finiteness of this integral thus refer to the possible 
singular character of the field in the vicinity of a point 
(or points). Let us suppose that 

A(x)~[(a—2x9)? }-20- = | x—x9|- 4-8) (75) 
in the vicinity of 2. The convergence of the integral 
involves the behavior of G,°(x,x’) for x~<x’. Since the 
Green’s functions satisfy a first-order differential 
equation with a four-dimensional delta-function 
inhomogeneity, we have 


awn’: G42(x,2')~|x—2'|-*. (76) 
The sixteen fold integral (74) will converge about the 
point xo, despite the singularities of the four A and the 


four G® provided that 16>4(1—8)+12, or 


B>0. (77) 


Hence F(x), the measure of the field strength, 


x~xo: F(x)~|x—x9|-@-), (78) 
cannot be as singular as |*«—»|~*, which implies the 
integrability of F(x)*. Accordingly, our discussion 
applies to those electromagnetic fields for which the 
space-time integrated energy density is finite.* 

We must observe, finally, that 


wi=hi f (dx) (dx’) tr[yA (x)G,°(x,2") 


X yA (#')G,9(x',x)J= 0, (79) 
independently of the field. This stems from the coin- 
cidence of the singularities of G,°(x,x’) and G,°(x’,x) 
at x= x’. Since w; must be gauge invariant, the potential 
vectors always occur differentiated, and the singularity 
of each Green’s function is effectively reduced to 
|x—2’|~*. Hence the integral (79) is logarithmically 
divergent at x—«’=0. The explicit result obtained 


6 This criterion is also stated by A. Salam and P. T. Matthews, 
reference 5, 
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elsewhere’ can be transformed without difficulty into 
wWs=— f(a (dx’)4F,,(x)wi(x—2x’)Fy(x’), (80) 
where 


1 «© 
wi(e—v)=— f xdx{ (1— (2m/x)?)* 
42? J on 


rad 


em 


—§(1— (2m/x)?)"]G.(x—2’,«), (81) 


and 
eik(z xz’) 


1 
C,(x—x', x) =—— fa. my 
(2r)4 k?+-K°—ite 
is the outgoing wave Green’s function associated with 


the differential equation 


(— OP +47)G4(x—4’, x) =8(x—a’). 


e>+0 (82) 


(83) 


The quantity x, which appears as a mass parameter in 
the last equation, ranges from 2m to infinity, thereby 
producing the logarithmic divergence that we have 
already recognized. 

The divergent part is separated by writing 


Gi (x—x", x) =K 76 (x— x’)+K«70,7G,(x—2",«), (84) 
which yields 


w,(x— x’) =Ci(x— 2’) +0,2w(x—2’), (85) 


where 


(86) 


1 
C=—(log (x/m) — §) J+; 
6r? 


and 


a 


1 
wrx) =— f —[(1— (2m/x)*)3 
4m? Som K 
—4(1— (2m/x)")"]G4(x—2’, x). (87) 
Thus, 


w= —c f (syrere)+s f (ax) ae") 


X OF wo (x)oo(x—2')Oy'Fur(x’), (88) 


and the second term is finite for the class of fields to 
which our results refer. This follows from the remark 
that G,(x—x', x)~|x—2'|—*f(x|x—2’|), for x~zx’. If 
the derivatives of the fields have the singularity 
|x—2xo|~**), B>0, the integral 


fa (dx’)0,Fyy(x)G4(a— x’, x) O.F,y(x’) 


is convergent, and behaves like «~*’ for x. The final 
integration is therefore convergent. 


7J. Schwinger, Phys. Rev. 82, 664 (1951). In Eqs. (6.26) and 
(6.29), the denominators printed as 4x? should be (4z)?. 
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Although w is divergent, 
| eiw | 2 72 i mw 


(89) 


is finite, since the divergent parameter C is real. We 
shall derive a useful determinantal expression for this 
quantity. The matrix 7, which has been introduced in 
(71), is also defined by 


eyAGz=1G,°, GyeyA=G,"l, 
1 =eyA (1—G,%eyA) "= (1—eyAG,)eyA. 


(90) 
(91) 


The adjoint matrix 
T=yol'yo (92) 


is characterized by the same equations, but with G_°, 
G_ replacing G,°, G,. If we solve (91) and the analogous 
adjoint equations for eyA, we find that 


eyvyA = (1+1G6,°)“7=1(1+G6,°1)7 


=1(1+G_°I)"=(1+1G.)“I, (93) 
which yields the important equations 
1—T=1(G,°-—G_T=1(G,°-—G_)I. (94) 


The zero-field retarded and advanced Green’s func- 
tions are given by 


Gret?(x,x") = G49(x,x’) +i1S@© (x,x’) 
=G_°(x,x’)+iS (x,x’) 
| iS (x,2)+S@ (x,x’)], 


’ 
| 0, XoSXo, 


xo> Xo’ 


and 
Gaav? (x,x") = G49 (x,x")-iS™ (x,x’) 
=G_°(x,x’)—iS@ (x,x’) 
0, Xo> Xo! 


—iLS (x,x)+S@ (x,x’)], 


Xo< Xo, 
in which we have written 


SH (x,2’)=F° Vrp(x)prp(x’), 


SO (x,x’)=D Vap(x)Pap(x’). 


Now 
1—GrereyA = (1-181) (1—-G,eyA) 


= (1+iST)(1—G_%eyA), 
1—Gyay’eyA = (14ST) (1—G,"eyA) 
= (1+iS@T)(1—G_%eyA), 


and 


from which we obtain 


det (1—G,e°eyA) = det (1—iS J) det(1—G,%eyA) 
o (100) 
=det(1—iS J) det(i—G_%eyA) 


and 


det (1—Gyay°eyA ) = det (1+4ST7) det(1—G,%eyA 101) 
=det(1+iS@T) det(1—G_%eyA). 
But 


det (1—G,e°eyA) = det (1—Gyay’eyA)=1, (102) 


since all cycles vanish when the matrix K(x,x’) is pro- 
portional to Gyer?(x,x’) or Gaav’(x,x’). In particular, 
unary cycles do not occur, in view of the definitions* of 
these Green’s functions at x= xo’. 

Therefore, 


e = det (1—G,"eyA) = [det (1-iSOD) 


=[det(i+iSPI)}* (103) 


and 


e~i”* = det (1—G_eyA) = [det (1+i5' NY) N 


=[det(1—iSTD)}-. (104) 


On multiplying together corresponding expressions 
in (103) and (104) we encounter determinants of the 
matrices 


(1-iS 7) (14+iS ND) =1-iSO I-J)+SOISO! 
=14+S-7§5], (105) 


and 


(1+iSPD)(1—-iSD =14S%7S-], (106) 


in which we have used (94), written as 


1—T=il(S*—S@)[=il(S*—S@)I, (107) 


in virtue of the relation 


G,°-—G=i(SM —S@), (108) 


Hence 
|e |2= (det(1+ SOS) } 


(109) 
=[det(i¢sPISOD}P., 


Only matrix elements of J and J connecting positive and 
negative frequency modes are involved here. With an 
evident notation to designate these submatrices, we 
have 
| piw | 2 T = 
e|?=[det(1+J_4/,~-)] 
=[det(1+/, 2.4) } 
* The arbitrariness of the definitions for x»= x9’ is without in- 
fluence on the final result. Let Gre®(x,x’), for example, be more 


generally defined at xo—xo’=0 as the numerical multiple 
u(O<p <1) of the value for x»— xo’= +-0, namely, 


i XypVrap(avap(x’) (= ive (x—x’)]. 


(110) 


Then 


det (1-GreterA) =exp| ~ f () trGrey’(x,x)eyA (a) 


=exp|-is Ef dxWrpla)evA (Wagts)], 


which is of absolute value unity. This is the property actually 
employed in deriving (109). 
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and 
Lula, Lisle = (111) 


Hence J_,J, and J, J_, are nonnegative Hermitian 
matrices, which possess nonnegative real eigenvalues, 
and 


jo*}* $1. (112) 


The Scattering Matrix 


The history of the Dirac field under the influence of 
the external electromagnetic field is given by the trans- 
formation function (10), which we now employ as a 
generating function for the occupation number trans- 
formation function (no,|n'o2), according to 


cou] x03) = E(x" |n) (nas | nos) (n! |x’). 
(113) 


We shall represent this transformation function in 
terms of the matrix, referred to the standard surface, 
of a unitary operator S, 


(no;|n'o2)=exp(iP (n)x;)(n|S\n’) exp(—iP(n’)x2). 
( 


We can regard S as describing an equivalent disturbance 
which is localized on the standard surface. 
On introducing the matrix J, according to (72), we get 


fin $ doi (x)yG4 (x,2” yw’ (x’) 
= § ion § do: risa) 


+ f (as(aeW (Tea WC), (115) 


in which we have written at interior points, as in IV, 
v(x) vad if dos Ga WC), 


WV (x)= - if dos V (bis), (116) 


and, it should be noted, the Green’s functions are those 


for zero external field. Hence, 
(x "o1|x a2) = (x 'a1|x oe) Joe 

xen} f (yl VGC?) (117) 
where, in this section, |» designates the absence of an 


external electromagnetic field. It will be recalled that 


(x! yoy | x‘+)’as) ]o 


=explEay xup "ere ™yg"], (118) 
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and that 
W (x)= Lo4 Wap (xem PX” 
+> - Vap(x)e™xr~, 


(119) 
"i (x) -_ p fe Vrp(x)e Py, >)” 
HD+ Vap(x)e Xp. 


On incorporating the phase factors e'?"1, ¢~‘?*2 into 
the eigenvalues, we arrive at the generating function 
for the scattering matrix, (n|S|n’), 


L(x’ jn) (n| S| n’)(n' |x") 
=e” exp, xr0 "Ora np bal (AP, N’P’) xn” 
+X xrp’ Orp.vp— il ('p',AP) xn» P” 
+2 Xap GT APN’P’) x0 9 
+X xrp PIT APN’) x09"), (120) 
where tee 


Tp0'p) = f (dx) (de Way(x)I (x, Wrry (x). (121) 


A simplified generating function that describes the 
transitions of a system known to be initially in the 
vacuum state, is obtained by placing the eigenvalues 
x‘ equal to zero, 


Y a(x@"’ |n) (n| S|9) 
=e™ expli D) xrp TAPY’P’)xnp—"]. (122) 
+ — 


Hence, 
(123) 


(124) 


(0|S|0) =e, 
and 
(ny n_| S|0)=bny,n- ej” det (n)J(+,— ), 


where n=n,=n_ is the number of pairs of oppositely 
charged particles that are created, and the n-dimen- 
sional determinant is constructed from the elements 
I(Ap,d'p’), where the row index Ap ranges, in standard 
order, over the positive frequency modes that are 
occupied in the final state, and the column index 
similarly refers to the negative frequency modes. The 
factor i**(=1, m even; =i, n odd) arises from i" com- 
bined with (—1)!*‘"~», the latter being introduced on 
bringing the eigenvalues into standard order. The 
determinant can also be written as 


1 
det (.)1(+,—)=—— fs: ++ (dxq) (dxy')- + - (dx,’) 
(n!)? 


X (det (ny P+ (xi))(det (nyZ (xi,%/')) 
X (det ¢nyp—(x;')). (125) 
The probability that the system persist in the vacuum 
state is thus given by 


p(0,0) = | (0|5|0) |?= |e|?, (126) 
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while the probability for creating m pairs of particles 
in specified modes is 
p(n,n_,0)= |e“ |?| det ¢n)I(+,—)|*. (127) 


The total probability for the creation of n pairs is, 
therefore, 


> p(n,n_,0) 


n+=n—-=n 


1 
=z sa rar Y (det inl (+, —)) 
nye + 


Pn,o= 


X (det (mJ (—,+)), (128) 


in which the latter summation is extended independ- 
ently over the m positive frequency modes, and the 
nm negative frequency modes. The factor 1/(m!)* thus 
removes the repetitious counting of final states. We 
insert (125), together with the analogous expression for 
det;»)J(—,+), and employ determinantal relations of 
the type 


1 
. L—~(det (np (xs) (det (ny P_-(x3)) 


= det (ny S™ (x;,x,/'), (129) 


and 
1 
x fx - (dan) (det (ny (xi,%;)) 


X (det (nyo (x, xe") = det (n) (x; | Is© | x’). (130) 


This yields 


1 
prom ler f (dx1)-+ + (den) 


Xdet ny (xi|SPISOT|x,). (131) 


The probability for encountering the system in some 
final state is thus 


« o 1 
LX pno= le |? — | (dxi)--- (den) 
n= n=on! 

X det (n) (xi| SISO | x;) 
= |e™|? det(i+5¢7ST) 


=1, (132) 


in virtue of the expression (109) for the quantity which 
is the vacuum-vacuum transition probability. 

The general matrix element of S is advantageously 
presented in terms of the classification introduced in IV, 
which employs a time-reversed description for the 
negative frequency modes. We take the generating 
function (113) for the matrix of S and write 


xO"'|S]x') =e"(V' |X |W), (133) 


FIELDS 


so that 
(VIEIW I=e| f don $ dos or 


XG, (a'r) (134) 


and it is understood that the eigenvalues on the right 
are to be referred to the standard surface. This ex- 
pression serves as the generating function for the occu- 
pation number matrix of }>, according to 


WIX\v)= x (WINILN|Z INI’ |W'J. (135) 


In virtue of the relation 


(x@"’ | n) (n’ |x ”) xe (- 1)%-(— 1)(4--N-").W +1 -N..') 


XLV’ | NVILV'|y’], (136) 


we have the following connection between the matrices 
of Sand >: 


(n| S| n’) =e (—1)%-(— 1) 8 4--N- W-H-N-’) 


<(V1X| N’]. 


The occupation numbers N=n,,n_' are associated 
with modes that propagate out of the region bounded 
by o; and a2 (positive frequencies on o;, negative 
frequencies on a2), while the occupation numbers 
N’=n,',n_ are those of modes that propagate into the 
region (positive frequencies on o2, negative frequencies 
on o;). Hence >> connects an “initial” state described by 
incoming fields with a “final” state specified by outgoing 
fields. The sense of development is that of time for the 
positive frequency modes, but is reversed for the nega- 
tive frequency modes. Without attempting to justify 
the term here, we speak of >> as describing the develop- 
ment of the system in proper time. It should be noted 
that the number of “particles” is conserved, V = .V’, as 
is evident from the structure of the generating function 
(134). Thus, n,+n_/=n,'+n_, or ny —n_=n,'—n_’'; 
the conservation of particles in proper time is equivalent 
to the conservation of charge is conventional time.’ 

In the absence of an external field, we have S= 1, and 
> =e, where, according to (IV. 96) 


[V’| «|W J=expL& das'e()Wre’] 
=DiW'| V)(—1)*-(4 |v], 
{NV} . | N')= by. ni (— 1)’-, 


(137) 


(138) 


so that 
(139) 


This also follows from (137). On using (115) and (138), 
the generating function (134) assumes the form 


(WX |W’ J=expLd Yap'o (Ap, \’p’ Warp], (140) 


with 
__ a (rp,r'P’) oT €(A)bry, wet il (Ap,d'p’). (141) 


* See R. P, Feynman, Phys. Rev. 76, 749 (1949). 
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The general occupation number matrix element of >> 
is thereby obtained as 


[N|>0| N")=6y, w detwyya(Ap,r’p’), (142) 


where Ap and ‘pf’ range, in standard order, over the 
occupied modes of the “final” and “initial” states, 
respectively. 

We shall now use the connection between J and J, 
Eq. (107), to prove that > satisfies the relations 


Zl = Lek twe 
This indefinite-unitary property will first be established 
for a(Ap,\’p’), which represents the sub-matrix of >> 
for single “particle’’ states. We combine (141) with 


(144) 


(143) 


ot (Ap,r’p’) = €(A) xp, arp — il (AP,A’P’), 
and construct 
De at(Apr pero (np D'p') = €(d)Brp, n° 9’ 
te +iLl(Ap,r'p’)—T(ap,r'p’)] 
+ ¥ 1Apr’ pe)" 'p’). 


il pt! 


(145) 


But (107) implies that 


T(Ap,r'p')—L(Ap,d'p’) 
ar > TAApr’ pe” 1p" W'p’). 


dip! 


(146) 


Therefore 


dD at(rprp’ye(n)o (np r’p’) = e(A)brp, arp’, (147) 


Mp’? 


or, in matrix notation, 
olec=e. 


(148) 
Since the fundamental relation between J and J is 
unaltered by the substitution J-+—J, we also have 
oeal=e, (149) 
The general statement can be deduced from (142). 
With 
[LN | 301] V’]=6y, w detwwyot(Ap,r’p’), — (150) 
we get 


DIN Lt el NIN’ | IN'] 


N’? 
1 
~ EX dety (ot (Apne) 
LV TAS p’’ 
X det) (a (r""p”, A’p’)) 
=by,n dete ( XL ot(apr’p’)e(r)o (rn p’"-’p’)) 
AP*g?? 


= by, N 


=$5y,n/(—1)%-=[N|e|N’], (151) 
which establishes the first part of (143). The proof of 
the second part is based analogously upon (149). In a 
closely related derivation, we combine the partial 
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generating functions 


2[NV [| NIL’ |W’)= II(>” a(APr'p' rip", (152) 


and 
ELV |N'IN' DN] 
=TICS dap ot (rp Ape(r))”, 


hp d’p’ 


(153) 


into 

(WiroteD ly] 

=explD Vap/ot(apr’pe(n a (np NP’ Warp] 
=explD vap'e(AWrp’ ] 

=(V’|elw’]. 


The indefinite-unitary property of >> implies, in par- 
ticular, that 


Lv(—1)¥—*-"|[ NV] N’|*=1, 


which indicates that |[V|>°|N’]|? is not necessarily 
less than unity. But this is to be anticipated from the 
significance of these quantities as relative, rather than 
absolute probabilities, 


[LN |>°|N"]|?= p(n,n’)/p(0,0). 


Consider, for example, the probability for no change in 
a single particle state, relative to the probability for the 
maintainance of the vacuum state, 


(154) 


(155) 


(156) 


P(Arp1rp)/p(0,0) = | o(Ap,Ap) |?. (157) 


The one-particle version of (155), 


> €(Ae(r’) la(r'p’ Ap) |?= 1, 


hp’ 


(158) 


asserts that 


lo(rpAp)|?=1— Be 


A’ p’ Ap 


e(A)e(A’) |a(A'p’,Ap)|?. (159) 


Thus, for A>0, say, we have 
P(1np,1ap)/p(0,0) = 1-24 | T’p’,Ap) |? 
+30 |TA’p’,rp)|?, 


where the positive frequency mode summation omits 
Ap. These oppositely signed summations express the 
changes in the probability ratio, relative to unity, 
produced by transitions of the particle to other positive 
frequency modes, and by the exclusion principle sup- 
pression of pair creation in which a particle would have 
occupied the mode Ap. 

We shall now supply the explicit verification that S$ 
is a unitary operator. The proof is more involved than 
the elementary demonstration of the indefinite-unitary 
property possessed by 5°. This is attributable to the 


(160) 
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non-conservation of the number of particles, as com- 
pared with the number of “particles.” Our procedure 
begins with (117), written as 


(xO SHAM ))= OOO) A New 


xexp f (dx) (dx’)P’ (x)I (oatv'(e) (161) 


with the usual understanding on referring eigenvalues 
to the standard surface. By introducing the operators 
that possess the eigenvalues x,,“~’ we can exhibit the 
vector SW(x‘*)’), and thereby the adjoint vector 
#(x™’)St. We must then prove that the product 
(x | StIS|x™’) equals (x@’|x™”’). The evaluation of 
this product is accomplished by bringing the operators 
to bear upon their eigenvectors, which will yield a func- 
tion of the eigenvalues, multiplied into (x ’|x‘*’). 
This function of the eigenvalues can also be obtained by 
making the substitution x,»‘*—x,p"*?+x,»’, and 
evaluating the null eigenvalue matrix element. Thus, 
the demonstration of StS=1 is reduced to the veri- 
fication that 

|e|?(0|F|0)=1, (162) 


where 
P= exp| —i f(s) (4x0 G)+E- daol2x09"”] 
XT oW' +E Vv ee?}} 
xexp|i f (de) (4000 @)+ E+ Vaal ore” 
XT (x,0’)W (2)+20- dry (2 Wary OJ}. (163) 


The commutation properties of the operators x,,‘*? 
should be noted. Since 


(x’ |x’) =exp(X xrp’xrp”), 
\p 


(164) 


we have 
8(x’ |x”) 
(x | xP) (ixap ’xap’ + xrp xray) 
Ap 
= (x |F (ixrpO rrp + x09 bxrp) |x"), 
Ap 
(165) 
and therefore 
G,=t > Xap bxry*?, Gy = ri »% Xap Pbxryp™. 
Ap hp 
(166) 


The implied commutation relations are 


{xrp xx 9} = (xap x09} =O, 
P P P P (167) 
(+) 


{xrp Xap} = Oyp r’p’- 
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Naturally, the same results are obtained from the 
operator properties of y and y. 

Our first task is to demonstrate that the left side of 
(162) is independent of the eigenvalues. Now 


(5,/59/ (x))F 


=—i f (dee )I (x2) (2) +Xi4 Vas 2 )xne)F 


bis if (dx) (x, (x) +E—-Vap (#09). (168) 


Furthermore, for \>0, 
[xp F]= (8:/ Axx» ))F 


=Fif (ax (dx’ Wr p(x) (x,x’) 


XW (xe)+ Wr’ p’ (x”) xx" pS , 
and, with \<0, 


LF xap J= (0,/dxrp) 
= if (dx) (dx’)Prp(x)T (x,x’) 


KW (+L dren (x09 OF. 
The latter results can be expressed by 


[W’ (x) +204 Vap(*) xe F] 
=P f (dx’)(x|i81|2) 


XW (e+ 2D rw (® x09), (171) 


and 


CPW’ (x)+L-vro(*)xrp J 
= f (ax) (@|i91 |) 


KW (x) +L dre (©) xy PP, (172) 


where S‘*)(x,x’) are defined in (97). On introducing the 
notation 


Ol W')+ Es Hasls)rre)FI0= O}FIO Ss), 
(OlFW/(x)-+X-Vao(@)xr0)|0)= O|F|0) f(x), 
(168) asserts that 
(6,/a¥' (2))(0|F|0) 

=~ (0|F 0s f (ax) 2) fe (2) 


—I(x,2’)f_(#’)], (174) 
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while (171) and (172) supply the information 


fx(2)— f (dx’)(x|4iSPT| 2") fe) =W (2), 


(175) 
f(a) — f (dx!) |iSOT|2) f, 0) =V G2). 
By subtracting the two equations in (175), we get 
(suppressing the indices) 
(14+4SOD) fp = (1+iSVD) f. 
But, according to (107), 
1(1+iS@I]) = (14i1S)I, 


(176) 


(177) 
while 
T(1+iS@]) = (1447S). (178) 


Hence, if we multiply (176) with J, and remove the 
ensuing common factor, 1+i/.S, we are left with 


If,=If., (179) 


which shows that 
(6,/dp/ (x))(0| F|0) =0. (180) 
Evidently, (0|¥'|0) is also independent of the eigen- 


values ¥/(x). The problem remaining is the demon- 
stration of 


|e |*O|expl—i D xxv PI AP’ P’)xv9 J 
- + 
Kexplt dS xrp OL Apr’ p’)xxp ]/0)=1. (181) 

+ - 
But this is just the statement that 

(0|.S1S|0)=>>,,| (n|S|0)|?=1, (182) 
the proof" of which has already been given, in (132). 
The substitution J-+—J convert this verification of 
StS=1 into one for SSt=1. 


The discussion of time-independent fields will be 
deferred to a subsequent paper. 


APPENDIX A 


We want to verify here that the differential form 
(25) correctly defines detX. The integrability of this 
expression must be demonstrated first. By considering 
two independent variations, we confirm that 


8:7 r(X-18,X) — 8,7 r(X-5,X) 
=—Tr(y—%,X X~8,X) 
4+Tr(X-%,X X-%,X)=0, (1) 


in virtue of the fundamental trace property, 7rXY 
=T7rYX. With infinite matrices, the applicability of 
this property requires suitable convergence of the 
traces. On using a discrete labelling of the matrix ele- 
ments, we can express (25) as 


Sete (0/8X,j) detX = (X—") ;, detX. (2) 


” For further discussion, see Appendix B. 
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A second differentiation with respect to an arbitrary 
element of the matrix yields 


(8/8X;;)(0/AXx1) detX =((X*) (X) w 
— (X) x(X“) x] detX. (3) 


The right side reverses sign on interchanging the row 
indices i, k, and on interchanging the column indices 
j, 1. Hence, the second derivative vanishes for equal 
row, or equal column indices. In particular, 


(0?/dX;7) detX=0. (4) 
We also conclude that 
5 Xi;(0/0X;;) detX = a Xis(X™) 5: detX 
=detX, (5) 
and that 
Dr; X;;(0/0X;;) detX = detX. (6) 


Therefore detX is a linear, homogeneous function of the 
elements in each row, and in each column, which is 
antisymmetrical in the rows and in the columns of the 
matrix. This establishes the identity of detX, as defined 
by (25) and the initial condition detl=1, with the 
conventional concept. 

The multiplication property of determinants follows 
directly from the definition (25). Indeed, 


Tr(X Y)~6(XY) = TrX-56X+-TrY-6Y (7) 
states that 
(log detX Y) =4(log detX)+<d(log detY), (8) 


whence 
detX Y= detX detY. (9) 


The constant of integration has been fixed by the initial 
condition. Note also that the trace property 
TrX =TrX" (10) 
leads immediately to 
detX = detX ". (11) 
APPENDIX B 


In this section we discuss the connection between 
determinants and ordered operators. Let x,‘*) be a set 
of operators that satisfy 


(xe x0 P} = x0} =0, 
{xe x.) =5rs, 
and consider the ordered exponential 


V= expL>_ xr ) ; MKnxe ], 


(1) 


in which we have used the notation 


o 1 
exp[ A; B]=>> —A*B". 


n= 1! 
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We deduce the commutation properties 

Le VJ =— (8,/dx,°)V=—Lpxe PAK pV, (4) 
and 

LV, x. J= — (0/dx.)V=—V DedKewe™, (5) 


whence 
Le xe (14+AK)»-V= Vx, 


V Di(1+AK) xe y=x,V, 
x PV= V a xp?[1/(1+AK) pr, 
VxsO=P [1/1 +-AK) Jaxer V. 
On differentiating V with respect to A, we get 
(0/0) V=>> Kx? Vx, 
=> Vx (K/14+AK) exe 
= V > (K/1+)4),- 
-2> Vxex- (K/1+AK) 1 


= VTr(K/1+2K) 
-> xe OVX (K/(1+AK)*) ro, (8) 


and the integration of the final form supplies the 
identity 


explDd> xr; AK exe = det (1+AK) 
Xexpl—E xO 3 xP AK/I+AK) 2) (9) 


The (x@’||x’) matrix element of this operator 
relation states that 


(x |expLS xr*; Mux] |x’) 
= det (1+AK) exp{>_ xen T1/(L+AK) Jee}, 


and, in particular, that 


det (1+AK) = (Olexp[S x, ; AK rax. J! 0), 


(10) 


(11) 


which exhibits det(1+AK) as the matrix element of an 
operator. The derivation of this result requires no more 
than the first two rearrangements of (B8). Now 


explLyd xr; AK xe J= Fa LX xn‘ 


n= n'r.e 


xIT Krxen™ xa”, (12) 


t= 
Xen + +0) OW (0) = €n1-- 


V (0) tyr + «rg tH) = ery. 


-an¥(n’), 
ra (n)t, 


where the occupation number eigenvectors are preceded 
by alternating symbols, which are unity if the operators 
appear in some standard order. Therefore, 


b det (n) Krier j, (14) 


det(1+4K)=> ae 


n= nir 
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since the s,:--s, must be some permutation of the 
r1:++f,, and the factor ery---raéa---e, is +1 or —1, 
according as the permutation is even or odd. The 
analogous result for a continuously labelled matrix is 
obtained with the substitution 


> (dx) 1K (xi) (dx5)}, (15) 


Krir; 
namely, 


det (14+AK)= 55 \"— 


n=O n! 


~ f (dx,)-+ + (dxn) 


X det (ny K (x;,%;). (16) 


It is of interest to consider the similar properties of 
ordered exponentials constructed from operators that 
obey the B.E. commutation relations 


xe, x. J = [xe™> xe J= 0, 
ixe,x, J= 5+ 


Then the minus sign is to be omitted from (B4) and 
(B5), so that the sign of K is reversed in (B6) and (B7). 
This results in (B8) being replaced by 


(0/0\)V = VTr(K/1—\AK) 
+> x8 OVxe (K/(1—-AK)*) vey 


which yields the B.E. identity 


expl> xr“; AK exe ]=[1/det(1—AK) ] 
Xexp{E x0; xe [AK/(1—AK) ] 0}. 


Thus the B.E. analog of (B11) is 
1/det(1-AK) = (Ol expLD xe ; AK axe ]|0). 


(17) 


(18) 


(19) 


(20) 


In the expansion (B12), the order of left and right 
factors is now irrelevant, and repeated indices can 
occur. Thus (B13) is replaced by 


Xen : ‘xn OV (0) = (II ny I) (n’), 
rat) = ([] me!) (nm)! 
The indices s,---s, must be some permutation of the 


r,°+*f,, and each term carries the factor IIm!. Hence 
the expansion of (B20) is eo by 


V (0) tyr + «+x 


1/det(1—-\K) = > a > permyn)Krirj, (22) 


n= nir 


where the so-called permanent is defined by 


pb II Kris, (23) 


sm iol 


perm (n) Krirj= 


and the summation with respect to the s; is extended 
over all m! permutations of the r;. This quantity differs 
from the corresponding determinant by the omission of 
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the alternating sign factor which, in the latter, enforces Now, according to (171) and (172), 
the nonoccurrence of identical rows or columns. In the es 
continuous limit [Eq. (B15) ], repeated indices produce (2+ Vav()xre Fo] 


no contribution and we get 

= Fo f (dx!) (e|iST|2)E-er ove 

o 1 

1/det(1—AK)= 5 a»— ff (drs)-+- de) and 
a EP (-) 
X perm (ny K (4,4). (24) [ 2, Wrp(X)xap J 
This permanent coincides with a special case of the = f ae) (elisl|2)E, Vary (x9 Po, 
symmetrant defined in IV. The relation between the 


expansions (B14) and (B22) can be understood in which are combined in 
terms of the expressions 


, (dx!) (x14 SPISOT |x) Vag )xrpP Po 


det (1+AK) = exp[7r log(1+XK) ] (25) 
1/det(1—AK)=exp[—T7rlog(1—AK)], (26) = Fo D+ Wap (2) xp 


and 


since the sign factors in (38) arise from the successive + f (dx’)(elise1|2Z- Vrp(*")xap Fo. 
sign changes in the series (35), which are missing in 


We deduce that 


—Tr log(i—K) = 3) -\"Ka. (27) | L- Vavla)xre Ds Warn (*’)xn'p “Fo 0) 
7 = (x'| (1+SISOD-iSM1S© |x) (0| Fo|0), 
Finally, we shall use operator techniques to prove anq consequently 
that 
(0| Fo|0)=det(1+4sISON), (2g) 6/81(x,x’))(0|Fol0) 
=(x'| (1+ SP7SOD-7SMIS@ | x)(0| Fo|0). 
where Fy represents (163) with zero eigenvalues, thus 
verifying (181). The dependence of Fo upon the quan- 
tities I(x,x’) is given by 8 log(0| Fo|0) = Tr (1+ Sop 
(8/81 (x,x")) Fo= —i>.. Kd(SMTST)], 
XPrvol(*)xre PDs Vr'p (2")xx'p Fo. (29) which proves (B28). 


We thus arrive at the differential expression 
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Present Status of the Atomic Constants 
J. A. Bearpen, M. D. Earie, J. M. Minxowsk!, AND J. S. THOMSEN 
The Johns Hopkins University, Baltimore, Maryland 
(Received July 7, 1953; revised manuscript received December 10, 1953) 


N the course of evaluating the atomic constants by means of 

a least squares adjustment,' it became apparent that the 
values obtained depended strongly on the emphasis given to the 
fine structure separation as determined from the Lamb shift 
experiments? and to the hyperfine structure measurements in 
hydrogen.‘ Several sets of values have been computed in order to 
observe the effect of including or omitting these two experiments. 
Figure 1 shows the values of 4, e, and a resulting from the 
various adjustments. There is a large difference between the 1950 
values (BW* and DC*) and the presently computed ones using 
the hyperfine structure experiment. This difference is principally 
due to the fact that in the relation between a and the hyperfine 
structure separation a correction term of the order Za*, whose 
magnitude is about 96 ppm (parts per million), is now included. 
If, as now believed, higher order correction terms in a@ are small, 
the principal uncertainty involved in the use of the experiment is 
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Fic. 1, Comparison of least squares adjusted values of A, ¢, and a™, 
NHL—values obtained without using either hyperfine structure or Lamb 
shift experiments; BW—Bearden and Watts values, July 1950; DC (1950) 
—DuMond and Cohen values, December 1950; (see reference 6) LH— 
values obtained using hyperfine structure and Lamb shift experiments; H— 
values obtained using hyperfine structure experiment, omitting Lamb shift 
experiment; DC (1952)—DuMond and Cohen values, 1952; L—values ob- 
tained, using Lamb shift experiments, omitting hyperfine structure experi- 
ment. 
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primarily due to uncertainty involved in the effect of the proton 
structure on its magnetic moment. Reliable estimates’ indicate 
that this may be of the order of 20 ppm. This uncertainty was 
not included in the H adjustment; but in the LH, in which both 
the hyperfine structure and Lamb shift experiments were used, 
the above figure was divided by two to obtain a probable error of 
10 ppm. This, of course, decreases the weight given to the hyper- 
fine structure measurement in the adjustment. 

In the light of the good agreement between the L values and 
the H values, we see no choice at the present time but to include 
both the Lamb shift experiment and the hyperfine structure 
measurement (with the Za* correction term) and to accept the 
LH values. It should be clearly understood that the surprisingly 
large changes in the constants are principally due to the two 
experiments mentioned above, other revisions in the input data 
being a secondary importance. Unfortunately, there is a rather 
disturbing lack of consistency in the present adjustment. The 
ratio of error by external consistency to that by internal con- 
sistency, which was of the order of unity in the 1950 work, is now 
about 2.4. 

The lack of consistency may be due to at least two causes: 

(1) Errors in some of the experiments may have been seriously 
underestimated (see reference 12, Sec. 9). 

(2) Theoretical formulas used in interpreting the hyperfine 
structure and Lamb shift experiments may be in error, or higher 
order terms in a may be of more importance than hitherto believed. 
This possibility is given support by the fact that the ratio of 
external to internal error in the NHL adjustment, with these two 
experiments omitted, is only about 1.8. However, the statistical 
evidence is by no means conclusive. 

The good agreement between the Lamb shift experiment and 
the hyperfine structure experiment indicates that any theoretical 
error is probably common to both experiments. However, the 
only apparent source of such an error is the anomalous magnetic 
moment of the electron,” which is in good agreement with direct 
experimental results." 

Recently, DuMond and Cohen" have published values of the 
atomic constants which agree with our LH values within the 
limits of error. These authors have omitted the hfs experiment 
on the ground that its theoretical interpretation involves an 
uncertainty due to the unknown proton structure. As pointed 
out above, we have taken this into account by ascribing an error 
of 10 ppm to the original equation connected with this excellent 
experiment. This procedure would seem particularly justifiable 
in an adjustment using experiments with probable errors of the 
order of 54 ppm [Eq. (6.11) in the quoted DuMond and Cohen 
work ]. 

The use of the fine structure separation (AZ) from the Lamb 
shift experiments in the least squares adjustment seems to require 
a greater degree of justification than has been given to it by 
DuMond and Cohen. 

SE is not a direct result of the measurement. The measured 
quantities are the magnetic field and frequency corresponding to 
transitions from the Zeeman levels a2*S, to e2*P, (or f2*Py) and 
from a2*S; to a2*P. In order to get the separations (2*S,—2*P4) 
(Lamb shift S) and (2?S;—2?P,), (AE—S) at zero field, Lamb’s" 
formulas (164) to (167) must be applied. 

In the actual computation, Dayhoff, Triebwasser, and Lamb 
use the Bearden and Watts 1950 values*” of atomic constants, 
and their result for AZ is 10 971.59+0.10 Mc/sec. It is this value 
which is subsequently used in the DuMond and Cohen adjustment. 

Another objection to the use of the fine structure separation as 
determined by the Lamb shift experiments is connected with the 
fact that the magnetic field is calibrated by means of the proton 
resonance method, thus producing a correlation between these 
results and the experiment of Thomas, Driscoll, and Hipple on 
the absolute proton moment. 

However, due to the particular arrangement of constants in 
formulas (164) to (167) of reference 13, it happens that the results 
are quite insensitive to whether the Bearden and Watts values or 
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the present LH values are used in the calculations. (It is not 
true that the results would be insensitive to any possible variation 
of the constants of comparable magnitude.) Also, since the term 
involving the Thomas, Driscoll, and Hipple experiment is only 
about 20 percent of AE, closer study shows that this correlation 
is not critical. Thus, despite the well-founded theoretical objections 
to using this extremely accurate experiment, it can probably be 
included without serious error. 
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Volume Magnetostriction in Nickel and the 
Bethe-Slater Interaction Curve 
K. Azumi anp J. E. GoLpMAN 


Carnegie Institute of Technology,* Pittsburgh, Pennsyloania 
(Received December 10, 1953) 


HE volume magnetostriction at high fields in ferromagnets 
can be related to the pressure dependence of the magnet- 
ization through the thermodynamic identity: 


(8w/0H) p= —(0(VM)/dp)n, (1) 


where w=AV/Vo. There are reasons for expecting a negative 
field dependence for the volume magnetostriction in nickel. (1) 
Recent experiments by Jones and Stacey on the influence of 
pressure on magnetization show an increase in magnetization of 
the order of 10 percent at a pressure of 10 000 atmospheres which 
suggests that the left side of Eq. (1) should have negative sign. 
(2) Kornetzki* has related the volume magnetostriction to the 
pressure dependence of the Curie point in the following way: 


Lo 1d 1/0 ae 
00p TeH sT K on” 
where ? and o are the density and specific magnetization respec- 


tively, a is the thermal expansion, and K is the volume compressi- 
bility. The second term in the denominator may be neglected 


(2) 








Fic. 1. The Sommerfeld and Bethe representation of Slater's interaction 
parameter in which the exchange energy J is plotted as a function of the 
ratio of the interatomic distance to the calculated radius of the 3d shell. 
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Fic. 2. Volume magnetostriction of nickel (isothermal) plotted as a 
function of applied magnetic field. 


compared to the first, and it is seen that the latter is always 
negative. Patrick’ finds 00/0 to be positive which would require 
0w/dH to be negative. It is considered improbable that the sign 
would change between room temperature and the Curie point. 
(3) The exchange interaction in ferromagnetic materials is usually 
represented by the “Bethe-Slater” curve shown in Fig. 1. There 
should be at least a qualitative correlation between the Curie 
points and the values of the ordinates for given metals on the 
curve (irrespective of the model employed), which lends support 
to the placement of nickel to the righ» of the maximum and would 
thus be in agreement with the observed effects of pressure and 
with the above supposition regarding the sign of the volume 
magnetostriction. 

Previous investigators‘ have studied the volume magneto- 
striction of nickel using liquid dilatometers. All report positive 
values for dw/8H. Doring has pointed out the need for applying 
corrections to allow for expansions resulting from magnetocaloric 
heating, but his corrections are much larger than the measured 
quantities. By its very nature the liquid dilatometer as a method 
of measurement makes it difficult to eliminate errors due to 
magnetocaloric effects which in nickel are significant even at 
room temperature. The refinement of the resistance strain gauge 
method for the measurement of very small magnetostriction 
effects’ suggested the desirability of repeating these measurements 
with the new technique. In our measurements, three gauges are 
mounted in the three principal directions of a rectangular paral- 
lelepiped shaped sample of approximate dimensions 22X6X6 mm 
and connected in series to form one arm of a Wheatstone bridge 
of which the other three arms are strain gauges that are placed in 
the same field as the sample. The gauges are in good thermal and 
magnetic contact with the electromagnet; the latter is essential in 
order to minimize form effect and other volume effects due to 
incomplete saturation. A series of thin-gauge high-permeability 
strips separate the sample from the magnet pole piece so that it 
will not be subject to constraints. Strains are measured by ampli- 
fying the unbalance of the bridge in a chopper amplifier and 
recording the output on an Esterline-Angus recording milliam- 
meter. In this manner we can note the return to thermal equi- 
librium after magnetization. The relaxation time is very short, 
but it may be pointed out that this method may be used indirectly 
to observe the magnetocaloric effect by noting the thermal 
expansion during this period. Field changes are made by an 
arrangement which permits the current in the magnet coils to 
remain constant. By this arrangement and using this method, 
it is felt that we have nearly eliminated errors in the measurement 
due to extraneous thermal effects. 

The results of our measurements on nickel are plotted in Fig. 2. 
It is seen that we do in fact obtain a negative slope for the volume 
magnetostriction as a function of magnetic field. The measured 
slope is 0.55 10~” which we estimate to be accurate to approxi- 
mately 10 percent. The agreement between our measurements and 
the more recent experiments on pressure effects appears to support 
the view that the exchange interaction in ferromagnetics can be 
represented by a curve of the type first suggested by Slater and 
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given by Sommerfeld and Bethe. A detailed description of the 
method of measurement and additional results on other ferro- 
magnetic metals and some nickel-copper alloys will be presented 
in a later communication. 

Acknowledgment is made of the assistance of William Bitler in 
making the measurements and of a post-doctoral grant to one of 
us (K. A.) from the Transportation Research Institute of Japan. 
We are also indebted to Dr. Lyle Patrick for the privilege of 
seeing his manuscript before publication. 
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Specific Heat of 96-Percent He* below 1°K* 


G. DE Vries AND J. G. Daunt 
Department of Physics and Astronomy, Ohio State University, Columbus, Ohio 
(Received December 17, 1953) 


E have extended our previous measurements! of the 
specific heat of liquid He? (He* content 96 percent, 4- 
percent He‘) by observations down to 0.57°K. Calorimetric 
techniques as previously described'* were used, the calorimeter 
holding 13-mm* liquid He’. The calorimeter was cooled to temper- 
atures below 1°K by a paramagnetic salt, the thermal connection 
being through a superconducting thermal valve which could be 
opened or closed magnetically, as described elsewhere.? Temper- 
atures were measured with a carbon resistance thermometer 
calibrated against temperatures obtained from the susceptibility 
of the paramagnetic salt. Our preliminary results are shown in 
Fig. 1, which includes also our previous results obtained between 
1.3°K and 2.3°K. The probable estimated error is +10 percent. 
Details of the corrections which had to be applied for evaporation 
of the liquid during the heating cycles, etc., will be described in a 
fuller publication later. It might be noted that the largest cor- 
rections (at 1.3°K) totaled 17 percent of the observed specific 
heats. The lower limit of temperature of observation was deter- 
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Fic. 1, The specific heat, Coss, in cal/mole-deg of liquid He*® OF percoms 


He*) as a function of the absolute temperature T in °K. The crosses 

give our previously reported results,’ the circles and crosses +, the new 

observations. The curve A gives the specific heat for an ideal Fermi-Dirac 

gas (Tdeg =4.85°K). The curve B gives the formula Can, =0.68T +0.2T* 

evan. deg derived from the vapor-pressure data (J. G. Daunt, Phil. 
Mag. Suppl. 1, 209 (1952) ]. 
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Fic. 2. The entropy S in cal/mole- og of pure liquid He* as a function 
of the absolute temperature 7 in °K. The full curve gives the entropy 
curve derived from the measured specific heat. The circles give the values 
computed by Abraham ef al. (see reference 5), the broken curve the com- 


puted entropy from the vapor-pressure data by Chen and London (see 
reference 6), 


mined in these experiments by the effective range of the type of 
resistance thermometer which we employed. 

It will be seen from Fig. 1 that our new data between 1.3°K 
and 0.57°K form a smooth continuation of the specific heat curve 
at higher temperatures which we reported previously.' Although 
there is some scatter in the individual points, it seems clear that 
there is no marked anomaly of a discontinuous or A-type nature 
over the whole range of observation. It is of interest to note, 
however, the marked flattening of the curve between 0.6°K and 
1°K and the fact that no obvious extrapolation of the curve can 
be made to T=0°K. 

We have drawn curve A also in Fig. 1, the specific heat to be 
expected for an ideal Fermi-Dirac system of particles of spin 4 
with molecular weight and number density appropriate to liquid 
He’. It is clear by comparing curve A with the experimental 
results that the specific heat of liquid He* cannot be approximated 
by that of an ideal Fermi-Dirac gas, a conclusion which we had 
previously reached.! Moreover, from the fact that the observed 
specific heat in the range 0.57°K to 1.7°K lies everywhere well 
below that of the Fermi-Dirac model (curve A), it appears that 
one should conclude that the pairing off or the correlation between 
the nuclear spins must either be completely removed at tempera- 
tures of 0.6°K and up, or that nearly all the spins must still be 
paired off even at temperatures as high as 2°K. The latter alter- 
native is unacceptable in view of the classical behavior recently 
observed for the paramagnetic susceptibility of the He’ spin 
system in the temperature range 1.2°K to 2.8°K by Fairbank ef al.‘ 

In order to gain further insight concerning the thermal behavior 
of liquid He*, we have made computations of the entropy as a 
function of temperature. Since our observed specific heat does 
not allow any clear extrapolation to T=0°K we have eomputed 
only entropy differences. To obtain Fig. 2, however, we have 
arbitrarily assumed an exact value for the entropy of pure He’ 
at 1.5°K and our results are shown by the full curve. The value 
chosen for Sjjq at 1.5°K was 2.63 cal/mole-deg obtained from 
the vapor-pressure measurements by Abraham et al.5 We wish to 
emphasize that although the specific heat measurements of Fig. 1 
are for a 96 percent He* mixture, our computed entropy of Fig. 2 
is, within the accuracy given by the experimental errors, that 
for pure liquid He’. That this is so is evident from the fact that 
the entropy value of 2.63 cal/mole deg, chosen for T=1.5°K, 
does not include the entropy of mixing. (The classical entropy of 
mixing for a 96 percent He* mixture would be 0.15 cal/mole-deg.) 

It is of interest to note in Fig. 2 that the entropy versus temper- 
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ature curve goes through a point of inflexion at about 1.25°K. 
This inflexion, however, does not appear to mark any significant 
anomaly. A similar inflexion was computed and London* in their 
re-evaluation of the vapor pressure data of Abraham ef al.5 
Moreover, between 1°K and 2.3°K our observed entropy confirms 
approximately the values** obtained from the vapor pressure 
data and from the density data.’ Below 1° however, the slope of 
the observed entropy curve does not support the computations 
either of Abraham e/ al.* or of Chen and London.* 

We have considered in detail the contributions to the entropy 
of the 4-percent He‘ present (which should show a \ temperature 
at 0.2°K)® and of terms stemming from the possible temperature 
dependency of the heat of mixing, and have found them to be 
small, Detailed discussion of these results, as well as of the general 
procedures involved in the measurements, must be deferred to a 
later publication. 

We wish to express our warm thanks to Dr. C. V. Heer and 
Dr. V. A. Nanda for their generous help and valuable discussion 
and to Mr. C, S. Ochs for his welcome help in the measurements. 


* Assisted by a contract between the U. S. Atomic Energy Commission 
and the Ohio State University Research Foundation. 
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Anomalous Optical Absorption Limit in InSb 


E.Ltas BURSTEIN 


Crystal Branch, Metallurgy Division, Naval Research Laboratory, 
Washington, D.C. 
(Received December 11, 1953) 


ANENBAUM and Briggs! have recently encountered an 
anomalous dependence of the optical absorption limit on 
impurity content in InSb. They find that the room-temperature 
absorption limit of an intrinsic sample lies at 7.0 microns while 
that of a relatively impure sample lies at 3.2 microns. They 
suggest that the transmission in the region from 3.2 to 7.0 microns 
is due to an impurity effect. Optical measurements have also been 
carried out at this laboratory.* We find, for example, in agreement 
with Tanenbaum and Briggs, that the absorption limit of an 
n-type sample containing 5X 10"* electrons/cm! lies at 3.2 microns, 
while that of an intrinsic sample lies at 7.2 microns. We believe, 
however, that there is a natural explanation for the anomalous 
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behavior of the absorption limit which is based on the very small 
effective mass of the electrons in InSb, rather than on some specific 
impurity effect. 

By assuming that the thermal-energy gap at room temperature 
is equal to 0.18 ev, the optical energy gap for intrinsic materials, 
Tananbzum and Maita’ obtain a value of 0.083m for the geometric 
mean of the effective masses of the electrons and holes in InSb. 
In addition, by assuming a 7~! law for the hole mobilities at high 
temperatures, they obtain a value of approximately 85 for 
(un/Mp)t, the ratio of electron to hole mobilities in the lattice 
scattering range of temperatures. Using the relation (un/up)z 
= (m,/m,)* we obtain values of 0.03m and 0.2m for the effective 
masses of electrons and holes, respectively, in InSb. The very 
small effective mass of the electrons in InSb results from a sharp 
curvature at the bottom of the conduction band and is associated 
with a small effective density of states and with a small degeneracy 
concentration (N.=1.6X10'7/cm* and maeg=1.2X10""/cm* at 
300°K). Consequently, InSb becomes degenerate at relatively 
low electron densities, and in a degenerate sample the height of 
the Fermi level above the bottom of the conduction band, E;—E, 
increases very rapidly with increasing electron density. 

The optical absorption limit of a degenerate n-type sample 
involves vertical transitions from the filled band to the lowest 
unfilled level Em in the conduction band, which lies approximately 
4kT below the Fermi level (Fig. 1). The optical energy gap Eo 
is therefore given by the energy separation between EZ, and the 
corresponding level in the filled band which, assuming spherical 
energy surfaces, lies (m,/m,)Em below the top of the filled band, 
and is not just simply given by the minimum separation between 
the bands Eg. E» is located at the bottom of the conduction band, 
i.e., E;—E, is equal to 4kT at an electron density of mm=6.5N- 
= 1.0 10'*/cm*.4 For n-type InSb, E» should therefore be equal 
to Eq when the electron density is smaller than m» and approxi- 
mately equal to Eg+(1+m,/m,)(E;—E.—4kT) when the elec- 
tron density is larger than mm. For p-type InSb, on the other hand, 
Eo should be equal to Eg for hole densities smaller than 1.7 X 10"/ 
cm’, and approximately equal to Eg+ (1-+mp/mn) (E,— Ey—4kT) 
for hole densities larger than pm. 

The theoretical dependence of EZ» on charge-carrier density for 
n-type InSb is given in Fig. 2. For the n-type sample containing 
5X 10" electrons/cm*, we obtain a theoretical optical energy gap 
of 0.4 ev which is in agreement with the value of 0.39 ev corre- 
sponding to the observed optical absorption limit at 3.2 microns. 

InSb appears to be the only semiconductor investigated thus 
far in which the anomalous behavior of the absorption limit is 
observed. This may be attributed to the fact that the effective 
masses of the charge carriers in other semiconductors are much 
larger than the effective mass of the electrons in InSb, so that a 
much_larger carrier density is needed to make them degenerate. 
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A shift in the absorption limit with charge-carrier density should 
also be observable at sufficiently high charge-carrier densities in 
other semiconductors. However, the absorption by free charge 
carriers at the high densities needed would, in general, mask the 
intrinsic absorption limit and thereby prevent the effect from 
being observed. 

1M. Tanenbaum and H. B. Briggs, Phys. Rev. 91, 1561 (1953). 

21 am indebted to W. Zimmerman for supplying the doped InSb samples; 
to Bertha W. Henvis for carrying out the optical measurements; and to 
G. Lerman for carrying out the Hall effect measurements. I am also grateful 
to Dr. M. Tanenbaum of the Bell Telephone Laboratories for supplying 


the intrinsic sample of InSb. 
3M. Tanenbaum and J. P. Maita, Phys. Rev. 91, 1009 (1953). 
4J. McDougall and E, C. Stoner, Trans. Roy. Soc. London A237, 67 
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Origin of the Emission of the Oxygen Green Line 
in the Airglow* 
MARCEL NICOLET 


Ionosphere Research Laboratory, Pennsylvania State University, 
State College, Pennsylvania 


(Received December 7, 1953) 


T is well known that the airglow emission of the oxygen green 
line at 4S577A cannot be attributed to the ordinary chemical 
sources if the altitude of the airglow layer is greater than that of 
the EZ layer. Furthermore, icnic recombinations involving negative 
ions in Region F are not sufficient to lead to an airglow emission. 
Finally, while the hypothesis of incoming particles exciting this 
emission has been put forward, it remains vague and cannot 
account for the variations which are observed. 

According to the observational data,! the height of the emission 
layer is of the order of 2504-50 km, and the maximum of intensity 
occurs at local midnight +2.5 hours. The observed annual 
variation shows several maxima and indicates, therefore, a quite 
complex variation. Finally, the isophotal plots of the intensity 
changes of various parts of the sky suggest the presence of a 
definitive emission pattern in the high atmosphere. 

In order to explain such an emission, recourse must be made to 
results obtained by Nicolet and Mange? on the vertical distri- 
bution of molecular oxygen. The charge-exchange process con- 
sidered by Bates and Massey* can be applied in the following 
form in the F» layer: 


O++0,-0+0;". (1) 


The reaction (1) is followed by 
0,*++e0'+0", (2) 


namely, a dissociative recombination process first discussed by 
Bates and Massey’ and calculated by Bates.‘ Dissociative recombi- 
nation of O,* is a powerful excitation mechanism for the green 
line in the airglow. 

Because molecular and atomic oxygen are in diffusive equi- 
librium at 200 km, we can assume the following vertical distri- 
butions : 

n(O) = no(O) exp[—(1+8)¢], (3) 
and 

n(O2) = no(O2) exp[— (2+8)f], (4) 
in which #o(O) and mo(Oz) denote the concentrations at the 
reduced® height ¢=0, n(O) and n(O:) are the concentrations at 
height ¢, and @ is the scale height gradient of atomic oxygen. 

Numerical values? show that O, is still an important constituent 
in Region F; of the order of 5107 cm at 200 km, 5X 10° at 
250 km, 5105 at 300 km and 10® at 350 km. According to 
ionospheric observations,® an average peak of the night-time F, 
layer may be considered at heights of the order of 300-350 km. 
The vertical distribution of the electron concentration n, can 
be represented® by the following formula: 


n= (no exp{4(1+8)[1—$(1—9) —eF}}, (5) 
in which » denotes a parameter giving the form of the particular 
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distribution. If »=0, the conventiona) form is obtained in which 
the total electron content of the layer is three times the content 
below the peak. If »=1/(1+8), the recombination coefficient can 
be proportional to the pressure and the total electron content is 
six times the content below the peak. It is known that these 
extreme forms may represent the behavior of the F; layer’ in 
winter and summer. 

Tonization potentials of O and O, being 13.60 ev* and 12.04 ev,’ 
respectively, O2* obtained by (1) is in the electronic state (*IT,) 
from v=0 to v=6 at most. The dissociation potential of oxygen 
being 5.11 ev," process (2) a priori leads to three possibilities as 
far as the energy balance is concerned: 


O,*+e-20('S), or OC'S)+O('D), or OC'S)+0(P). 


From this, one concludes that the emission of the green line 
might be produced by this means. If the complete use of the 
energy may yield two excited atoms |S, it must be pointed out 
that the rate of the emission processes depends on the repulsion 
curves of states leading to dissociation products 'S, 'D, and *P. 
At F; layer heights, n(O*) >n(O,*), so that, thanks to (3), (4), 
and (5), we may deduce the following vertical distribution of the 


green line emission : 
Ht) cf 
a : 


The gradient of the scale height being 8=0.3, the peak of the 
emission corresponds to a value of { varying from —1 to --2 
below the peak of the electron concentration (300-350 km), ie., 
an altitude of 250 km. 

It follows from these calculations that an airglow emission in 
Region F is possible. A complete account of this work will be 
published elsewhere. This will show the interdependence of the 
emission of the green line and of the properties of an ionospheric 
Jayer in which molecular oxygen ions play an important part on 
account of vertical transport by diffusion." 


* The work reported in this note has been sponsored by the Geophysical 
Research Division of the Air Force Cambridge Research Center, Air 
Research and Development Command. 
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Threshold Energies for Sputtering and the 
Sound Velocity in Metals 
GorTrrieD K, WEHNER 
nents Laboratory, Wright Air Develo “og Center, 
t-Patterson Air orce Base, Dayton, 
(Received December 7, 1953) 


Electronic Com 
Wright 


HE author has recently' described experiments which show 
that the minimum threshold energy for sputtering is a 
function of the angle of incidence of the bombarding ions. Previous 
attempts to measure threshold energies failed to give reliable 
results because they were made either in the glow discharge or 
with wires which are small compared to the ion sheath thickness? 
in both cases, however, the angle of incidence is undetermined. 
With a low gas pressure (1 micron) and a large sputtering 
electrode immersed in a plasma of high density (10%—10" per 
cm’), it is possible to avoid collisions of the ions within the ion 
sheath and to approach the plane case with predominantly 
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Tase I, SH-(298) = Heat of vaporization*® at 298°K [ev]. Z =Modulu 
of elasticity® [kg/mm?*]. « = Poisson constant.» 9, « (E(1 —p)/p(1 —p —2y*) 
bulk sound velocity in 10° cm/sec, Ve*(Hg) =Threshold energy for 
sputtering by Hg ions under normal incidence [ev], corrected for neutral- 
ization energy and work function. M =2(2em,Vo*)4mm/ (img +mm) =momen- 
tum transferred at Vo* [ev-sec/cm]. 
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perpendicular impacts. The study of deposits, sputtered under 


these conditions, shows that a well-defined minimum ion energy 
(Vo") is characteristic for every gas-metal combination. 

Vo*(Hg), (normal incidence of Hg ions) was measured for 26 
metals (Table I). These threshold energies cannot be brought 
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Fic. 1. Product of transferred momentum and bulk sound velocity 
versus heat of sublimation, 
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into agreement with existing threshold theories.?“ It turns out, 
however, that they follow (so far without exception) a simple 
law: The product of the momentum transferred at Vo* from the 
ion to the metal atom (central collision between free elastic 
spheres), with the bulk sound velocity of the metal, is proportional 
(factor + 11.2) to the heat of sublimation (Fig. 1); hence, thresh- 
old energies can be calculated from 


V, (= inetd 
s Mg Mr / 


where V>* is in ev; m,=atomic weight of ion; m,=atomic weight 
of metal; »,= bulk sound velocity of metal in cm/sec; and ¢=heat 
of sublimation of metal in kcal/mol. Part of Vo* is supplied by 
the neutralization energy V; and part is used for overcoming the 
work function W of the material; hence, Vo*= Vo+Vi—W, where 
Vo is identical with the measured voltage difference between 
sputtering electrode and plasma. A correction of v, for temperature 
(200-300°C) is small enough in most cases to stay within the 
experimental error and is omitted. 

This law is in good agreement with other experimental results, 
such as those for Pt in Xe,° and those from recent work of Bradley® 
concerning alkali metals in inert gases. Hence, there is reason to 
believe that this law is of a general nature and is applicable to all 
gas-metal combinations, as long as “physical” and not “chemical” 
sputtering (e.g., ( in Hz) takes place. 

The bulk sound velocity of boron, not listed in the literature, 
would hereby be determined to be 14X 10° cm/sec (between Si and 
diamond). Measurements with C (graphite) seem to indicate that 
it is the maximal sound velocity which determines the threshold 
energy. Unfortunately, sufficient data concerning % max from 
measurements in metal single crystals are not available in the 
literature for the introduction of this additional correction. 

The significance of the sound velocity here, although not yet 
fully understood, is obviously to introduce the elastic constants 
of the material, which determine what part of the transferred 
energy with the momentum directed to the inside of the material 
arrives at the surface with a momentum reversed in direction. 
This part has to be at least equal to the binding energy of a 
surface atom before sputtering ensues. 

A more detailed paper will be submitted later. 





1G. Wehner, J. Appl. Phys. (to be published). 

2K. H. Kingdon and I. Langmuir, Phys. Rev. 22, 148 (1923). 

* Research Staff of General Electric Company, Ltd., London, Phil. Mag. 
45, 98 (1923). 

4E. S. Lamar and K. T. Compton, Science 80, 541 (1934). 

5G. Wehner and G. Medicus, J. Appl. Phys. (to be published). 

*R. C. Bradley, paper presented at 1953 Conference on Gaseous Elec- 
tronics, Washington, D. C. (unpublished). 


Infrared Absorption of NiO 


R. W. Jounston anv D. C. CRONEMEYER 
Electronics Laboratory, General Electric Company, Syracuse, New York 
(Received December 10, 1953) 


HE Verneuil method! (or flame-fusion method) of growing 
crystals is well known and has been utilized for some time 
in producing crystals of sapphire, rutile, etc. Recently this method 
has been used at this laboratory to produce single crystals of NiO. 
These crystals are dark green to black in color and are easily 
cleaved. Their crystal structure is face-centered cubic with a 
lattice spacing of 4.17A which agrees with previously published 
data? The melting point, as determined during the actual growth, 
is slightly above 1900°C. 

The over-all resistivity at room temperature of these crystals, 
as measured by a megohm bridge, is 7.0< 10* ohm cm, this value 
being somewhat less than the 10* ohm cm usually reported in the 
literature for NiO in the polycrystalline form.’ 

A 15X10 mm plate was cleaved from the NiO single-crystal 
boule; infrared transmission in the wavelength range of ly to 15z 
was observed with this specimen using a Perkin Elmer Model-112 
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Fic. 1, Transmission spectrum of NiO from ty to 14u for sample 
thickness 0.1053 cm, 0.0618 cm, and 0.0386 cm. 


double-pass spectrophotometer. Since this finding pointed towards 
some interesting information concerning the semiconducting 
properties of NiO, a more careful study was begun. Because 
refractive index information is necessary to convert transmission 
to absorption coefficient, and few refractive index data are 
available,‘ the following technique was adopted to obtain both 
refractive index and absorption coefficient data from the trans- 
mission spectrum. 
The transmission T of a plane parallel plate of thickness x can 
be expressed by the equation® 
(1—R)}*e = 
=a 1—R%e*a2’ (t) 
where a is the absorption coefficient and R is the reflection 
coefficient defined as R= [(n—1)/(m+-1) }, with n as the refractive 
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Fic. 2. Absorption coefficient a (cm) and refractive index n 
of NiO versus photon energy in ev. 
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index. The m and a values could be derived from an algebraic 
simultaneous solution of the equations for two different thick- 
nesses ; however, in this case, a graphical solution was used which 
combined the data on specimens of three different thicknesses. 
The graphical solution was obtained by plotting from Eq. (1), 
T versus ax with n(R) as a parameter. Trial values of » then 
permitted the determination of a for known x and #; a and » 
values which were independent of thickness x were thereby chosen. 

The 1X5X10 mm cleaved plate was ground and polished 
optically flat and parallel and the transmission spectrum obtained. 
This same plate was then ground and repolished for two thinner 
specimens. The transmission spectra (Fig. 1) for the three thick- 
nesses (0.1053 cm; 0.0618 cm; 0.0368 cm) are replotted as absorp- 
tion coefficient versus photon energy in Fig. 2, utilizing the 
graphical solution outlined above. Refractive index data obtained 
from the solution are also included and agree fairly well with those 
published.‘ 

The branch of the curve for energy values greater than 0.3 ev 
may be the tail of the fundamental absorption which is to be 
expected at about 2 ev according to the electrical measurements 
of Wright and Andrews® on polycrystalline NiO. These authors 
present data indicating the existence of impurity optical activation 
energies between 0.3 and 0.6 ev. The 0.24-ev absorption peak 
may be an impurity ionization energy corresponding at least in 
order of magnitude to that expected above. There is also a 
satellite absorption peak at 0.13 ev. The increasing absorption 
coefficient below this peak is probably a lattice vibration absorp- 
tior.. The validity of this conclusion is enhanced by the suddenly 
decreasing refractive index at these low frequencies, a circum- 
stance which probably would not result from impurity absorption. 

We would like to thank Dr. G. G. Palmer, who supplied us 
with the NiO crystals, and Dr. F. G. Keihn, who made the x-ray 
determinations on them for us. 

1A. Verneuil, Compt. rend. 135, 791 (1902); Ann. chim, et phys. 3, 20 
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Bulk Photoconductivity in Lead Sulfide* 


D. E. Soute anv R. J. CASHMAN 
Department of Physics, Northwestern University, Evanston, Illinois 
(Received December 7, 1953) 


XTENSIVE investigations have been carried out upon 

photoconducting evaporated and chemical layers of PbS 
(for a review see Smith'). Sosnowski e al.2 and Gibson* have 
presented models of photoconductivity in evaporated layers based 
on the modulation of intercrystalline potential barriers. Experi- 
mental evidence of bulk photoconductivity in PbS crystals, 
however, has not been published to our knowledge. We have 
studied this property in three cleaved synthetic PbS crystals at 
liquid nitrogen temperature. 

The dark conductivities at room temperature for samples Sj;, 
Sia, Sis were 34, 21, and 23 ohm™ cm™, respectively. All electrode 
and probe contacts to the crystals were made by electroplating 
them with rhodium and then soldering the lead wires to the 
rhodium. All samples showed slight internal rectification. 

The potential difference developed between a probe fixed at 
the right electrode and a probe moved along the crystal Si, at 
room temperature is shown in Fig. 1(a). Two different traversing 
paths are represented. Potential barriers are present within the 
crystal at A, B, C, and D. 

At 77°K the frequency response to chopped radiation from a 
tungsten source was taken over the range of 20 to 9000 cps to 
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Fic, 1. (a) Potential versus distance along crystal at room temperature. 
1 and 2 are different paths. (b) Photocurrent response at 77°K for light 
spot (width 75u) scanned along crystal, Paths 1 and 2 correspond roughly 
to those in (a). fsign indicated is for the right electrode. 


determine the possibility of a thermal contribution to the resultant 
current change. During the measurement the electrode-to-crystal 
junctions were masked, Throughout this frequency range the 
photoresponse remained constant to within +2.0 percent. An 
upper limit of 4 microseconds for the time constant was calculated 
assuming a maximum of 2.0 percent drop in amplitude at 9000 
cps from that at 20 cps. All following photocurrent measurements 
were made with a tungsten source chopped at 90 cps with the 
crystal] at 77°K. 

The surface was then scanned with a light spot 754 wide. A 
0.54 v bias was applied in the back direction (right electrode 
positive) and 0.50 v in the forward direction. The resulting 
photocurrent is shown in Fig. 1(b) for both polarities of applied 
voltage and for two different traversing paths along Sj. corre- 
sponding roughly to those followed in Fig. 1(a). No appreciable 
photoresponse appears to originate at the metal to semiconductor 
junctions of the electrodes at L and R. The photoresponse maxima 
located at A, C, and D correspond to the potential barriers at 
A, C, and D, respectively, in Fig. 1(a). For both paths where the 
right electrode is positive the left-hand maxima are depressed 
and vice versa, This behavior indicates that the barriers are 
asymmetrical and are modulated by the applied voltage. Thermo- 
electric probe measurements taken over the whole crystal surface 
showed it to be p type. Consequently, the carrier concentration 
across a barrier is probably a gradation in hole density. 

The photocurrent dependence upon applied bias voltage with 
the total crystal illuminated showed maximum responses at 0.9 v 
for the right electrode positive and 0.7 v for the right electrode 
negative. The reason for this apparent saturation effect is not 
yet known. 

It appears evident from these measurements that though these 
internal potential barriers may not necessarily be the original 
sites of the primary photoeffect they at least aid in rendering the 
photocurrent measurable. 

This investigation is still in progress and a more complete 
report will be published at a later date. 

* This work was sponsored by the U. S. Bureau of Ships, Department 
* i fg oe rr inp Physics 2, 321 (1953). 


? Sosnowski, Starkiewicz, and Simpson, Nature 159, 818 (1947), 
2A. F, Gibson, Proc. Phys. Soc. (Lo ndon) B64, 603 ( 1951). 
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Generalized Fermi-Thomas Theory 


Matcotm K. BRaACHMAN 
Texas Instruments Incorporated, Dallas, Texas 


(Received October 23, 1953; revised manuscript 
received December 11, 1953) 


6 iar virial theorem for the generalized Fermi-Thomas theory 
of Feynman, Metropolis, and Teller' has been further 
discussed by the author® and by March.’ It is possible to avoid 
the long sequence of operations used in the analytical proof of 
reference 1 by employing a single integration by parts of the 
expression for Exin combined with Duffin’s lemma,‘ the known 
relation 


81,(n)/dn=vlv_1() 


and the known value of the pressure.” 

Reference 2 treats a system of Z electrons moving in the field 
of a nucleus of charge Ze and infinite mass. The electrons interact 
with one another according to Coulomb’s law and obey the 
Fermi-Dirac statistics. If we set the electronic charge e equal to 
zero 30 that the Coulomb interaction is omitted, we obtain the 
thermodynamic functions recently given by Singwi* for a system 
of particles obeying the Pauli exclusion principle but without 
further interactions; this corresponds to the model of liquid He* 
envisaged in reference 5. To complete the identification, we note 
that R=Zk and p=Z/v. A general expression for the pressure is 


_2 Lala) RT 


“3Iy(n) 0’ 
which reduces to the correct value Zpe9 when T tends to zero. 


* Feynme an, Metropolis, and fig 4 Phys. Rev. 75, 1561 (1949). 
2M. K. Brachman, Phys. , 84, 1263 (1951 

IN. H. March, Phil, Mag. 43, "1042 (1952); 44, 346 (1953). 

4R, J. Duffin, Phys. Rev. 47, 421 (1935). 

’ K. S. Singwi, Phys. Rev. 87 540 (1952). 


The Spread of the Soft Component of 
Cosmic Radiation 


G. Mo.i®re 
Centro Brasileiro de Pesquisas Fisicas, Rio de Janeiro, Brazil 
(Received December 8, 1953) 


N a paper under the same title, Green and Messel criticized 

“all previous work” on the subject in question. A reply to 

their criticism seems worth while in order to avoid confusion and 
to clarify the situation. 

(1) Green and Messel’s criticism concerns first the higher 
angular and radial moments, due to multiple Coulomb scattering, 
of the cascade electrons of a given energy. The numerical] values 
of these higher moments depend essentially on the manner in 
which the effect of single scattering is taken into account. With 
respect to this, the following cases can be distinguished. 

A. Pure multiple scattering:—this is the approximation of 
Landau’s equations. Single scattering is entirely neglected and the 
angular and radial distribution functions f(#,@) and f(£,r), 
therefore, fall off too rapidly at large values of the arguments @ 
and r. The higher moments are closely connected with the fall-off 
at large values of the arguments and are, therefore, strictly 
speaking, without physical significance in this approximation. 
Nevertheless, their computation can be useful. These are the 
higher moments which have been calculated exactly by Eyges and 
Fernbach.? In the present author’s theory’ these higher moments 
were duly taken into account up to a certain stage of the calcu- 
lation (see Sec. B). 

B. Single scattering is taken into account with due consideration 
of the effect of the finite size of the nuclei:—this is, in principle, 
the most exact procedure and it is this which was proposed by 
Green and Messel in their paper. The limitation of the large 
single scattering angles as a consequence of the finite size of the 
nucleus, may be taken into account (according to E. J. Williams) 
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by introducing a cut-off angle Omax. The higher moments in this 
case, of course, are greater than in case A: ((@)4, by 18 percent 
and (6°) by 45 percent, according to Green and Messel). But it 
is obvious that the higher moments in this case are very sensitive 
to the choice of the cut-off @max. On the other hand, E. J. Williams’ 
expression for Omex merely represents an estimation of the order 
of magnitude and the cut-off procedure as a whole, of course, is 
somewhat rough. (By a more rigorous treatment the largest 
scattering angles would not be entirely suppressed but only 
reduced in frequency by a factor Z~ since in this region the 
protons of the nucleus scatter individually.) The exact numerical 
values of the higher moments in this case also are therefore 
physically meaningless. Moreover, the influence of the finite size 
of the nucleus is practically negligible in shower theory (see 
Sec. C). Finally, it may be stated that the method of calculating 
the distribution functions by means of the moments, as proposed 
by Green and Messel, seems not very suitable because a very 
large number of moments (strictly speaking, all of them), would 
be needed if one wished to obtain reasonable accuracy in the 
interesting region of small and medium arguments.‘ 

C. Single scattering is taken into account neglecting the influence 
of the finite size of the nuclei:—in shower theory single scattering 
is altogether of little importance. This has been pointed out by 
Nishimura and Kamata® who have shown that the main contri- 
bution to strongly deflected electrons (i.e., those found at large 
values of @ and r), is due to multiple scattering of electrons slowed 
down by ionization loss rather than to single scattering. Large 
single scattering angles, in general, are rare events. The modifi- 
cation of the frequency of very large single scattering angles by 
the finite size of the nucleus, therefore, is of still less importance, 
[As an illustration, it may be estimated that the influence of the 
finite size of the nucleus on the distribution function f(Z,9) is not 
appreciable up to angles of about seven times the root-mean- 
square angle of multiple scattering. ] It may be noted, further, 
that in case C and also in the above-mentioned rigorous treatment 
of case B, all the moments turn out to be infinite in the usual 
small-angle approximation. This illustrates the irrelevance of the 
moments proposed by Green and Messel which depend entirely 
on the cutoff. 

Case C was used in the present author’s theory,’ the procedure 
being the following. Starting with case A, the Fourier-transforms 
of the distribution functions were calculated numerically with 
great accuracy. The moments valid in case A play the rdle of the 
coefficients of the power series of the Fourier-transforms and were 
duly used in this calculation. As a next step, for convenience in 
performing the Fourier-transformation, the exact Fourier-trans- 
forms were approximated by analytical expressions in such a way 
that stress was laid upon a good representation at large and 
intermediate arguments of the Fourier-transforms. In this way 
great accuracy was reached at small and intermediate arguments 
6 and r of the distribution functions resulting from the Fourier- 
transformation, whereas errors were admitted in the region of 
large 6 and r where the distribution functions due to multiple 
scattering have fallen off practically to zero, these errors also in- 
fluencing the higher moments. The criticism expressed in the litera- 
ture in this connection (Blatt,® Eyges”) is not significant because in 
this domain of large arguments the distribution function is due 
solely to single scattering. The influence of the latter was deter- 
mined in a final step of the theory, as follows. The resulting 
distribution functions of case A were decomposed into Gaussian 
functions (“Gauss transformation”), each Gaussian function 
associated with electrons of a certain “energetic history,” char- 
acterized by a certain parameter. These Gaussian functions, then, 
were replaced by the more exact functions which contain the 
“single-scattering tail.” Finally, by the inverse Gauss transfor- 
mation, the distribution functions of shower theory duly con- 
taining the effect of single scattering were obtained. 

(2) Another point of Green and Messel’s criticism concerns 
the neglect of the variation of the atmospheric density in all 
previous theories. The influence of this variation of density is 
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closely connected with the path length which is needed for 
equilibrium in the distribution in @ and r. As to this question, 
Green and Messel have given an example. They have calculated 
(r*)m as a function of depth in a homogeneous layer of matter in 
the case of a primary (integral) power spectrum of exponent 1.5. 
From the figures given by them the conclusion may be drawn 
that in the case of a power 1.5 a path length of about 12 to 14 
radiation lengths is needed for equilibrium in the radial distri- 
bution. Roughly, this means that the radial deviations of the 
electrons in the depth of observation have their origin mainly at 
a depth smaller by 6 to 7 radiation iengths. For showers observed 
at sea level, therefore, the inhomogeneity of the atmosphere 
can be roughly accounted for by using a value of the radiation 
length which is greater by 25 to 30 percent. For a power law with 
exponent 1, i.e., for air showers near the maximum, the situation 
is still better. It may be estimated that in this case 6 to 8 radiation 
lengths are sufficient to reach equilibrium, which means that a 
layer higher by 3 to 4 radiation lengths is responsible for the 
radial distribution. The radiation length, therefore, has to be 
increased by 15 to 20 percent for observation at sea level and by 
30 to 40 percent for 5000 m. 

A more exact computation of this correction, viz., an improved 
theory taking into account the variation of density, would be 
useful. But the assertion of Green and Messel that the neglect of 
the effect of density variation would introduce errors as large as 
5000 percent (!) cannot be uyderstood. Presumably this large 
error would concern the higher moments and so is of no interest. 

(3) In a further point in their paper, Green and Messel make 
the criticism that previous authors either consider only the 
maximum of showers or integrate over all depths. However, both 
the maximum and the integration over all depths are suitable 
starting points. Besides, Green and Messe] seem to overlook the 
fact that in the meantime, Nishimura and Kamata® extended 
the theory to a shower age of 1.5. 

The points 4 and 5 enumerated by Green and Messel need no 
commentary. The further criticism expressed by Green and 
Messel in the text of their paper, claiming that ionization loss has 
not been duly treated by previous authors, is also made obsolete 
by the work of Nishimura and Kamata, which seems to be 
unknown to them. 

Finally it may be noted that the lateral spread of the electronic 
component of large air showers is only slightly modified by the 
contribution of the nucleon-meson component. This contribution 
is practically restricted to small distances from the center and 
consists in the formation of plural cores at separations of the 
order of some tens of centimeters from each other.® 


'H. S. Green and H. Messel, Phys. Rev, 88, 331 (1952). We are thankful 
to Professor W. Heisenberg for ding us a prepublication print of the 


paper. 

?L. Eyges and S. Fernbach, Phys. Rev. 82, 23 (1951). 

4G. Moliére, in Cosmic Radiation, edited by W. Heisenberg (Dover Publi- 
cations, New York, 1946). The theory of the spread of large air showers 
will be presented in detail in the second edition of this book (Springer, 
Berlin, 1953). 

‘In their application of this method to the nucleonic cascade, Green and 
Messe! (Phys. Rev. 87, 738 (1952)] used an arbitrary extrapolation for 
the asymptotic behavior of the higher moments. As stated above, just this 
asymptotic behavior determines the shape of the distribution function. 

5 J. Nishimura and K, Kamata, Progr. Theoret. Phys. 6, 262, 628 (1951); 
7, 185 (1952). 
oS M. Blatt, Phys. Rev. 75, 1584 (1949), 
7L. Eyges, quoted by Blatt, reference 6. See also Nordheim, Osborne, 
and Blatt, Echo-Lake Report, 1949 ag none 

*See H. Messel and H. S. Green, Phys. Rev. 87, 738 (1952). 





Total Interaction Cross Section of Pions with 
Protons and Deuterons at 1.0 Bev* 


R. L. Coot, L. Mapansxy,f anv O, Picctont 
Brookhaven National Laboratory, Upton, New York 
(Received December 16, 1953) 


HE total cross sections of negative pions with hydrogen and 
the deuterium-hydrogen difference have been measured at 
an average pion kinetic energy of 1.0 Bev. The apparatus described 
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Taare I, The total interaction cross section of 1.0-Bev negative pions 
with H and (D-H). Measurements are listed for absorbers of various 
hydrogen or deuterium content and for several rms values Orne of the 
half-angle subtended by counter No. 5 at the absorber, 








Absorber 


Absorber 
gcm*of D 


g cm of H 


o(e~,p) 
mb 


“,d—p) 
a(x 4 ? 





39 +3 
42 +4.5 
49 +3 


13.34 17 43 


13.34 


21.242.6 


47.545 
46 +3.5 








in a previous letter' was placed in the 1.1-Bev negative pion 
beam which, like the 1.55-Bev beam, is deflected by the Cosmotron 
magnet. The method for measuring the cross sections was the 
same as that described before. 

In this beam the muon contamination was larger than at 1.55 
Bev. It was determined by two arrangements; both make use of 
the strong-pion and weak-muon nuclear interaction so that, after 
passing through thick absorbers, the beam contains most of the 
initial muons and comparatively few pions. The counting rate 
beyond the absorber has to be corrected for the pions which 
remain and for the loss of muons by multiple Coulomb scattering 
in the absorber. In the first arrangement, an absorption curve in 
Al was obtained up to 307 g cm™, by placing the Al between 
counters 4 and 5. The correction for the loss of muons by scat- 
tering was calculated in this case to be 17 percent. In the second 
arrangement, counters 4 and 5 were arranged as for the CH,—C 
measurements with the 73 g cm™ of C in place. In addition, 
372 g cm™ of Fe was placed behind counter 5. A single large 
counter was placed behind the Fe and was used in several succes- 
sive positions to integrate the remaining beam over an effective 
diameter of 14 in. In this arrangement, the loss of muons by 
scattering was negligible, but a somewhat greater uncertainty 
than that of the first method was involved in placing safe limits 
on the remaining pions. The result of the first method is J,/J» 
=(.110+-0.025 while the second gives J,/Io=0.117+0.012. 

Two thicknesses of absorber have been used in the CH;—C 
measurements (12.17 and 3.9 g cm of H). The thick absorber 
introduces less statistical uncertainty and an effectively larger 
muon correction than the thin absorber. The muon contamination 
produces a correction in o(#~,p) of 8 mb for the thin absorber 
and 12 mb for the thick. The results are in agreement, and quoted 
errors include the uncertainty in evaluating the muon contami- 
nation. The electron contamination has been measured as at 
1.5 Bev, and found to be less than 1 percent. 

Several geometries have been used to check that the cross- 
section values obtained are equal to the total cross section; that 
is, that the fraction of events in which secondaries enter our last 
counter is, indeed, very small with the geometry most extensively 
used. Taking account of the differences in solid angle, the data 
reported in Table I show that o(#~,p)=48+4 mb at 1.0 Bev, 
which is distinctly larger than the value of 27.526 mb obtained 
by Lindenbaum and Yuan? at 450 Mev and, with reasonable 
certainty, exceeds our value of 344-3.5 at 1.5 Bev.' The value of 
Shapiro, Leavitt, and Chen’ of o(#~,p)=4745 mb at 850 Mev 
fits quite smoothly on a curve showing a broad maximum at 
roughly 1 Bev. 

Another interesting feature shown by our data is the ratio be- 
tween o(x~,p) and o(x~,d— p). o(x~,d—p) =2143 mb and should 
be equal to «(*,p) if the principle of charge symmetry and the 
additivity of cross sections in deuterium were rigorously correct. 
While actually some difference can be expected, principally 
because of the second assumption, the qualitative fact that 
o(x~,p) is considerably larger than o(*,p) at 1 Bev can hardly 
be doubted. Preliminary measurements with positive pions at 
800 Mev support our present conclusion. 

From o(r~,p) and o(r*,p) one can derive the value of the cross 
section for the pure state having total isotopic spin of one-half: 
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a(x” ,p) 1.5 40(2~,p) —4o0(x*,p). It is 6247 mb at 1 Bev and 
about one-half of this value at both 0.45 Bev and 1.5 Bev. This 
state seems, therefore, to have a very marked maximum at 
about 1 Bev. 

We acknowledge many stimulating conversations which we 
have had with R. Serber, C. N. Yang, W. Rarita, and H. S. 
Snyder. C. F. Woolley, Jr., has most valuably assisted us through- 
out these experiments. 

* Research performed at Brookhaven National Laboratory under the 
auspices of the U. S. Atomic Energy Commission. 

t On leave from The Johns Hopkins University, Baltimore, Maryland. 

1 Cool, Madansky, and Piccioni, Phys. Rev. 93, 249 (1954); Bull. Am, 
Phys. Soc. 28, No. 6, 14 (1953). 


3S. Lindenbaum and L. Yuan, Phys. Rev. 92, 1578 (1953), 
* Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1073 (1953), 


Transient Nuclear Induction Signals Associated 
with Pure Quadrupole Interactions* 
M. BLoom AND R. E. NorBERG 


Department of Physics, University of Illinois, Urbana, Illinois 
(Received December 17, 1953) 


E have observed transient “pure quadrupole” induction 
signals corresponding to the “Bloch decays” and echoes 
found in pulsed nuclear magnetic resonance experiments.'! The 
induction signals arise from oscillating components of magnet- 
ization established along the axis of the applied rf magnetic field 
H,. A quantum-mechanical calculation predicted that these 
transient components should occur even though, at equilibrium, 
the electric interaction Q-VZ produces no macroscopic magnet- 
ization. The presence of the induction decays had been suggested 
by Dean? to explain the anomalous signal to noise behavior of his 
quenched oscillator in an earlier investigation of pure quadrupole 
spectra. We have found the predicted induction signals in NaClO, 
single crystals and powders, following the application of rf pulses 
at the Cl** pure quadrupole resonance frequency (29.920 Mc/sec 
at room temperature). We observe the effects of nuclear Zeeman 
splittings upon the induction signals by orienting the single 
crystals within a small magnetic field. 

To develop a theoretical expression for the induction signals, we 
consider a Hamiltonian of the form 0 =Q-VE+ p- (Ho+AH: coswt), 
where Ho and H; are the amplitudes respectively of the applied 
dc and rf magnetic fields. We expand the wave function of the Cl 
nuclei (spin #) in terms of the eigenfunctions of the electric 
quadrupole term, Y= ZC,» exp(—iEmt/h)m. The induction signals 
observed arise from the components along H; of the bulk magnet- 
ization M.,y), which is created transverse to the symmetry axis 
of VE- May «Ly = (W*/Tewy)/v), where the I.) are the trans- 
verse components of the nuclear angular momentum operator. 


a 1. Induction decay in a single crystal of NaClOs. The sweep is 
800 wsec long. The beat structure appears in the presence of a Zeeman 
field of 12 gauss applied, parallel to Hi, along (0,0,1). 
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For spin $, Tec) « (Cy*Cy(+)C_3*C_4) exp (iwt)+complex conju- 
gate, where w= (Fy— Ej)/h= (E_4—E_,)/h. 

We solve the time-dependent Schroedinger equation in two 
intervals: during the pulse, in the presence of the rf field H,, and 
following the pulse, where H; is zero. The effect of H, is then to 
induce only the transitions }=*4 and —}——}. Considering the 
Boltzmann surplus and assuming the system to be initially in the 
+4 state, the result (for Hpo=0) is a time-independent induction 
signal following the pulse. We assume that the effect of the 
existence over the sample of differing VE (due to crystalline 
imperfections) or internal magnetic fields (due to dipolar inter- 
actions) is to dephase the precessing microscopic magnetization 
vectors and to cause the induction signals to decay in a time 7>. 
Figure 1 is a multiple exposure of decay signals in a NaClO; single 
crystal taken with and without an Ho. The decay envelope is 
Gaussian with T, equal to 425 usec. A calculated 72 of this order 
of magnitude results from a computation of the magnetic dipolar 
interaction of a Cl nucleus with the nuclear moments located 
within one lattice parameter. 

To compute the Zeeman effects, we consider an Ho applied at 
an angle 4 with respect to VE and an H, applied for a time ty at 
an angle @,. The voltage induced in the coil for ‘>t, is then 
given by: 


V(t) «sind, sin(V3IQity sind) ‘F cos Set Nom} 


+o conf MOD costs (1) 


where Q9= yHo, 2:=7Hi, and f= (1+4 tan%)*. The appearance, 
in general, of the two frequencies in square brackets in (1) arises 
from the mixing (in the presence of an Ho) of the § and —4m 
states, which splits the steady state resonance symmetrically into 
two pairs of lines.? Further calculations predict a spin-echo signal 
at 27 (following the application of a second rf pulse at time 7). 
We have observed echoes and stimulated echoes in both the 
powders and single crystals. Hahn and Herzog (see following 
letter) report the behavior of the echoes as a function of H» and 
of crystal orientation. 

In NaClO;, VE lies along the symmetry axis of the molecule. 
The four molecules in a unit cell of the crystal are oriented with 
their symmetry axes along the body diagonals of the unit cube. 
[Direction cosines (1/v3, 1/v3, 1/v3; etc.) ] The beat structure in 
Fig. 1 is that observed on the decay in a single crystal with H; 
and Hp both applied along (0,0,1). In this orientation cos@o= 1/v3 
and f=3 for each of the four molecules in the unit cell. A single- 
beat frequency V37Ho/2m is then predicted by Eq. (1) and is 
found to agree with that observed. Figure 2 shows the more 
complex pattern observed with H; along (0,0,1) and Ho along 
(1/v2,1/v2,0). The voltage predicted by (1) is here proportional 
to 2 cos(Qot) +1.6 cos(0.53Q) +0.4 cos(1.9Not), which agrees with 
the pattern of the observed decay. The echo exhibits a structure 
similar to that on the decay. 


Fic. 2. Induction decay and echo found with H; along (0,0,1) and an Ho 
of 12 gauss along (1/VJ,1/VZ,0). The separation of the pulses is 900 sec. 
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The single crystals of NaClO, were loaned by the Bell Telephone 
Laboratories. We are grateful to E. L. Hahn and B. Herzog for 
discussions of their results and have also benefited from conver- 
sations with C. P. Slichter and D. McCall. Much of our rf equip- 
ment was designed by H. W. Knoebel and L. S. Kypta. 

* Supported in part by the U. S. Office of Naval Research and (M.B.) 
by a Province of Quebec Post Graduate Scholarship. 

1 E, L. Hahn, Phys. Rev. 80, 580 (1 


950). 
*C, Dean, thesis, Harvard University (unpublished) ; 
607 (1952). 
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Anisotropic Relaxation of Quadrupole Spin Echoes 


E. L. HAnN AND B, HERz0G 


Watson aa Laboratory, International Business Machines Corporation, 
Columbia U niversity, New York, New York 


(Received December 17, 1953) 


Y the pulsed nuclear induction method! we have observed 
the free Larmor precession of Cl** and Cl*" nuclear moments, 
due only to the pure crystalline electric field gradient in single 
and powdered crystals of NaClO3. When a small constant mag- 
netic field H» is applied to the single crystal, the echo relaxation 
time due to spin-spin coupling is modified by the variation of the 
Zeeman splitting as the magnitude and direction of Ho normal 
to the cubic axis of a NaClO; single crystal is varied. We refer 
the reader to thy: preceding letter by Bloom and Norberg which 
discusses their independent observations of the free quadrupole 
precession and theory of the Zeeman splitting. 

The formation of nuclear signals following two rf pulses, as 
shown in Fig. 1, can be explained by the analogous mechanism 
of spin echo formation in large magnetic fields.! The chlorine 
quadrupole moment Q, with spin J =, is aligned by an electric 
field gradient g which is assumed to be axially symmetric about 
the molecular bond (z axis) joining Na to Cl. The single quadru- 
pole resonance transition frequency w=egQ/2h is replaced in 
general by four separate resonance frequencies* as the degeneracy 
of the m= +4 and m= +} states is removed by Ho. In the unit 
cell there are four chlorine nuclei with their ¢ axes of quantization 
oriented along the body diagonals of the sub-cubic cells. There 
are two nonequivalent directions of Na-Cl axes with respect to 
Ho, and a pair of chlorine nuclei is assigned to each of these 
directions denoted by + and —. Using a quantum-mechanical 
treatment applied in an earlier paper,’ we obtain the solution for 
free precession in agreement with that given by Bloom and 
Norberg. The spin echo signal, described by a similar solution, 
appears symmetric about the time ¢= 27, where r is the separation 
between pulses. The observed signal is given by V=V,+V_, 
where 


Vi « sin®(V3wity sind.) cos(V3wity sind.) 
x { (®, = *) cosf (wo 0804) (3+8,) (¢—2r)/2] 


+20 cos[ (wo cos0,)(3~B,) (-29)/23} 
a i 


xexp{ —C0-29)*/TP+0/(Ty)*(Hop,)}}- 


6 is the angle between Ho and the molecular axis, wo= y/o, 
w= yH,, By = (1+4 tan%,)}, y is the gyromagnetic ratio, and H, 
is the rf field. In terms of the angle g which Hy makes with 
respect to the 001 direction, cos0,=+/§ cos(y-+-9/4) and sind, 
=(1— 4 cos*(gy-+/4) }*. We infer from our observations that 7,’ 
for each of the + and — groups is nearly the same. The total 
width of the echo at half-maximum is given by 7; seconds (0.5 
millisecond for Cl**), which is equivalent to a static local magnetic 
dipole field inhomogeneity of AH ~2.6 gauss for an assumed 
Gaussian distribution. For each setting of 7, with the spins 
initially at thermal] equilibrium, the maximum of the echo ampli- 
tude is observed to be proportional to exp[—(2r)*/T;"(Ho,~)] 
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which describes the shape of the envelope of the echo maxima. 
The time constant 7,’ is observed to be a function of g and Hy 
(see the polar plot in Fig. 2).‘ It appears that the Zeeman splitting 
modifies the extent to which time-varying local fields and spin-spin 
flipping are effective in destroying the phase coherence necessary 
for echo formation. The thermal relaxation times 7, (~35 
milliseconds) for both chlorine isotopes are independent of Ho 
and play no role in the anisotropy of relaxation. A polar plot 
similar to that in Fig. 2 is obtained for Cl’. Within experimental 
error, it appears that the 7;' values may be larger by a factor 
1.3~7Cl*/yC}" for large values of Ho. Except for the difference 
in magnetic moments, this is a rough indication that the relaxation 
due to the fluctuating local field distribution is approximately 
the same for both chlorine isotopes in spite of the difference in 
their abundance. As the overlap (due mainly to T2) among the 
four quantum levels diminishes with increasing Zeeman splitting 
(a similar situation occurs for the sodium nuclei), there is less 
chance that a spin-spin flip with an accompanying change in 
dipole field will take place between like nuclear neighbors. 7,’ 
has a particularly sensitive dependence on Ho, (a) when 1/7: 
-~~yHo, and (b) when any of the possible resonance transitions 
cross or coincide as is varied. There are eight possible simul- 
taneous resonance frequencies. Four are given by: w(t) 
=eaQ/(2h)+F and w'(-+)=egQ/(2h)—F, where F= (yHo/v2) 
(v3 cos(y—x/4)+[2—cos*(y—/4) }+}. Another set of four 
frequencies is obtained by substituting +/4 for —#/4 in F. 
When ¢=0°, the eight resonances coalesce to three and the 
probability for coupling is a maximum, giving the shortest 72’ 
for a given Ho. In the region 0°< g<45°, T2’ becomes the fargest 
because eight separate resonance transitions exist. At g=45° 
there are six resonances and a decrease in 7,’ takes place. The 
plot repeats these conditions periodically with increasing yg. The 
round lobes arise from the effect of static Jine width or broadening 
of each of the Zeeman levels. At large Ho, where yHo>1/7:2, the 


magnitude of 7,’ approaches a constant value. 


Fic. 1, Oscillographic display of free quadrupole precession of Cl** in a 
NaClOs crystal upon application of two rf pulses at the condition 
wile = 2/2, The total length of each sweep is 2.4 milliseconds. The upper 
photograph indicates the free precession after the first pulse and an almost 
completely attenuated echo in the absence of a magnetic field. The lower 
photograph indicates an echo and tail with accompanying Zeeman beat 
pattern for an applied He =5.3 gauss at ¢=0° with all other conditions 
the same as in the upper photo. 
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Fic. 2. Ts’ for Cl in NaClOs as a function of He and ¢. In and near 
the critical regions (@ =0°, 45°, and 90°), repeated measurements indicate 
the plotted quantitative behavior of 72’ within +5 percent. Other regions 
of the plot are less accurate, to approximately +10 percent. 


We have been able to predict the general shape of the plots in 
Fig. 2 by considering all the possibilities for resonance coupling 
between a chlorine nucleus and all nearest neighbors. The net 
T2’ is then determined by all possible spin flips and accompanying 
dipole field fluctuations.§ In a typical resonance formula, account 
is taken of the level broadening. The strengths of the local fields 
and transition probabilities are included by evaluating the squares 
of the matrix elements involving the Zeeman level wave functions. 

One of us (ELH) wishes to acknowledge the benefit of early 
discussions with Dr. W. G. Proctor regarding physical features of 
quadrupole precession. We thank Dr. M. Bloom and Dr. R. E. 
Norberg for informative communications about their work. We 
thank Dr. T. Wang for his assistance and interest in the measure- 
ments, and Professor C. H. Townes for clarifying discussions. 
The NaCiO; crystal in our experiment was kindly provided by 
Dr. A. L. Schawlow of the Bell Laboratories. 


1E. L. Hahn, Phys. Rev. 80, 580 (1950). 

? B. T. Feld and W. E. Lamb, Phys. Rev. 67, 28 (1945); C. Dean, thesis, 
Harvard University (unpublished). 

+E. L. Hahn and D. E. Maxwell, Phys. Rev. 88, 1070 (1952). 

4The echo envelope lifetime T:' referred to here accounts only for the 
incoherence of Larmor precession due to local dipole fields which fluctuate 
in time. It does not include static line broadening, whereas in steady state 
resonance measurements, ‘‘7s"' includes both of these effects. The time 
duration of any echo (or induction tail) would also be expected to depend 
upon both of these effects. However, we observe no significant change in 
this lifetime as 72’ changes with Ho. It appears, therefore, that as the rate 
of spin-spin flipping increases, for example, as Ho-+0, the otherwise static 
dipole fields of these coupled neighbors are averaged to a lower value, and 
the net observed lifetime of the individual signals tends to remain the 
the same. A rigorous analysis of this effect is being considered, 

5 The estimate of egQ for Na would correspond to a frequency of <1 
Mc/sec (C. H. Townes and B. P. Dailey, J. Chem. Phys. 20, 35 (1952) } 
If the condition yAHo~egQ for the Na nuclear moment in our experiment 
is obeyed. the Na spin axis of quantization will no longer be along the 
molecular axis, and the Na dipole field at the Cl nucleus will be modified. 
We have not taken this possibility into account in our semi-empirical 
prediction of the anisotropy. Further investigation of this question is 
under way. 


The Primeval Cosmic Abundance of Deuterium 


G. Boato* 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received December 17, 1953) 


O definite answer has yet been given to the problem of the 
primeval cosmic abundance of deuterium. In stars deu- 
terium has never been detected; in the sun an upper limit for 
the amount of deuterium was given in 1932 by Menzel! as 
1.6X10~* times the amount of hydrogen and more recently by 
Class? as 2.5 10 times the amount of hydrogen. 
Moreover, it has been shown’ that in a sufficiently hot star the 
deuterium is consumed very rapidly by nuclear reactions. The 
reaction starts in the center of the star, but convection currents 
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TABLE I. Isotopic composition of hydrogen in water and meteorites. 
Lake Michigan water, our working standard, has a D/H ratio of 1.48 X10~*; 
the values reported below are expressed in percent differences between the 
D/H ratio in the particular sample and in our standard. The over-all 
error of the measurements is +0.5. 








Ocean water 

Surface water range* 

Carbonaceous meteorites 
Orgueil, France 
Mokoia, New Zealand 
Yvuna, Tanganyika 
Murray, United States 
8 other samples 


+ 45 
—13 to +5.5 


+29.0 
+25.0 
+35.0 
+ 95 
—13 to 0 








* See reference 5. 


may be established by the heat of reaction, with a rapid disap- 
pearance of the deuterium present in the surface layers. 

There is hope that one will be able to measure the isotopic 
composition of hydrogen in the interstellar gases, in the cosmic 
ray primaries, and in the atmospheres of the Jovian planets. At 
present the only measurements are those on the surface of the 
earth: the best determinations indicate that the average isotopic 
composition of surface waters corresponds to approximately one 
part of deuterium in 6500 parts of hydrogen. This proportion 
was regarded by some authors as indicative of a strong enrichment 
of deuterium on the earth by diffusional separation processes 
during the formation of the planetary system. In the light of 
present evidence, such a process appears to be very improbable.‘ 

Experiments were done by Friedman‘ and recently by Edwards® 
to determine the isotepic composition of the hydrogen contained 
in iron meteorites. The possibility of contamination by terrestrial 
water and the production of H and D by cosmic-ray stars makes 
these measurements somewhat uncertain. 

Carbonaceous chondrites were chosen for this research not only 
because they contain up to 12 percent of water, but also because 
they may represent the original material from which the planets 
have been accumulated, as suggested by Urey. The carbonaceous 
chondrites are a rare type of meteorite of low-density and high- 
carbon and water content; in several of them the presence of 
organic compounds has been reported. All of them have been seen 
to fall and have been collected shortly afterwards, thus reducing 
the possibility of terrestrial contamination. Twenty of them are 
known; they are similar in appearance, physical properties, and 
chemical composition. Twelve of these stones were analyzed with 
a combustion method for the hydrogen and carbon content, and 
their isotopic composition was determined mass spectrometrically. 
The detailed results will be published elsewhere.’ It was found 
that most of the water is strongly bound and does not exchange 
with external water also during a long period of time. In four 
meteorites the isotopic composition of the hydrogen was found to 
be definitely outside the range of the terrestrial variations, as is 
shown in Table I. It seems, therefore, quite impossible that, at 
least in four cases, the measured isotopic composition can be 
ascribed to water exchange or adsorption taking place on the 
earth after the fall of the meteorite. 

One can conclude that there is no significant variation of the 
deuterium content of the carbonaceous chondrites in comparison 
with the earth. Since it appears likely that the meteorites must 
represent accumulation of cosmic material in a gravitational field 
much smaller than that of the earth and at a different distance 
from the sun,® the isotopic data indicate a rather uniform distri- 
bution of deuterium throughout the original dust cloud from 
which the planets condensed, with a concentration close to the 
terrestrial value. Thus, it appears that rather than representing 
a deuterium enrichment by some escape process, the discrepancy 
between the solar and terrestrial concentrations actually reflects 
the fact that the consumption of deuterium in the sun by nuclear 
reactions occurred after the differentiation process between 
planetary and solar matter, as postulated by Kuiper.’ In the 
primordial solar nebula, isotopic equilibrium at low temperature 
was probably established between the large amount of hydrogen 
gas and the comparatively small amount of water. Since this 


THE EDITOR 641 


equilibrium must have favored a concentration of deuterium in 
the water and since the hydrogen escaped completely during the 
process of accumulation of the planets, while some water was 
preserved, a D/H ratio of somewhat less than 1/6500 can be 
estimated for the hydrogen in the primeval cosmic material. 

The author is greatly indebted to Dr. H. C. Urey for his 
continued and helpful interest during the course of this work. 


* Present address: Istituto di Fisica dell'Universita, Gesove, Italy. 

1D. H. Menzel, Publs. Astron. Soc. Pacific 44, 41 (19 

2W. IL. Claas, Recherches pro thenedh nen de rObeere. d'Utrecht 12, 1 
(1951). 

4 See for example E. E. Salpeter, tg Rev. 88, 547 (1952). 

4H. E. Suess, J. Geol. 57, 600 (1949), 

‘I. Friedman, Geochim. et Cosmochim. Acta 4, 89 (1953). 

*G. Edwards (private communication). Work in progress in this labo- 


ratory. 
1G. Boato, Geochim. et Cosmochim. Acta (to be published). 


*H. C. Urey and H. Craig, Geochim. et Cosmochim. Acta 4, 36 (1953). 
*G. P. Kuiper, The Atmospheres of the Earth and sient (University of 
Chicago Press, Chicago, 1952), second edition, pp. 318-19 


““Magnetic-Scanning” Method for Investigating 
Hyperfine Structure and Isotope Shift 
S. Mrozowski 


Department of Physics, University of Buffalo, Buffalo, New York 
(Received December 14, 1953) 


N a recent letter Bitter e al) reported some results obtained 

by exciting selectively hyperfine components in the resonance 
of mercury vapor. One of the ¢ Zeeman components of the line 
2537A emitted axially by a Hg lamp in a magnetic field was 
isolated. In varying the magnetic field and observing the intensity 
of the excited resonance radiation, the relative positions of the 
hyperfine structure components were determined and found to 
agree with the well-known structure of the line 2527A. Unexpected 
results were obtained for the intensities, however. It was found 
that the intensity of the resonance is not a linear function of the 
partial pressure of mercury, but rather reaches a maximum at 
total vapor pressures corresponding to temperatures of about 0°C, 
the position of the maximum being different for different isotopes. 
In trying to interpret the results, the authors came to a surprising 
conclusion: that this effect is due to collisions of the second kind 
leading to the ground state or to the metastable state *P». How- 
ever, the cross section for collisions in which large amounts of 
energy are transformed into kinetic energy of motion is negligibly 
small. Thus, in pure mercury vapor or in the presence of rare 
gases, no quenching collisions leading to the ground state are 
observed. For collisions leading to the metastable state *Po, the 
cross sections are of the same order of magnitude as the gas-kinetic 
ones (molecular gases) or considerably smaller (monatomic 
gases).? It can therefore be seen immediately that the explanation 
proposed is untenable, since the lifetime in the excited state *P, 
is 10-7 sec and the time between gas-kinetic collision in the 
saturated mercury vapor at 0°C is certainly longer than 10~ sec; 
the difference is a factor of 10°. Collisions with the walls become 
less frequent as the pressure increases and thus cannot be re- 
sponsible for a decrease of the intensity of the resonance. Finally, 
for collisions with large change in kinetic energy, no measurable 
difference in behavior of different isotopes is to be expected. 

It seems, therefore, that the intensity maxima are due to the 
method of observation adopted by these investigators and not to 
any real effect occurring in the mercury vapor. Unfortunately, 
insufficient details of the experimental arrangement are given to 
make possible an evaluation of their results. It can be assumed, 
however, that since their arrangement was basically the same as 
that used by Malinowski,’ the intensity of the resonance was 
observed in a perpendicular direction to the illumination. In such a 
case, the depth of penetration of the exciting radiation into the res- 
onance container decreasing with increase of pressure will produce 
a maximum of intensity for the laterally observed resonance from 
a definite region of the container. A simple estimate shows that 
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for a region located a few mm from the entrance window the 
maximum will, in fact, occur at around 0°C. (Atsucha pressure the 
fluorescent beam decreases in intensity by more than 25 percent 
in the first 5 mm of its path.*) In general, more strongly absorbed 
components should exhibit intensity maxima at lower pressures. 
Irrespective of the direction from which one observes the reso- 
nance, in order to draw any definite conclusions one has to make 
large corrections for the decay of the beam, shape of the exciting 
line, angle of observation, imprisonment of the radiation, distance 
from the observation window (reabsorption), and so forth.® As a 
result, no reasonably accurate results for the relative intensities 
can be expected without using a highly refined technique. It is 
for this reason that direct measurements of the absorption are 
superior to an indirect method consisting of a determination of 
the intensity of resonance fluorescence. 


a" Plotkin, Richter, Teviotdale, and Young, Phys. Rev. 91, 421 
a ). 

2A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation and 
Excited Atoms (Cambridge University Press, Cambridge, 1934), see pp. 
224 and 235-6. 

4A. v. Malinowski, Ann. Physik 44, 935 (1914), Fig. 1 and pp. 951-2. 

4 Absorption coefficient data for 2537A are given, for instance, in M. W. 
Zemansky, Phys. Rev. 36, 219 (1930). 

*A very good discussion of these corrections can be found in P, Kunze, 
Ann. Physik 85, 1013 (1928). 


Internal Compton Effect in Ba” 


Laxry Sprucn AND G. GOERTZEL 
Physics Department, Washington Square College, New York University, 
New York, New York 
(Received December 16, 1953) 


ONTINUOUS gamma rays accompanying internal conversion 
were recently detected! for the first time. The process bears 

the same relationship to the Compton effect as internal pair 
production does to pair production, and will be referred to as the 
internal Compton effect. The ratio of the total number of gamma 
rays between 50 and 200 kv to the number of internally converted 
electrons was found to he in crude agreement with the ratio 
predicted by the only theory available, the semiclassical calcu- 
lations of Wang Chang and Falkoff,? but the angular distribution 
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Fic. 1. Angular correlation between direction of conversion electron 
from Ba’ and of the gamma ray of the continuous radiation. Circled 
points represent the experimental measurements of Brown and Stump; 
the solid curve is the value predicted on the basis of semiclassical theory. 
The dotted curves represent the values predicted for the actual case, an 
M4 transition, and, for comparison, for an M1 transition. P is the proba- 
bility of emission of a yy ray of the continuous radiation with an 
energy between 50 and 200 kev into a unit solid angle at an angle of 6° 
with respect to the electron. 
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differed markedly from the theoretical prediction. The disagree- 
ment is not surprising, for the theory neglects the recoil of the 
electron upon emission of the real gamma ray, an approximation 
which is not completely justifiable for the electron and gamma-ray 
momenta involved. The theory also ignores the mechanism by 
which the electron is ejected and is, therefore, independent of the 
multipole character of the virtual gamma ray and of the initial 
spatial distribution of the electron. Finally, it ignores the effect 
of the Coulomb field on the electron in the intermediate and final 
state. 

All but the last defect are eliminated by a quantum calculation 
using the Born approximation. This latter approximation is still 
quite a serious one for Ba’; in fact, the Born approximation 
calculation of the internal-conversion probability, which forms 
one of the two parts of the calculation, is only 0.4 of the true 
value. It would seem, though, that the ratio of continuous gamma 
rays to internally converted electrons should be more reliable 
than either calculation separately, since quite similar approxi- 
mations are involved. Nevertheless, as seen from Fig. 1, the 
quantum calculations do not represent an improvement. The 
error is not due to the neglect of L shell conversion and it is 
highly unlikely that it is due to the neglect of Z5 conversion. 
The source of the error must then be the neglect of the Coulomb 
field. It should be noted that in the experimental results the 
beta-decay bremsstrahlung background was subtracted off on 
the basis of a calculation which also ignored the effect of the 
Coulomb field. 

The quantum calculations, which should be valid for small 
charge and large energy, have been performed for an arbitrary 
magnetic multipole. It is found that the ratio of continuous 
gamma rays to internally converted electrons is independent of 
the nuclear matrix element and decreases as the charge or the 
multipole increases. The transition rate for continuous gammas, 
however, increases as Z increases. The details of these calculations 
will be submitted for publication shortly. 


1H, B, Brown and R. Stump, Phys. Rev. 90, 1061 (1953). 
2C. S. Wang Chang and D. L, Falkoff, Phys. Rev. 76, 365 (1949). 


Kinematic Criterion for Meson Production in 
Fundamental Particle Collisions* 
R. M. STERNHEIMER 


Brookhaven National Laboratory, Upton, New York 
(Received December 10, 1953) 


HEN one or several mesons are made in a nucleon-nucleon 
or pion-nucleon collision at cosmotron energies,' the angle 
of recoil of the nucleons in the laboratory system cannot exceed 
a maximum value 6,, which depends on the energy of the incident 
nucleon or pion and on the number of mesons produced. As an 
example, 8,, is 68° for a collision of a 2.2-Bev neutron with a 
proton in which one pion is made. This result can be used to 
establish that a particle which goes off at an angle greater than 
6, in an inelastic n-p collision cannot be a nucleon and must, 
therefore, be a pion (or a heavy meson). Such a criterion is 
useful in the analysis of cloud-chamber pictures. 

In order to obtain 6,,, the maximum possible velocity of a 
nucleon in the center-of-mass system (c.m.s.) must be calculated. 
In order that the nucleon have maximum velocity, it is necessary 
that all of the other particles move in a direction opposite to the 
nucleon. The masses, momenta, velocities, and total energies of 
the particles in the c.m.s. will be denoted by mi, pi, 9;, and Ei, 
respectively ; the subscript ¢= 1 pertains to the nucleon considered ; 
the other particles are labeled by i=2, ---k. In view of conser- 
vation of energy and momentum, », is given by 


k k 
n=e 2 pi/(E— Z E), (1) 
i 2 


where E=Z;.,*E; is the total energy in the c.m.s. 7; is to be 
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Fic. 1, Maximum angle Om of recoil proton in n-p collision with production 
of N pions as a function of kinetic energy E, of incident neutron in labo- 
ratory system. 


maximized subject to the condition that 


k 
2 E;=constant. 
“1 


This problem is equivalent to that of finding the extremum of 


. 
K=v,+r2 E,, (2) 


i~1 


where ) is a Lagrangian multiplier. K can be written 


k k k 
K=22 pi/(E— = Ei)+de([mie+( 2 p,)*} 
i— i 2 


k 
+ 2 (mie+ pit). (3) 


The extremum of K with respect to variations of p2, ps, ++ px is 
obtained from the conditions 
0K /dp;=0. 


In view of 0E;/Ap;=0;, Eqs. (4) become 


(j= 2, 3, +>) (4) 


OK k k a 
=¢/(E— 2 E:)+e piv;/(E— 2 E;)? 
Op; i i red 


k 7 
+ALeE Z pi/(E— 2 Ei)+0jJ=0. (j=2,3,---k) (5) 
i—2 i—2 


In order that the k—1 equations (5) for \ be simultaneously 
satisfied, these equations must be identical, giving 


Dg= p= +++ =D, (6) 














10 15 20 25 3» 
PION ENERGY Ey (Bev) 
Fic. 2. Maximum angle 6m of recoil proton in pion-nucleon collision 


with production of N pions as a function of kinetic energy E, of incident 
pion in laboratory system. 
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This result implies that particles 2, 3, ---4 move like a single 
particle of mass 


k 
m'= = mi. 
wt 


The momentum of m’ is p;, so that 


k 
(Apit+-mirc*)§+ [A p?+ ( Zz m)*c* }b= E. (7) 


Equation (7) can be solved for f:, and hence for %, with the result 


anda) " 


where 
b k 
As[(E+ 2 miec*)?—mic[(E— 2 mie*)?— mie). (9) 
i— i 


The angle 6 of the nucleon in the laboratory system is given by 


0, (1— V2/c*)4 sind 
tand= V+1,cos# ° 


where V is the velocity of the c.m.s. with respect to the laboratory, 
and @ is the angle between the directions of the nucleon and the 
incident particle in the c.m.s. The maximum value of 6(=6,,) is 
obtained from 


(10) 


d tand/do=0, (11) 
which gives cos#= —»,/V. Upon inserting this result in Eq. (10), 
one finds 


tanO,, = 0; (1— V?/c*)8/(V?—»;*)4. (12) 
Equations (8) and (12) determine bn. Figure 1 shows bn for 
production of N=1, 2, and 3 pions in m-p collisions as a function 
of the kinetic energy 2, of the incident neutron in the laboratory 
system. Figure 2 shows 6,, for production of N = 1, 2, and 3 pions 
in pion-nucleon collisions as a function of the kinetic energy 2, 
of the incident pion. 

We note that Eqs. (8), (9), and (12) are general, and can be 
used for any particle m, when the total energy Z and the masses 
m1, M2, +: *m, are known.? These equations can be applied to find 
the maximum angle of a particle which results from the decay in 
flight of a meson or a V particle. 

A further application of Eqs. (8) and (9) concerns the maximum 
possible momentum ?; which a particle can have in the laboratory 
system as a function of the laboratory angle 6,. Upon assuming 
a value of m, » can be calculated, and p; is obtained from 
and V. If the observed momentum exceeds p, this fact can be 
used to aid in identifying the particle. 

I would like to thank Dr. R. P. Shutt and Dr. H. S. Snyder 
for helpful discussions. 

* Work done under the auspices of the U. S. Atomic Energy Commission. 

1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 758 (1953). 

? Equations (8) and (9) are unchanged if an arbitrary number of y rays 
or neutrinos accompany mi, ms, «--ms. For it may ily proved that 


the modification of Eq. (7) due to such messless particles yields a value of 
pi which is greatest when the total energy of the messless particles is zero. 


Phase-Shift Analysis of High-Energy 
Nucleon-Nucleon Scattering* 
R. M. THALER AND J. Bencstont 


Yale University, New Haven, Connecticut 
(Received December 7, 1953) 


HE 240-Mev proton-proton scattering data! have been 
analyzed in terms of s-wave and p-wave anomalies.* If the 
s-wave phase shift 'Ko is assumed to be 'Ko=31.3°,' then, neg- 
lecting Coulomb interaction, the combinations of p-phase shifts 
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Fic. 1. Triplet p-phase shifts at 240 Mev (8:>0) 'Ke =31.3°; dashed lines 
enclose regions admitted by large angle data; 8 <0 shown by cross hatch. 
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Fic. 2. Triplet p-phase shifts at 240 Mev (4: <0), Otherwise as in Fig. 1. 








8; yielding within experimental error an angle-independent 
ro~4.5 mb/sterad are restricted to the regions between dashed 
lines shown in Figs. 1 and 2. The increase in eg shown by the 
Rochester data has been found to correspond to B= Z9*(2j+ 1) 
sind; cosd;<0, restricting possible 6; to cross-hatched regions 
of Figs. 1 and 2. “Inverted”’ level position of *P¢ 1,2 gives 5: >61> 50, 
a condition obtainable on the left of Fig. 1, which yields partial 
inversion as well. The fits are consistent with “charge inde- 
pendence,” as in Fig. 3. Here n-p data‘ are fit with 'Ko=30.9°, 
1K, = 13,3°, *Ko=50.8°, *K,=9,9°, and the 4; are from contour 
such as in Figs. 1 and 2 but for 260 Mev. The singlet phase shifts 
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Fic. 3. n-p scattering cross section (see reference xt * a Mev. 
'Ko, ‘Ki =30.9°, 13.3°; 4Ko, *K2 =50.8°, 


Curve A: 80, 81, 82, 8 =13.5°, 6.7°, —25.7°, —1.4. 
Curve B: 50, 1, 62, 8 = —13.5°, —6,7°, 25.7°, 1.4. 
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L=0,1 are for Yukawa parameters C=89.8mc?, a=0.42e/me 
while the *Ko2 are for C=132.4mc?, a=0.42e?/me*. Figure 3 
shows that 6<0 is also favored by n-p data. A more complete 
account of these calculations is in preparation. 

The authors wish to thank Professor G. Breit, who initiated 
this work and guided the authors at every stage. 


* Now at Oak Ridge National Laboratory, P. O. Box P, Oak Ridge, 


Tennessee. 
t Assisted by the joint program of the U. S. Office of Naval Research 


and the U. S. Atomic Energy Commission, and by the Office of Ordnance 


Research. 
1C, L, Oxley and R. D. Shamberger, Phys. Rev. 85, 416 (1952); O. A. 


Towler, Jr., Phys. Rev. 85, 1024 (1952) 

2 J. Bengston and R. M. Thaler, Phys. Rev. 91, 454 (1953). The results 
of this work were previously stated by G. Breit at the 1952 Rochester 
Conference in the discussion of calculations of Martin and Verlet. A. 
Garren, Phys. Rev. 92, 213 (1953). 

+ Calculated in first Born approximation for the meson well 

V = —C'(mc*) [r/ (e*/mc*)a’}~ exp{ —[r/(e2/me)a’)}, 


with C’ =89.8 and a’ =0.42. 
‘ Kelly, Leith, Segré, and Wiegand, Phys. Rev. 79, 96 (1950). 


*F, Coupling on Nucleon-Nucleon 
Scattering* 


R. M. THALER, J. BENGsTON,f AND G. BrEIT 
Yale University, New Haven, Connecticut 
(Received December 7, 1953) 


Effect of *P,— 


eye ~ present work takes the viewpoint! of specifying the 
nucleon-nucleon interaction by means of phase shifts 
assignable to each J, the viewpoint being equivalent to a scat- 
tering matrix specification. One may expect, therefore, coupling 
between states of different L; field theories are still powerless in 
ruling out appreciable effects of this sort. While there has been 
no definite evidence of isobaric state formation in pion-nucleon 
scattering,’ the interaction is nevertheless so strong* and complex 
that reasonably stable states of a two-nucleon—meson system 
would be hard to rule out and the region of excitation energies of 
the order of the pion mass would be a likely one. Some conse- 
quences of a similar assumption as applied to s scattering are 
known not to be in contradiction with “low-energy” scattering.‘ 
It appeared desirable, therefore, to consider the consequences of 
assumed couplings of states of the same J and different L, The 
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4P,—4F, case is the first of this kind for p-p scattering as J is 
increased. It appeared of interest to answer the following ques- 
tions: (a) are appreciable magnitudes of such coupling admitted 
by experiment? (b) Is there an appreciable effect of the coupling 
on values of phase shifts for other J — L demanded by experiment? 

For p-p scattering, phase shifts for all J<2 were admitted. 
The s waves were as in the preceding letter. No restriction on 
5Po, states was made. The *P,—*F; coupling was treated in 
resonance-theory scattering-matrix formalism, all of 5(*F2) arising 
from 6(?P2) through the intermediate state. Fits at 240 Mev were 
considered typical. Values of K(‘D,) up to ~4° were used. 
It was found that one needs an “uncoupled” 6(*P:)<0 for 
T=tan“((l'.+T3)/(Er—E£)]>0.1 and T<0.3 for 'K,>0. Here 
the ,, I's are for L=1,3 and Eg >300 Mev is the resonance 
energy parameter. Thus the coupling considered works somewhat 
against inverted order of P terms but admits such order for 
T <0.1. Fits satisfying charge independence exist in a large range 
of parameters and fits giving an inverted order of P levels together 
with charge independence have been found. 

It is believed, therefore, that calculations of P waves from 
pseudoscalar and related potentials may need additional adjust- 
ment for intermediate-state coupling. A more complete account 
will be published. Thanks are due Mr. Alvin Saperstein for 
checking some of the analytical work. 


* Now at Oak Ridge National Laboratory, P. O. Box P, Oak Ridge, 


Tennessee. 

Tt Assisted by the joint rogram of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission, and by the U. S. Office of 
Ordnance Research. 

1G. Breit, Nuclear Physics, University of Pennsylvania Bicentennial 
en (University of Pennsylvania Press, Philadelphia, 1941), 

A. Brueckner, Phys. Rev. 86, 106 (1952); Anderson, Fermi, Long, 
und Reale. Phys. Rev. 85, 936 (1952); Anderson, Fermi, Nagle, and Yodh, 


Phys. Rev. 86, 793 (1952). 
3N. Austern, Phys. Rev. 87, 208 (1952); B. T. Feld, Phys. Rev. 91, 454 


(1953). 
Breit and M. C, Yovits, Proc. Nat. Acad. Sci. 37, 771 (1951). 
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‘G. Breit, Phys. Rev. 58, 1068 (1940). 


The Branching Ratio of K*°} 


G. J. WasserBuRG, Institute for Nuclear Studies, 
University of Chicago, Chicago, Illinois 


AND 
R. J. HaypDEN, Argonne National Laboratory, Lemont, Illinois 
(Received December 9, 1953) 


TTEMPTS to measure the branching ratio of K® by deter- 
mining the A®/K® ratio in potassium minerals of supposedly 
known age were recently reported by Russell, Shilibeer, Farquhar, 
and Mousuf! and by Mousuf.? These results indicated a branching 
ratio of 0.06+0.006. Other recent determinations of \«/Ag by 
counting methods? and by determining the A®/Ca® ratio in 
geologically old potassium salts‘ are in agreement with a value 
of 0.13. 

In view of this discrepancy, we have redetermined the A®/K® 
ratio in a sample of potassium feldspar which was supplied to us 
by Russell ef al. This sample is listed by them as number 4.! 
Three runs were made on this material using an isotopic dilution 
technique. The feldspar was crushed and three samples coarser 
than 80 mesh were obtained. One aliquot of each of these samples 
was analyzed for potassium by K. Jensen and M. Sjoholm of the 
Argonne National Laboratory. An aliquot of this material finer 
than 180 mesh was also analyzed and a value of 10.43 percent K 
was obtained. This is 5 percent less than the amount found in the 
coarser fractions. 

Another aliquot of each screened sample was dropped into a 
nickel furnace containing molten NaOH at 600°C. A known 
volume of A* was added® and the reaction allowed to proceed 
for 24 hours. In runs 1 and 2 the tracer was added as soon as the 
reaction started. In run 3 the tracer was added 12 hours after 
the reaction began. The gases were then purified and the argon 
analyzed by means of a mass spectrometer with a 12-inch radius 
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Taste I. Data for potassium feldspar sample No. 4, Pink Microcline, 
Bessner Mine, Lot 5 Con, B., Henvey Twp., Ontario. 





Run 





Sample 
weight (g) 14.522 27.283 
Sieve size 
(mesh) 40-80 18-40 
Percent K 11.00 10.92 
A¥/A® 1.9240.02 X10 9.03+40.1 K10~¢ 
AM/A* 0.0506 +0.001 0.044 +0.001 
Volume of A‘ 
in tracer 
(ce stp) 
Radiogenic 
A® (ce stp) 


6.902 
18-40 
10.92 
3.72 40,02 X107* 
0.032 40.001 


1,143 40,02 X10- 0.99740.02 X10-* 1.063 40.02 X10~* 


3,99 40.12 X10-¢ 
0.0536 +0.0014 


4.03 0.12 X10~* 
0.0541 +0.0014 


4.01 +0.12 X10~ 
0.0534 +0.0014 








of curvature and 60° deflection. This instrument can completely 
resolve equal peaks separated in mass by one part in two thousand. 
Thus, possible hydrocarbon background peaks could be resolved 
from the argon. No such peaks were actually observed when the 
sample tube was kept at liquid air temperature. 

The data obtained are listed in Table I along with the sample 
weights. The A*/A® ratio in the tracer is 0.54+0.01. The error 
given for the A®/K® ratio is the square root of the sum of the 
squares of the individual mean deviations and estimated errors. 

The amount of atmospheric contamination is determined from 
the A**/A® ratio and is less than 3.3 percent in all runs. It is seen 
that the results of the three runs agree within two percent. 

A sample of Opal glass and potassium feldspar obtained from 
the Bureau of Standards was analyzed along with an aliquot of 
feldspar used in run No. 2. The results obtained with the two 
standards agree with the values listed by the National Bureau of 
Standards® within one percent. 

The value of A®/K® given by Russell e al. is 0.037+-0.004. 
The values which we have obtained is 0.0537+0.0014. We have 
obtained 75 percent greater yields of radiogenic argon per gram 
of sample than they report and the potassium content which we 
have determined is greater than theirs by 17 percent. 

Using a value of 0.54X10~* year™ for the decay constant and 
0.060 for the branching ratio, we obtain an age of 12.6x10* 
years. The age which was assumed by Russell ef al. was 9.4 10* 
years. This age was determined from the Pb”*/Pb”’ ratio in a 
sample of uraninite from the same locality as the feldspar. The 
A®/K® age calculated for this feldspar, assuming our A®/K® 
ratio and a branching ratio of 0.13 is 7.0 10* years. Chemical 
analysis of this uraninite gave 5.57 percent lead and 52.76 percent 
uranium,’ Using the isotopic analyses of Russell ef al. and com- 
puting the contamination from Nier’s values on the Bear Lake 
galena,® we obtain a Pb*®*/U™* age of 6.9X10* years and a 
Pb”?/U™* age of 7.6X10* years. Nier* determined the Jead- 
uranium and lead-thorium ages of a sample of Bessner uraninite. 
He obtained a Pb”*/U™* age of 7.65X 10* years, a Pb®’/Pb™* age 
of 8.25 10* years, and a ThD/Th age of 7.87 108 years. 

Considering the uncertainty in the age assigned to this locality, 
we feel that our results are essentially in agreement with a 
branching ratio of 0.13. 

The authors are greatly indebted to Professor M. G. Inghram 
and to Professor H. C. Urey for their valuable guidance and 
suggestions during the progress of this work. 

t This work was supported in part by the U. S. Atomic Energy Commis- 
sion and in part by National Science Foundation Grant No. G- 
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7A. K, Mousuf, Phys. Rev. 88, 150 (1952). 

7W. R. Faust, Phys. Rev. 78, 624 (1950); Sawyer and M. L. 
Wiedenbeck, Phys. Rev. 76, 1535 (1949); Bae > 79, 490 (1950); 
P. R. J. Burch, Nature 172, 361 (1953). 

4Inghram, Brown, Patterson, and Hess, Phys. Rev. 80, 916 (1950), 

§ Richard J, Hayden and Mark G. Inghram_in Mass Spectroscopy in 
Physics Research, National Bureau of Standards Circular $22 (U.S. Govern- 
ment Printing Office, Washington, D. C., 1953), p. 189, 

#1949 Supplement to evens Bureau of Standards Circular 398; 
so 1 Number 70 and 9 


7J. L. Kulp, Columbia Letantees (private communication). 
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Beta Decay of Np?** 
HiLpinc SLAtis, Joun O. Rasmussen, Jr.,* anp HvGo ATTERLING 


Nobel Institute of Physics, Stockholm, Sweden 
(Received December 14, 1953) 


E have reinvestigated the beta and conversion electron 

spectrum of 2,1-day Np™* using a precision double- 
focusing spectrometer! and a high-transmission intermediate- 
image spectrometer? The previous investigation of Freedman 
et al.4 (with Mihelich’s* reinterpretation of some low-energy 
conversion lines) showed gamma transitions of 43, 103, 983, and 
1030 kev and a two-component beta spectrum, 47 percent with 
an end point of 1272 kev and 53 percent with 258 kev. The 
spectrum of the 1272-kev group was reported to have allowed 
shape. Decay schemes have been proposed by Freedman ef al.3 
and by Asaro et al. The fine structure observed in alpha decay® 
of Cm* also gives valuable evidence regarding the low-lying 
levels of Pu™®, 

Np** was produced by bombardment of uranium metal with a 
12.5-Mev internai proton beam. A uranium disk was placed in a 
cavity of a copper plate soldered to the water-cooled target holder. 
The uranium surface facing the beam was covered with a 0.015 mm 
thick platinum foil in order to prevent sputtering of uranium 
into the cyclotron chamber. Essentially weightless and chemically 
pure samples of neptunium were isolated using separation pro- 
cedures previously described,® the final step involving separation 
of neptunium from lanthanum carrier by a cation exchange 
column elution with 13M HCl. 

Table I summarizes the energies and intensities of observed 
conversion lines due to Np*** decay. The intensities of the lowest- 
energy conversion lines were corrected slightly for counter window 
transmission loss, Of greatest interest is the evidence for additional 
gamma transitions of 939 and 925 kev, although the latter was 
so weak as to be somewhat uncertain. 

The agreement of energies from this work and from alpha 
spectroscopy of Cm*" indicates that the 44.1-kev transition is 
between the first excited state and ground state of Pu’, while 
the 102.1-kev transition is between second and first excited states. 
The ratios of the Z subshell conversion coefficients’ point to E2 
assignments for these transitions. The energy difference between 
the 1030- and 986-kev gamma rays is 44 kev, leading us to believe 
that both of these gamma rays arise from a common level and go 
to ground and first excited states, respectively. The 939-kev 
gamma ray evidently most come from a level with energy near 
that of the 1030-kev level. Although it does not seem possible to 
construct a unique decay scheme from the available data, it 
seems probable that both the hard and soft beta groups are 
themselves complex. We determined the ratio of the intensities 
of hard to soft beta groups as 55:45, in good agreement with the 
ratio 53:47 of Freedman et al.? The 44,1-kev transition, being £2, 
is almost totally converted, and from Table I the total conversion 
line intensity is 65 percent of total beta disintegrations. Hence, if 
more than 10 percent of the soft beta particles cascade through 
the 44.1-kev transition, that percentage excess must equal hard 
beta particles not cascading through it, that is, going to the 
ground state. The energy separation between possible hard beta 
components is not large enough to be clearly resolvable in our 
Fermi-Kurie plots from intermediate image spectrometer data. 
These plots do show some slight curvature near the end point 
consistent with beta groups of 1290 and 1246 kev, but the curva- 
ture could be instrumental and interpretation made as a single 
group of 1260 kev. Electron-electron coincidence studies are 
needed to clear up this question. Whether or not this complexity 
exists, the Fermi-Kurie plot for allowed shape is much straighter 
than that including the unique correction factor for AJ =2, yes- 
type spectra. The tables of Rose e al. were used to determine 
the correction factor. The allowed shape determination confirms 
the finding of Freedman ef al.* Our low-energy beta end point is 
about 271 kev but conversion lines obscure parts of the spectrum, 
so the determination is not precise. 
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TABLE I, Conversion lines in the beta spectrum of Np™*, 








Abundance of 
conversion 
electrons 


Electron 
binding 
energy* 


Interpretation 
of line (kev) 


. per . 
disintegrations 


E 
(kev)® 





28.7 


Lu 
21.0 


Lm 


a) rh 
Cr 
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* Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 
+ The weighted mean energies of the gamma rays, in kev, are: yi, 44.1; 
72, 102.0; ys, 925; ya, 939; vs, 986; vs, 1030. 


The new high-energy gamma transitions indicate the presence 
of at least two levels near 1 Mev with spacings of the same order 
as the close-lying levels above the ground state. The strong 
surface-coupling model of Bohr and Mottelson® predicts rotational 
band spectra on higher excited states as well as on the ground 
state. It seems quite likely that the close-lying levels around 
1 Mev in Pu** represent such a rotational band system. 

This investigation will be reported in more detail later. 

One of us (J.O.R.) wishes to acknowledge a fellowship from 
the Nobel Institute of Physics during the time this work was 
carried out. 

* Present address: University of California Radiation Laboratory, 
Berkeley 4, California. 

1N. Svartholm and K. Siegbahn, Arkiv Mat. Astron. Fysik A33, No. 21 
(1946); Hedgran, Siegbahn, and Svartholm, Proc. Phys. Soc. (London) 
63, 960 (1950); Hedgran, Arkiv Fysik 5, No. 1 (1952). 

2H. Sladtis and K. Siegbahn, Arkiv Fysik 1, 339 (1949), 

4 Freedman, Jaffey, and Wagner, Phys. Rev. 79, 410 (1950). 

4J. W. Mihelich, Phys. Rev. 87, 646 (1952). 

5’ Asaro, Thompson, and Perlman, Phys. Rev. 92, 694 (1953). 

* Magnusson, Thompson, and Seaborg, Phys. Rev. 78, 363 (1950). 

1 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 

® Rose, Perry, and Dismuke, Oak Ridge National Laboratory Unclassified 
Report ORNL-1459, February 1953 (unpublished). 

*A. Bohr and B. R. Mottelson, Phys. Rev. 89, 316 (1953); 90, 717 
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Influence of the Earth’s Magnetic Field 
on the Extensive Air Showers 
GiusEepre Coccon! 


Cornell University, Ithaca, New York 
(Received December 11, 1953) 


HIS note is written to point out that the displacement from 

the rectilinear path produced by the action of the earth’s 

magnetic field on the electrons (+:) of an extensive air shower 

(e.a.s.) can be not negligible in comparison with the displacement 
due to Coulomb scattering. 

Several elaborate calculations have been made by various 
authors to evaluate the lateral spread of e.a.s., but none, to our 
knowledge, takes this effect into account. A qualitative discussion 
is given here. 

Most of the e.a.s. fall on the earth with small zenith angles; 
hence we shall consider here only the influence of the horizonta 
component of the magnetic field :! H =0.31 cos gauss, where A is 
the geomagnetic latitude. The corresponding radius of curvature 
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of an electron of energy E(>>mc*) is 
p=1.08X107E/cosA cm (E in ev). 


When the displacement D,, due to the magnetic field is small 
in comparison with the length of the path 7, as it always is in 
air, then 


Dn= - (T—1)dt/p. 


Dm, must be compared with D,, the projected lateral displace- 
ment due to multiple Coulomb scattering, which is the main 
phenomenon responsible for the distribution of the electrons 
around the core of e.a.s. With sufficiently good accuracy 

2\-ap2 [7 (T—1)*dt _ 2 

(Di) = 482 [" = 9, 

where E,=2.1X10" ev is a constant, and X¥=(3X10'/P) cm 

(P=air pressure in atmospheres) is the characteristic radiation 
length in air. 

If the energy losses can be neglected, EZ and p are constants, 
and if the atmospheric pressure is also taken as a constant, then 


Dn _T / E?T"\3 

D, 2p! \6XE 
For T=1 km and P=, the ratio, independent of energy, is 
already 0.3 cosa. 

A more specific case can be considered. Above the critical 
energy most of the electron energy losses are due to radiation. 
In a simplified model, the energy of an electron is reduced by a 
factor of 2 for each radiation length. The atmospheric pressure 
can be considered as a constant. Then E(t)=£r exp[a(T—/)], 
where Er is the energy of the electron after crossing the thickness 
T, and a= (log2) /X =2.3X10-5P cm™. One obtains 


Dmn= (e#? —aT —1)/(prate®”). 
If a7 >1, i.e., if T>1 km at sea level,? 
Dm 1/(pra®) = 1.75 X 10" (cosd)/(ErP*) cm, 


=9.3X10“(T/F)t cost (T in cm). 
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independent of 7. With the same assumptions, 
(aT +1)*+a*7?]* E, 
~~ exp(2aT) aT>1 (8Xa)tEr 
3.9X 10" 
BrP 





E, 
D. (8Xa!)tEr 


cm. 


The ratio is 
D»/ D,=0.45(cosd)/P (for aT>1). 


Up to quite high latitudes the separation in the E-W direction 
of the negative electrons from the positive ones due to the earth’s 
magnetic field is then about as large as the average lateral dis- 
placement due to scattering; the effect increases with altitude. 

For electrons of energy smaller than the critical energy, the 
magnetic displacement presumably becomes small in comparison 
with that due to Coulomb scattering, because these electrons 
cannot travel very far in the air and are instead carried away 
from the axis of the shower mostly by single large-angle scat- 
terings. Thus, the magnetic deflection modifies quite strongly the 
distribution around the core of the showers of high-energy 
electrons, and to a smaller extent that of the low-energy ones. 
At latitudes lower than ~50° and around sea level the distribution 
of vertical showers is not circular but, roughly speaking, elliptical, 
with the major axis in the E~W direction and almost two times 
longer than the small axis. 

This phenomenon will make it difficult to analyze experiments 
on the distribution of high-energy electrons around the care of 
e.a.s. awd in general all experiments whose interpretation depends 
on the electron lateral distribution. 

Probably the magnetic deflection does not strongly affect the 
distribution of the other components of e¢.a.s., namely nucleons 
and mesons. In fact, the angle at which these particles are emitted 
in nuclear interactions is responsible for a lateral displacement 
much larger, in most cases, than that produced by the earth’s 
magnetic field. 

1A more detailed calculation should take into account the fact that the 
displacement due to the earth's magnetic field is a function of both zenith 
and azimuthal angles, 

2 Dm converges rapidly when T increases because the energy of the 


electron increases rapidly with altitude. This justifies the assumption 
P =constant. 
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MINUTES OF THE SIXTH ANNUAL CONFERENCE ON GASEOUS ELECTRONICS, SPONSORED JOINTLY BY THE 
DIVISION OF ELECTRON PHysiICcs OF THE AMERICAN PHYSICAL SOCIETY AND THE U, S. OFrFICE oF 
NAVAL RESEARCH, HELD AT WASHINGTON, D. C., OCTOBER 22-24, 1953 


HE Sixth Annual Conference on Gaseous Elec- 
tronics was held at the Shoreham Hotel, 
Washington, D. C., on October 22, 23, and 24, 1953. 
There were 228 registrants. One invited paper 
“Ultra-Violet Photons in the Decay of Metastable 
Argon Atoms” by L. Colli and U. Facchini of 
C.I.S.E., Milan, Italy, was presented in absentia. 
Abstracts of some of the forty-four contributed 
papers are printed below. A banquet was held on 
the evening of the 23rd. The guest speaker, Captain 
C. W. Shilling, Senior Medical Officer at the U. S. 
Naval Academy, presented an excellent address on 
the value of basic research, and cited numerous ex- 


amples in the medical field. Also at the banquet, 
the conference committee for the forthcoming year 
was announced as follows: Professor W. P. Allis, 
Chairman; .L. Fisher, Secretary; E. O. Johnson; 
W. Gruner; H. D. Hagstrum; M. A. Biondi; 
S. Githens; and M. Kuper. 


Al. Calculated Values of the Parameters of Noble Gas 
Discharges. WALTER J. GRAHAM AND ArtuHuR J. Rvawie, U. S. 
Naval Research Laboratory.—Molar properties of gaseous dis- 
charges are determined by the transport cross section which 
is expressible in terms of the phase shifts defined in electron- 
atom scattering theory. o:(v) was calculated for helium, neon, 
and argon using values of phase shifts mo to ns derived by 
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Westin! from existing scattering data. Druyvesteyn distribu- 
tion functions were calculated for E/p from 0.1 to 1.0. Average 
values were then calculated for collision frequency, drift 
velocity, diffusion coefficient, and average energy. Also, 
collision frequency and elastic energy loss were calculated 
using Maxwell distributions for kT, up to 10 ev. These calcu- 
lations are particularly useful at very low energy, where ex- 
trapolation of phase shifts is more reliable than of the experi- 
mental data. Values of 7; are compared with those of Barbiere 
(taken from direct scattering data); values of drift velocity 
are somewhat lower than Nielsen's data. 


1 Kgl. Norske Videnskab. Selskabs. Forh. 1946 Nr, 2. 


A2. RF Noise from Low-Current, Atmospheric-Pressure 
Arc Discharges in Air. M. I. SKoLNIK, The Johns Hopkins 
University.—1t was found that broad-band rf noise can be 
obtained from low-current dc arcs operated in air. Arc cur- 
rents ranging from 20 to 200 ma and electrode separations 
from 0.01 in. to 4 in. were used. The largest amount of noise 
power was obtained with cold-cathode arcs using aluminum 
or copper cathodes. Noise power measurements were made 
over the frequency range from 38 to 4500 Mc. For arc cur- 
rents of 50 ma, a noise factor (ratio of noise power actually 
obtained to the noise power theoretically available from a 
resistor at room temperature) of approximately 115 db was 
obtained at 40 Mc, and at 4500 Mc the noise factor exceeded 
65 db. The maximum noise factor corresponds to an effective 
noise temperature of approximately 10°K. The noise output 
was reduced after approximately one-half hour with aluminum 
electrodes and after a few minutes operation with copper. 


When thermionic cathodes, such as tungsten or carbon, were 
used, little noise was produced. It was found that the noise 
was produced by a series of very narrow pulses of amplitude 
greater than 100 volts. The repetition rate was of the order of 


one or two megacycles and varied with the discharge current. 


A3. Phenomena Associated with Small Temperature Varia- 
tions of the Electron Gas in Discharge Plasmas around 300°K. 
Part I. Cross Modulation.* J. M. ANDERSON AND L. GoLp- 
STEIN, University of Illinois.—Investigation of guided micro- 
wave propagation through gaseous discharge plasmas has 
shown a ‘‘cross-modulation” effect’ substantially the same as 
the ‘Luxembourg effect’’ observed in the ionosphere. The 
interaction of microwaves (X-band) in the essentially iso- 
thermal plasma is explained, to a first approximation, on 
the basis of a theory proposed by Bailey and, Martyn.? A 
pulse-modulated, ‘“‘disturbing’’ wave (450-milliwatt peak), 
was propagated in square wave guide at polarization orthogo- 
nal to that of a lower-power continuous “‘wanted"’ wave 
through a gaseous discharge tube contained in the wave guide. 
Measurements were made in the decaying plasmas established 
in the rare gases at 1 to 20 mm Hg pressure. The envelope of 
the transmitted wanted wave, to which the pulse modulation 
has been transferred, yields a value for G (Townsend energy 
loss factor ~2m/M). In general, the excess electron gas 
“temperature’’ resulting from the absorbed microwave energy 
has been calculated to be of the order of a few times 300°K. 
Cross modulation is enhanced when a constant magnetic field 
at the gyro-resonance intensity of the disturbing wave fre- 
quency is applied to the plasma. 

* Supported by Air Force Cambridge Research Center and Wright Air 
Development Center. 


} Goldstein, Anderson, and Clark, Phys. Rev. 90, 151 (1953), 
*V. A. Bailey and D, F, Martyn, Phil. Mag. 18, 369 (1934), 


A4. Phenomena Associated with Small Temperature Varia- 
tions of the Electron Gas in Discharge Plasmas around 300°K. 
Part II. Afterglow Quenching. L. Go_psTern anp J. M. 
ANDERSON, University of Illinois.—The observed interaction 
of simultaneously propagated low-level electromagnetic waves 
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through an essentially iscthermal discharge plasma sug- 
gested that all phenomena strongly dependent on the tem- 
perature of the electron gas should be affected by the absorp- 
tion of low-level electromagnetic energy. Results of experi- 
mental verification and study of one such expected effect 
which concerns the recombination of electrons and positive 
ions will be reported. These studies are made by means of the 
visible recombination afterglow. Pulse-modulated (X-band) 
microwave energy was propagated through a discharge plasma 
as described in Part I. The visible afterglow intensity was ob- 
served by means of photomultipliers along the discharge tube, 
which was located in a wave guide. Asa result of pulsed micro- 
wave energy absorption the temperature of the electron gas is 
raised above the equilibrium temperature presumed ~300°K. 
The increased electron temperature decreases the afterglow 
intensity. In the case of electron removal, due mainly to re- 
combination with positive ions, this quenching is to be 
attributed to the decrease of the associated recombination co- 
efficient. In the case of diffusion removal of electrons the 
afterglow quenching is in addition to be ascribed to the in- 
creased loss of electron density brought about by accelerated 
diffusion. These effects constitute rather sensitive means of 
detection of high-frequency e.m. energy. 


AS. Microwave Measurements of the Properties of a DC 
Hydrogen Dischsrge.* Burton J. UpELsSON AND JouN E. 
CREEDON, U.S. National Bureau of Standards.—By microwave 
methods, the variation of electron density was determined 
along the length of a de discharge in 3-mm Hg of hydrogen, 
operating at currents of the order of 0.5 ma. A determination 
was also made of the variation of electron density and electron 
collision frequency (vc) as functions of both gas pressure and 
tube current in the positive column of a dc discharge. The 
method employed was the measurement of the change of 
resonant frequency and the change of voltage standing wave 
ratio at resonance produced by the introduction of a region 
of the discharge into the high field gap of a re-entrant S-band 
cavity. Discharge tubes of approximately 0.2-in. diameter and 
0.01-in. wall thickness were employed. From these measure- 
ments, relative electron density and vc were calculated.! The 
resultant values of collision frequency (vc=4.4X10°Xgas 
pressure) agreed favorably with the values calculated from 
the data of collision probability obtained from Brode.? 

* This work was sponsored by the U. S. Navy Bureau of Ships. 


1D. J. Rose and S. C. Brown, J. Appl. Phys. 23, 1028 (1952). 
?R. B. Brode, Revs. Modern Phys. 5, 257 (1933). 


A6. A Microwave Measurement of the Velocity Dependence 
of the Collision Cross Section of Slow Electrons in Helium.* 
LAWRENCE GOULD,{ Massachusetts Institule of Technology.— 
A microwave method previously reported! for determining 
the collision probability for momentum transfer of slow elec- 
trons has been modified so that a variation in average elec- 
tron energy from 0.012 to 3 electron volts may be obtained. 
Measurements of the ratio of the real to the imaginary part 
of the complex conductivity, using a null method,* are made in 
the afterglow of a pulsed discharge. The average electron 
energy is varied by applying a microwave electric field in 
the afterglow, and, under appropriate assumptions, the aver- 
age energy is determined theoretically from this field. Measure- 
ments from 0.012 to 0.052 electron volt are also obtained by 
varying the gas temperature from 95°K to 400°K. The value 
of the collision probability in helium is 18.342 percent from 
0 to 0.75 electron volt and increases slowly toa peak value of 
19.2+2 percent at 2.2 electron volts. 

* This work has been supported in part by the U. S. Army Signal Corps, 
the Air Materiel Command, and the U. S. Office of pene Research. 

+t Now at Microwave Associates, Boston, Massachuset 


1 Phelps, Fundingsland, and Brown, Phys. Rev. 8&4, rity (1951). 
*L. Gould and S. C, Brown, J. Appl. Phys. 24, 1053 (1953). 
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A7. The Excitation of Plasma Oscillations:* Duncan H. 
LoonEyf AND SANBORN C. Brown, Massachusetts Institute of 
Technology.—A beam of high-energy electrons, injected into 
the plasma of a de discharge from an auxiliary electron gun, 
excited oscillations in the plasma at the plasma electron 
oscillation frequency w,?=ne*/meo. A movable probe showed 
the existence of standing-wave patterns of the osciilatory 
energy in the region of the plasma in and around the electron 
beam. Nodes of the patterns coincided with the electrodes 
which limited the region of the plasma traversed by the beam. 
The standing-wave patterns were independent of the fre- 
quency of the oscillation. At any particular frequency, the 
standing-wave pattern was determined by the thickness of the 
ion sheaths on the bounding electrodes. The mechanism of the 
energy transfer from the electron beam to the oscillation of the 
plasma electrons was established as a velocity modulation 
process by the detailed behavior of the frequency of oscilla- 
tion and the transitions in the standing-wave patterns as the 
sheath thickness was varied. 

* This work has been supported in part by the U. S. Army Signal Corps, 


the Air Materiel Command, and the VU. S. Office of Naval Research. 
Tt Now at the Bell Telephone Laboratories, Inc., Murray Hill, New Jersey. 


Bl. On the Electron Current Saturation in a Ball-of-Fire 
Diode. G. Mepicus, Wright Air Development Center.—The 
electron current saturation in a ball-of-fire discharge, as de- 
scribed by Medicus! can be understood as fellows. The elec- 
trons constituting the anode current diffuse against a re- 
tarding field which surrounds the ball of fire, in the nonsatu- 
rated as well as in the saturated state. In the latter a thin 
Langmuir sheath along the anode develops which captures 
all the electrons that reach its edge by diffusion. So, regarding 
the electrons, the anode in principle behaves like a large plane 
probe with a good saturation characteristic. The ions in the 
nonsaturated state reach the anode by their mobility in the 
accelerating field. At electron current saturation, however, no 
ions can reach the anode because of the retarding field of the 
Langmuir sheath. In this case, the ions very probably are 
swept out from the space between anode and cathode onto the 
glass walls of the tube (and to the cathode housing) by an 
ion wind. 


1G. Medicus, J. Appl. Phys. 24, 233 (1953). 


B2. Buildup Times of Glow Discharges in Air.* ALEX 
MAYER AND L. H. FisHer, New York University.—This con- 
stitutes a preliminary report on the buildup time of glow 
discharges in air. Two chambers of different diameters (three 


and six inches) were studied. The electrodes were two-inch 
circular disks of brass in both chambers and the dry air sample 
was shared from the same manifold, External ultraviolet 
illumination of the cathodes was provided to avoid statistical 
lags. At an electrode separation of 2 cm and a pressure of 1 
mm of Hg the chambers give essentially identical results, the 
time lags being of the order of 1000 microseconds near thresh- 
old and 2 microseconds at an overvoltage of about 35 percent. 
For the same electrode separation and 0.1 mm of Hg (below 
the Paschen minimum) the tubes behave quite differently 
from each other. The breakdown voltage of the larger tube is 
considerably lower than that of the smaller tube. The forma- 
tive time lag of the smaller tube is 0.1 second at an overvoltage 
of 24 percent and decreases to 9 microseconds at an over- 
voltage of 550 percent; in contrast, the time lag for the larger 
tube is 1350 microseconds at 0.5 percent overvoltage and de- 
creases to 4 microseconds at 500 percent overvoltage. Results 
will be given for longer gaps. 

*Supported by the U. S. Office of Naval Research and the Research 
Corporation. 


B3. Formative Time Lags of Uniform Field Breakdown in 
Hydrogen.* I. Lessin AnD L. H. Fisner, New York Uni- 
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versity.—Formative time-lag measurements of spark break- 
down in uniform fields! have been extended to hydrogen. The 
variation of formative time lags with percent overvoltage was 
studied for pressures between 200 mm of Hg and atmospheric, 
and for electrode separations ranging from 0.5 to 2.0 centi- 
meters. The lags in hydrogen were found to be independent 
of pressure and to increase with increasing electrode separa- 
tion. The pressure independence of the lags corresponds to the 
results in air and nitrogen, but is in marked contrast to the 
results in argon and oxygen. The time lags in hydrogen are of 
the same order of magnitude as those found in air and nitrogen 
but are somewhat longer at the higher overvoltages and some- 
what shorter at the lower overvoltages. These results indicate 
once again a Townsend buildup before breakdown. Prelimi- 
nary attempts to interpret the data quantitatively in the 
manner given by Kachickas and Fisher for air, nitrogen, and 
argon have not succeeded too well. Calculations have been 
hampered by unavailability of reliable a/p values in the E/p 
region in which most of the data lie. However, it is concluded 
that the secondary mechanism is a photoelectric effect at the 
cathode. 


* Supported by the U. S. Office of Naval Research and the Research 


Corporation. 
Rev. 81, 109 (1951); 


. H, Fisher and B, Bederson, Phys. 
Kachickas and L. H. #isher, Phys. Rev. 79, 232 (1950) ; 88, 878 ‘Vesa; a 


775 (1953). 


B4. Current Growth in che Formative Time Lag of Sparks.* 
H. W. BanveEL, University of California at Berkeley,—Fol- 
lowing the work of Fisher and associates'* an oscilloscopic 
study has been made of the growth of current preceding 
streamer spark breakdown, during long formative time lags 
at low overvoltages. Time lags from 10-100 microseconds 
have been observed in dried air at 730-mm Hg. Currents have 
been observed from microamperes in the early part of the 
formative time rising to 10* amp just before breakdown. 
With heavy electron triggering a relatively consistent set of 
curves of current vs t/r, where r is the time lag, is obtained. 
Investigation with triggering of the order of 10 electrons per 
microsecond reveals that statistical factors cause great varia- 
tions in the formative time lag and rate of current buildup, 

* Supported by the U. S. Office of Naval Research and National Science 
Foundation funds, and a Research Corporation of Amores ‘eames 


1. Fisher and B. Bederson, Phys. Rev. 81, 109 (19 
1G. A. Kachickas, Doctor's thesis, New York Liteon. 


BS. Hitherto Unrecognized Aspects of Breakdown Stream- 
ers.* LEONARD B. Logs, University of California at Berkeley.— 
Oscilloscopic observations of streamers yield », the velocity 
of streamer tip advance, and m the number of positive ions 
left behind per cm advance which has remarkably constant 
values over the gap depending on streamer type. The fields 
X, down the streamer must be sufficient to maintain con- 
duction against charge loss, to yield a drift velocity v, and to 
maintain the integral of X. along the channel less than the 
applied potential V. This can only occur for observed values 
of v, if v,= n/n, where n, is the number of electrons per cm 
carrying current up the streamer, with a constant n,-+n elec- 
trons and ions created per cm advance. The volume density 
produced by n ions per cm causes radial expansion of the 
space charge by indrawn avalanches leaving a transient ex- 
panding luminosity behind the streamer tip. This expanded 
ionization slowly decays the current being carried up the 
narrow channel of n, electrons/cm which is followed by the 
return stroke. Further properties of preonset and breakdown 
streamers, and of stepped lightning leaders are presented. 


* Part of the investigations involved were supported by the U. S. Office 
of Naval Research funds and a grant from the Research Corporation, 


B6. Fast Time Analysis of Burst Pulse, Preonset Streamer, 
and Trichel Pulse Point-to-Plane Coronas.* M. R. Amin, 
University of California at Berkeley. (Presented by L. B. 
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Loeb.)—By developing suitable oscillographic techniques 
using both electrical and photomultiplier cell studies the 
three common aspects of point-to-plane corona have been 
studied in detail. Burst pulse corona is initiated by a burst 
of 210’ ions followed by a sequence of smaller pulses after 
dead times of 1-10 microseconds, with 10* ions each. As po- 
tentials increase above threshold, the sequences increase in 
length until interrupted by a gross space charge in the low 
field regions. This extinguishes the burst and a long clearing 
time follows. The whole sequence from threshold to steady 
corona is observed. Preonset streamers are shown to consist 
of a sharp peak followed by luminosity from radial expansion 
behind the tip. The tip velocity and ions per cm advance are 
observed and further details explained. The Trichel pulse 
corona at atmospheric pressure lasts less than 10~* sec, de- 
pends on a photoelectric y and is quenched by dissociative 
attachment of electrons to O» molecules yielding O~ ions 
within 0.05 cm of the point. At lower pressures the choking 
space charge forms further out in the gap; more ions and time 
are needed to quench. The longer discharge is sustained by a 
positive ion y after starting with a photon y. The variation of 
repeat rate with potential and current ana the nature of 
conditioning of the point at higher currents are revealed. 


* These studies were supported by the U. S. Office of Naval Research 
and later by a grart from the Research Corporation. 


B7. Impulse Corona and Breakdown of a Point-Plane Gap. 
T. W. Liao, General Electric Company.—Impulse corona cur- 
rents of positive and negative point-plane gaps in air have 
been measured from corona-start to breakdown with 1.540 
usec voltage waves. The current pulse in the ground circuit 
represents essentially the electronic current for the positive 
point, but mostly the ionic current for the negative point. 
The negative-point corona current increases much more uni- 
formly with the applied voltage from corona-start to break- 
down than the positive point. The positive point of breakdown 
is a streamer process progressing from the point to the plane. 
The negative-point corona prior to breakdown produces nega- 
tive space charge which retards the progression but gradually 
increases the field at the plane resulting in a ‘‘reverse-streamer”’ 
process. Calculations show that the field at the plane due to 
the space charge is about 5 to 10 times higher than the applied 
field for the critical breakdown condition. The time to break- 
down increases with the gap spacing, extending as long as 37 


usec for a 6-in. gap. 


B8. Further Studies of Photon Production in Externally 
Sustained Discharges.* D. S. Burcu, R. C. IrIcK, AND 
R. GEBALLE, University of Washington.—A photocathode has 
been.employed in more extensive studies of the dependence 
of photon production rates on E/p in several gases. In Ho, 
earlier measurements made with a Geiger detector' have been 
augmented, yielding results in agreement with published 
theoretical predictions.? In pure O2 and N2 the magnitudes of 
the observed effects are approximately equal and are small 
compared with H». The intensity is approximately constant 
over the range of E/p from 60 to 90 volts/cm/mm. In air and 
in a 4-percent mixture of Oz and Nz the effect is an order of 
magnitude larger than in the pure gases, and rises slowly 
with Z/p in the range from 40 to 120 volts/cem/mm. Possible 
interpretations of these results will be presented. 

* Partially enpparsed by the Office of Ordnance Research, U. S. Army. 


1R. Geballe and J. M. Templeman, Conference on Gaseous Electronics, 


Pittsburgh, 1949 
*R. W. Lunt and C. A. Meek, Proc, Roy. Soc. (London) A157, 146 (1936). 


Cl. Charge Transfer in the Upper Atmosphere. S. N. 
Guosu, Air Force Cambridge Research Center.—Some charge 
transfer reactions appear to have higher reaction rates than 
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that of any other collisional process in the upper atmosphere. 
For reactions involving Cat emanating from the sun, the 
energy defects are large and, therefore, for near-adiabatic 
collisions the maximum probabilities occur long before these 
ions have lost all their energy by colliding with atmospheric 
gases. On the other hand, the energy defects are small for 
reactions involving solar protons which have reached the 
earth's atmosphere. These reactions have been tested for 
Wigner's spin conservation rule. The possible charge transfer 
reactions between neutral atoms and molecules with the 
ions present in the ionized layers of the upper atmosphere 
have also been discussed and tested for Wigner’s rule. For the 
low-energy ions present in these layers, the cross sections are 
very low for nearly all reactions. 


C2. Cross Sections for Charge Transfer Collisions of Low- 
Energy Ions in N; and O». Roy F. Porter, U.S. National Bur- 
eau of Standards.—Measurements have been made of the cross 
sections for charge transfer collisions between the low-energy 
(9-250 ev) ions, N2*, O.*+, O*, and N*, and the molecules Nz 
and O;. Two reactions (N*, N2; Ot, Nz) have been reported 
by other workers and will be compared with present work. 
The experimental method utilizes a radio-frequency mass 
spectrometer as an ion source. The ions are collimated and 
enter a weak radial electric field of cylindrical symmetry. 
The secondary ions are separated from the primary beam and 
the ratio of the two currents is measured as a function of 
pressure. Results will be discussed in terms of the adiabatic 
collision condition and possible internal energy states of the 
ions, 


C3. Measurement of Dissociative Recombination in Ni- 
trogen. A. C. Farre, O. T. FUNDINGSLAND,* AND A. L. ADEN, 
Air Force Cambridge Research Center.—Laboratory investiga- 
tions of recombination of thermal electrons with molecular 
ions have been conducted in nitrogen using a microwave 
method previously reported.' By adding atomic helium to the 
molecular gas in such proportion as to maintain a total gas 
pressure high enough to subordinate ambipolar diffusion to 
the walls of a microwave cavity, measurements of the electron- 
positive ion recombination coefficient are extended to lower 
pressures than those previously reported by Biondi and 
Brown.? The electronic energy levels of helium all lie above 
the first ionization potential of nitrogen. Hence, during the 
discharge afterglow the helium serves mainly as a passive 
recoil agent to retard diffusion and to speed up the energy 
decay of free electrons to thermal equilibrium with the ions. 
For the purpose of this paper, the assumption is made that 
recombination does exist as a mode of decay when a linear 
curve results from a plot of reciprocal electron density as a 
function of time in the discharge afterglow. The value of the 
recombination coefficient obtained from the measurements 
was of the order of 10~* cm*/sec. 


* Now at the Electronic Defense Laboratories, Mountain Mh California 
1M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949). 
2M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 


C4. Doppler Broadening of Dissociative Recombination 
Lines. MANFRED A. Bionp!, Westinghouse Research Labora- 
tories. —The extremely large electron-ion recombination cross 
sections observed in microwave afterglow studies have been 
attributed to the process of dissociative recombination, e.g., 


He,*-+e—He* + He+kinetic energy. 


Previous attempts to verify this hypothesis by examination 
of the excited states formed in the recombination process gave 
inconclusive results.! The present investigation is based on a 
characteristic feature of the dissociative recombination re- 
action: the excited atom formed has kinetic energy in excess 
of thermal energy. If this fast excited atom undergoes a radia- 








AMERICAN PHYSICAL SOCIETY 


tive transition before losing its excess kinetic energy in colli- 
sions with gas atoms and before the excitation is transferred 
to a slow atom, then the line emitted is broader than the 
thermal Doppler width. At present, a shuttered Fabry-Perot 
interferometer is being used to determine the profiles of re- 
combination lines emitted from helium afterglows. While 
the intensity problem is severe, preliminary data indicate 
that the experiment is feasible. 


asaes A. Biondi and T. Holstein, Phys. Rev. 82, 962 (1951); 83, 1078 


CS. Time-Resolved Spectroscopy of Nitrogen and Hydrogen. 
C. F. HENDEE AND W. B. Brown, Philips Laboratories, Inc.— 
The long decay time of the first positive bands of Nz in a 
pulsed N, discharge! has been re-examined by the use of the 
pulsed photomultiplier technique. The decay times of in- 
dividual bands were obtained because of the increased sensi- 
tivity of this method. The transition probabilities of these 
bands vary by a factor of ten.* However, only a slight varia- 
tion of decay time was observed, giving substantiation to the 
process of indirect excitation through the a’m level, The light 
from a H, thyratron has been studied with pulsed photo- 
multipliers. The pulse shapes of the Balmer and band lines 
were similar for normal square-wave currents. When the 
current during the pulse oscillated at about 10 mc there was 
a modulation of the light during the first oscillation in each 
pulse. A time resolution of 0.03 ysec is inferred from the re- 
sults. Under these conditions, the pulse shapes of the Balmer 
and singlet band lines differed from that of the triplet lines 
and continuum. 

1C, F. Hendee, Conference on Gaseous Electronics (1951). 


2 Jarmain and Nicolls, University of Western Ontario, Scientific Report 
No. 4, Contract No. AF 19(122)-470. 


C6. New Method for Exciting Metallic Spectra by Active 
Nitrogen. The Excitation of Xe. Cart Kenty, Lamp Develop- 
ment Laboratory of General Electric Company.—By passing 
condensed sparks across metallic gaps in 30-cm A plus 1-cm 
Nz, ‘‘flames’" have been produced of W, Ta, Mo, Pd, V, Cb, 
Cr, Co, Fe, Ni, Pt, Au, Ir, Rh, Zr, Ti, Be, Al, Cu, Ag, U, Th, 
and Re. Strongly colored flames are: V, red; Cb, yellow; Pd, 
green; W, blue; Cr, blue-violet; and Fe, violet. Photographs 
show that the spectra are metal arc lines of unusual intensity 
distribution. The metal atoms are sputtered off by the dis- 
charge and excited by some form of active nitrogen (A.N.). 
The spectra are identical using He or Ne and show minor 
differences using Xe, Kr, or A. Using Xe the flame is rela- 
tively weak. Using He, Ne, A, or Kr some yellow afterglow 
(Y.A.) is produced along with the flame but not with Xe. 
Xenon (3 cm) added to 30-cm A+1-cm N: with a weak dis- 
charge greatly weakens Y.A. and causes afterfluorescence of 
the Nonex wall, absent with the other rare gases, and indicat- 
ing Xe molecular continuous radiation at 1700-1800 resulting 
from the excitation of Xe by A.N. Results indicate probably 
three carriers of energy: one, possibly N:2(a’x,) following 
Nicholls? excites N2(B*x,) i.e., Y.A. and also Xe (s states); 
another, possibly another N» singlet metastable,? excites Hg 
and Xe but not Y.A.; a third, probably mainly N (?#P,3.57V), 
principally excites the metallic flames. 

1C, Kenty, Phys. Rev. 89, 339 (1953). 


*R. W. Nicholls, J. Chem, Phys. 20, 1040 (1952), and private com- 
munication, 


D1. Photodetachment of the Hydrogen Negative Ion. 
Lewis M. Branscoms, U. S. National Bureau of Standards, 
AND Wabe L. Fite, University of Pennsylvania.—The photo- 
detachment of one electron from the hydrogen atomic nega- 
tive ion H~ has been demonstrated experimentally and the 
cross section measured in a crossed beam experiment using 
an incandescent light source. This process was proposed in 
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1939 by Wildt to explain the gray-body character of solar 
radiation in the near infrared, and the proposal received 
strong support from solar observations. A beam of 200-volt 
H~ ions is generated in a glow discharge source and, after 
mass separation in a crossed field velocity selector, is passed 
through a very intense light beam in a region of high vacuum. 
The light beam is chopped at 450 cps, producing about 10-¥ 
amp of alternating electron current, which is extracted from 
the ion beam by weak electric and magnetic fields. Using the 
measured intensity and spectral distribution of the light, the 
measured velocity of the ions, and the theoretical cross sec- 
tion, the theoretically expected ratio of detached electron 
current to ion current is calculated and compared with experi- 
ment. Preliminary measurements confirm the theoretical 
result of S. Chandrasekhar and his colleagues, who reported a 
cross section whose maximum value is 4.5210~" cm? at 
8275A. The use of yellow and red filters also confirms the 
approximate spectral distribution of the theoretical cross 
section. The photodetachment of negative ions from an 
oxygen discharge has also been observed and is being in- 
vestigated. 


D2. Photoionization in Atmospheric Gases.* N. WAINFAN, 
W. C. WALKER, AND G. L. WeIssLeR, University of Southern 
California,—Using methods described elsewhere by the au- 
thor,‘ the ionization limits, absorption coefficients, and the 
number of ion pairs appearing per 100 absorbed photons were 
determined for Nz and Oy, in the wavelength range from 473A 
to 1100A. The first ionization limit of O, was found to be 
12.1+0.1 volts and that of Nz to be 15.6+0.1 volts. These 
results are in good agreement with those obtained by electron 
impact methods.? The absorption coefficients obtained were 
substantially the same as those reported previously.’ In O:, 
for wavelengths between 1019A and 700A, a region of strong 
absorption bands, the fraction of absorbed photons that 
vielded ion pairs varied rapidly. At wavelengths shorter than 
700A the absorption mechanism was found to be entirely 
due to photoionization. For N; the fraction of absorbed pho- 
tons producing photoionization rose rapidly from the ioniza- 
tion limit and for wavelengths shorter than 750A the entire 
absorption process appeared to be photoionization. Additional 
results for H,O vapor, CO:, and CH, will also be presented. 

* The aid of the U, 8. Office of Naval Research is gratefully acknowledged, 

1 Wainfan, Walker, and Weissler, J. Appl. Phys. (To be published). 

1H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951). 


4G. L. Weissler and Po Lee, J. Opt. Soc. Am. 42, 200 (1952); Weissler, 
Lee, and Mohr, J. Opt. Soc. Am, 42, 82 (1952). 


D3. Photoelectric Yields of some Metals in the Vacuum 
Ultraviolet.* W. C. Waker, N. Watnran, ANd G. L. 
WEISSLER, University of Southern California.—The absolute 
quantum yields of the noble metals Ag and Au and the transi- 
tion metals Mo, Ni, Pd, Pt, Ta, and W in the wavelength 
region from 991A to 473A were measured for both untreated 
and heat-treated surfaces.! The photoyields of all the metals 
investigated were found to be smaller for heat-treated samples 
than those for untreated ones, but in no instance was the de- 
crease found to be greater than a factor of three. All of the 
transition metals with the exception of Pd and Pt gave evi- 
dence of a spectral maximum in the wavelength region cov- 
ered. The yields of a heated sample of Ni were the largest of 
any metal studied with values ranging from 0.09 electron per 
photon at 991A to 0.15 at the maximum which occurred at 
640A. Platinum and palladium, which gave similar results, 
were found to have the smallest photoyields exhibiting a con- 
stant value of about 0.035 electron per photon over the entire 
wavelength region. More extensive work is now in progress on 
these and other metals. 

* The aid of the Office of Ordnance Research, U. S. Army, is gratefully 


acknowledged. 
1 Wainfan, Walker, and Weissler. J. of Appl. Phys. 24, 1318 (1953). 
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D4. Ionization Probability Curves near Threshold for Hg, 
Cd, and Zn. W. M. Hickam, Westinghouse Research Labora- 
tories. —Using the retarding potential difference method! with 
the 90° sectored type mass spectrometer, the ionization proba- 
bility curves for Hg, Cd, and Zn have been obtained over 
the energy range from threshold to some four electron volts 
above. The Hg curve is in substantial agreement with that 
of Nottingham? and shows a hump at approximately 0.4 ev 
above threshold. A linear;rise is observed in the Cd curve for 
some 3 ev at which point the slope increases followed by a 
hump at approximately 3.5 ev. The zinc curve rises linearly 
for approximately 1.3 ev and displays a plateau in the neigh- 
borhood of 2 ev above threshold. An attempt is made to 
correlate the observed structure with autoionization of 
atomic states identified by Beutler,’ and other unidentified 
states. These states arise from excitation of a single inner elec- 
tron [e.g., 3d!4s*-+3d%4s*(*D5,2)4p in the case of Zn]. Auto- 
ionization from the identified levels seems insufficient to 
explain the obtained results. 

\ Fox, Hickam, and Kjeldaas, Phys. Rev. gg (1953). 


Ww. B. Nottingham, Phys. Rev. 55, 203 (19. 
*H. Beutler, Z. Physik 86, 710 (1933). 


D5. Electron Ejection by Slow Positive Ions Incident on 
Flashed and Gas-Covered Metallic Surfaces. James H. 
PaRKER, Jr., University of California at Berkeley.—A direct 
measurement of the ejected electron yield (y:) for A* incident 
on flashed and H:-, Nz-, and O--treated Ta and Pt and for the 
singly charged hydrogen, nitrogen, and oxygen ions incident 
on Ta and Pt after treatment with the respective parent gas 
has been made for the kinetic energy range of 5 to 150 ev. 
The gas treatment for Pt consisted of an exposure to the 
molecular gas at a pressure of a few mm of Hg while the 
treatment for Ta consisted of an exposure plus a glow dis- 
charge in which the Ta surface served as the cathode. In 
general, gas treatment of Ta and Pt was found to effect large 
decreases in y; for At ions, with the effect increasing with 
decreasing ion energy. For both Ta and Pt the Oy, treatment 
was found to be the most effective in reducing y; while the 
H, treatment was found to be the least effective. y; for nitro- 
gen ions on N;,-treated Ta and Pt showed a unique behavior 
at low ion energy in that it was found to increase with de- 
creasing ion energy. This behavior was not observed for the 
other ions in this study. 


D6. Reflection of Ions as Ions or as Metastable Atoms at 
a Metal Surface. Homer DD. Hacstrum, Bell Telephone 
Laboratories.—In a small fraction of the encounters of a noble 
gas ion with a metal surface the ion does not decay com- 
pletely to the ground state of the atom but is reflected either 
as an ion or as a metastable atom. Measurements have been 
made which yield values of the reflection coefficients for 
normal incidence of ions to ions, R;;, and of ions to metastable 
atoms, Rim. By the use of a retarding field between target 
and collector and a magnetic field in the vicinity of the target 
it has been possible to determine the magnitude of reflected 
ion current, the tertiary electron currents ejected from the 
collector by reflected ions and metastable atoms, and finally 
the coefficients Ri; and Rim. Ri: for Het on W is found to 
remain approximately constant at 0.015, independent of ion 
energy, whereas Rj» rises steadily from zero to near 0.10 in 
the ion energy range 50 to 1000 ev. Both reflection coefficients 
are smaller the heavier the incident ion. For an ion-target 
combination for which resonance neutralization is impossible 
the present results appear to require the possibility of ions 
becoming metastable atoms very close to the metal surface. 
It can then be shown that the observed rise in Rim with ion 
energy is to be expected. The approximate constancy of Ri; 
depends upon what appears to be a reasonable balance be- 
tween loss and gain of ions which do not partake in the 
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Auger processes in the vicinity of the metal surface. If reso- 
nance neutralization is possible, detailed analysis of the results 
becomes very difficult. 


D7. An Improved Optical Absorption Technique for the 
Study of Metastable Atoms. A. V. PHetps Anp J. L. Pack, 
Westinghouse Research Laboratories.—An improved optical 
absorption technique has been developed for the study of the 
decay of the metastable atom density following a pulsed dis- 
charge. Light from a capillary source is passed through the 
discharge tube. The intensity of one of the lines which is 
absorbed by the metastable atoms is measured using an inter- 
ference filter and a gated photomultiplier. The photomulti- 
plier gate occurs at twice the discharge pulse frequency so 
that alternate pulses of the photomultiplier output are reduced 
by absorption. The component of the photomultiplier output 
at the discharge frequency is proportional to the absorption 
and can be measured with a narrow-band amplifier and syn- 
chronous detector. Since the time resolution of the system is 
determined by the width of the photomultiplier gate, the 
response of the synchronous detector can be made slow enough 
to average the absorption signal over many decay periods. 
Fluctuations in the number of electrons leaving the cathode 
of the photomultiplier limit the useful sensitivity of the pres- 
ent system to approximately 0.02-percent absorption. Using 
this apparatus, the cross section for the conversion of helium 
singlet metastables into triplet metastables as a result of 
collisions with thermal electrons is found to be approximately 
3X 10™* cm?. 


D8. Time Constants of Self-Sustained Townsend Dis- 
charges. W. S. Huxrorp, Northwestern University —Com- 


parison of measured ionization coefficients of argon in parallel 
plate phototubes with parameters of self-sustained discharges 


in the same tube confirms the hypothesis of volume ioniza- 
tion of metastables. Calculations based on space-charge con- 
siderations do not account for the negative potential char- 
acteristics. Variation of time constants with current were 
obtained by applying a small modulating voltage to the dc 
discharge and measuring the frequency response with an oscil- 
loscope. Tubes having cesium-silver and cesium-antimony 
cathodes were used filled with argon and with helium at pres- 
sures from 0.25 to 3.0 mm Hg. Time constants in argon have 
values from 0.001 to 0.01 sec for currents in the range from 
1 to 20 microamperes and vary inversely with current density. 
Space-charge effects set in at currents above a critical value 
causing a sudden change in current density and a rapid de- 
crease in the observed time constants. When helium-filled 
tubes are irradiated with the 2.058 helium line from an in- 
tense arc a current decrease occurs. Time constants obtained 
by chopping or amplitude modulating this radiation agree 
with those obtained by means of electrical modulation. 


El. Statistical Mechanics of Cathode Sputtering. Don E. 
Harrison, Jr.,* Yale University—The author has developed 
a statistical mechanical treatment of the sputtering process. 
Most of the problems inherent in such an approach have been 
overcome or bypassed, so that the remaining complications 
are chiefly mathematical. The process may be described in 
terms of four interacting distribution functions which are 
assumed to satisfy the Boltzmann transport equation. Using 
mathematical methods developed in the study of neutron 
diffusion, it is possible to obtain exact solutions of the two 
fundamental integro-differential equations when the masses 
of the ions and metallic atoms are equal. The theory is de- 
veloped assuming that the lattice atoms are at rest and that 
the particles interact like elastic hard spheres. Comparison 
of the theory with the available experimental data indicates 
that the curves are of the same general form. The sputtering 
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threshold, used as a fitting parameter, has a reasonabie value. 
Work is in progress to obtain solutions where the masses are 
unequal. The general form of these results can be predicted 
by comparison with similar problems studied in neutron dif- 
fusion theory. 


* Now at the University of Louisville. 


E2. Sputtering of Alkali Metals by Inert Gas Ions of Low 
Energy. R. C. BRADLEY, University of California at Berkeley.— 
Direct measurements of sputtering have been made using 
sodium and potassium targets bombarded by the ions Het, 
Net, At, and Xe*; the sputtered atoms being counted by a 
surface ionization detector. The energy range covered was 
0-1800 ev. Secondary electron coefficients were measured 
simultaneously. Over most of the energy range covered the 
measured sputtering coefficient (number of atoms reaching 
the detector per ion incident on the target) was linear in InE 
for He* and Ne* and in «/E for At and Xe*, where E is the 
ion energy. At energies less than about 150 volts the coefficient 
appeared to depend only on the amount of kinetic energy which 
could on the average be transferred to a single surface atom 
in a direct two-body collision. Thus, at low energies Ne* pro- 
duced the most sputtering from a sodium target and At the 
most from a potassium target. At high energies the sputtering 
rate was in the same order as (but not proportional to) the 
mass of the ion. Absolute sputtering coe ficients (total number 
of sputtered atoms per incident ion) could not be measured 
directly but were estimated from the geometry. The effect of 
surface contamination was also studied. 


E3. Sputtering by Ion Bombardment—A Momentum 
Transfer Problem. Gottrriep K. WeEHNER, Wright Air 
Development Center.—By studying the deposits from a sput- 
tered metal strip immersed in a plasma of high density and 
low gas pressure, it can be shown that sputtering under 
oblique-angle ion bombardment starts at lower ion energies 
than with perpendicularly incident ions; and momentum is 
transferred from obliquely incident ions to the sputtered 
atoms. Both results are considered to be a strong argument 
against the evaporation theory. Every gas-metal combination 
exhibits a characteristic ion threshold energy (function of 
angle of incidence) for starting sputtering. Threshold energies 
Vo for 23 metals under perpendicular mercury ion bombard- 
ment were determined and found to range from 35 volts for 
silver to 165 volts for hafnium and 230 volts for boron. Vo 
follows a simple law: The momentum transferred at Vo to a 
metal atom (collision between elastic spheres) multiplied with 
the velocity of sound in the metal is proportional (factor 5) to 
the heat of sublimation. 


E4. X-Ray Absorption Processes in Proportional Counter 
Gases. C. S. Durrenpack anv C. F. Henper, Philips 
Laboratories, Inc.—When a medium x-ray photon is absorbed 
by a gas atom, a photoelectron is emitted. Subsequently, the 
absorbing atom emits a characteristic fluorescent x-ray photon 
or an Auger electron. If the fluorescent photon escapes from 
the counter gas, only a fraction of the incident energy is 
utilized in creating ion pairs. This process gives rise to the 
“escape’”’ peak in the pulse-height distribution of a propor- 
tional counter. The “main” peak is formed by complete 
utilization of the incident energy. The energy gap between 
“main” and “escape” peak is equal to the emission energy of 
the absorbing gas atom (characteristic fluorescence). The 
positions of the K and L “escape” peaks in the pulse-height 
distribution for argon, krypton, and xenon are discussed. The 
ratio of the number of counts in the “‘escape’’ peak to the 
total number is a measure of the fluorescent vield of the gas 
atom. The “escape” peak should exhibit a fine structure, due 
to the fluorescence of the absorbing gas atom in the K or L 
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series lines. Indications are that the “‘escape”’ peak, though 
long neglected, is of greater interest than the “main” peak 
in many applications of proportional counters. 


ES. Proportional Counter “Escape” Peak Resolution and 
Fine Structure. S. Fine, Philips Laboratories, Inc.—An ex- 
tension of some unpublished work of O. R. Frisch indicates 
that the half-widths of the peaks in pulse-height distributions 
of proportional counters decrease with decreasing pulse 
height. This is evident from the results obtained with some 
counters developed for medium x-ray detection. Pulse-height 
distributions indicate that the energy gaps between “main” 
and “escape’’ peaks are an intrinsic characteristic of the ab- 
sorbing atom and that more precise information concerning 
the fluorescence yield may be obtained with higher atomic 
number of gases where the escape peaks are more resolved. 
With the optimum combination of absorbing gas and incident 
energy, values of the fluorescence yields of the Ka, K8 emis- 
sion have been obtained using the escape peak. Work with 
radiations simulating the characteristic fluorescence of two 
contiguous rare earths shows that separation and identifica- 
tion may be accomplished only in the “escape” peak region. 


Fl. High-Pressure Arc Anode Phenomena. J. D. Cosine 
AND E. E. BurGer, General Electric Research Laboratory.— 
A study has been made of the more important processes occur- 
ring at the anode of the high-pressure, high-current arc. In 
these arcs, the anode current density may be from 10 000 to 
50 000 amp/cm*. The input power density at the anode spot 
may be in the range 60 000 to 500 000 watts/cm’*. It is shown 
that under these conditions evaporation is the most important 
process in the energy balance at the anode spot. Evaporation 
probably maintains a substantially constant temperature at 
the spot surface. The heat flow into the metal from the active 
area appears to be of the order of 10 percent of the anode 
energy input in one-half cycle (60 cps). The amount of energy 
radiated from the spot is quite small. Experimental data on 
electrode erosion permit a rather good estimate to be made of 
the anode spot temperature. For example, copper with an 
erosion rate of 86.5 grams/cm*/sec has a probable spot tem- 
perature of 2650°K. Other probable spot temperatures are 
approximately 2300°K for Ag, 3300°K for Al, 3650°K for 
Ni, 3600°K for Fe, and 4750°K for Ti. 


F2. Retrograde Motion of Cathode Spot in Transverse 
Magnetic Fields. Ropert St. Joun anp J. G. WINANS, 
University of Wisconsin.—Experiments on motion of cathode 
spot in mercury arcs in transverse magnetic fields have given 
results consistent with previous observations."* With constant 
arc current and no foreign gas the retrograde velocity in- 
creases smoothly up to about 11 000 oersteds after which it 
increases very rapidly to nearly double its previous velocity 
as observed by Smith.' The field strength needed for the 
rapid increase in velocity is lowered by increasing the arc 
current. The spectrum of the cathode spot showed strong 
atomic lines and a continuum which was not like that from 
Hg: molecules. At low magnetic field strengths (H L 1000 
oersteds) the spectrum of the negative glow showed only 
Hg I lines but at high magnetic field strengths (about 11 000 
oersteds) both Hg I and Hg II lines appeared. Smith! observed 
also Hg III lines. The potential drop across the arc changed 
from about 12 to about 15 volts with change in field strength 
from 1000 to 11000 oersteds. The addition of helium elimi- 
nated all of the Hg II lines and made the cathode spot more 
diffuse. 

1C. G. Smith, Phys. Rev. 83, 194 (1951); 84, 1075 (1951), 


*C, J. Gallagher, “The Retrograde Motion of the Arc Cathode Spot.” 
Special publication by General Electric Company. 


F3. Orderly Subdivision of a Mercury Arc Cathode Spot. 
CuarLes G. Smitu, Raytheon Manufacturing Company.— 
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Are currents above approximately two amperes split the 
cathode spot. Division is here studied in rapidly moving 
“anchored arcs.’’ A polished molybdenum cylinder, 1.2 cm 
diameter, axis vertical, projects 4 cm above a mercury pool 
of an arc tube. Above and larger than the molybdenum stump 
is a disk-shaped anode having a radial slot above which is an 
ion collector. A vertical magnetic field of 5000 oersteds races 
the arc spot 120 meters per second in the retrograde direction 
around the molybdenum cylinder to which the arc is anchored. 
Passage of arc under the anode slot shows a signal on the ion 
collector. The oscillograph pattern shows a steep front fol- 
lowed by a tapering off portion. Below two amperes there is a 
smooth pattern. Increased current causes a sharp nick in the 
steep wave front. More current deepens and widens the nick. 
“Cathode spot’’ becomes a close double. More current makes 
more spots. Splitting is a reproducible function of current. 
It shows that a part of the spot influences a remote part. 


F4. Motion of the Arc Cathode Spot in a Magnetic Field. 
C. G. MILLER AND N. L. SANpERS,* University of California at 
Santa$Barbara.—The motion of the arc spot on liquid metal 
cathodes subjected to a transverse magnetic field has been in- 
vestigated using various ambient gases. A numberof workers'~* 
have observed that the arc spot moves in a retrograde direc- 
tion (opposite to that of the electromagnetic force) in a re- 
stricted range of ambient temperatures and pressures when in 
a magnetic field. The present work indicates that there may 
be two modes of operation of the arc, and that the arc when 
traveling in the retrograde direction depends on gas or vapor 
ionization near the cathode. The two modes of operation may 
occur simultaneously; the arc spots of each mode when mov- 
ing may pass through each other without losing their identity. 
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The p.d. across the arc differs for the two modes; when the 
modes coexist, the larger p.d. governs. 
* Now at University of Southern California, Los Angeles, California. 
1N. Minorski, J. de phys. radium 9, 127 (1928). 
2C. G. Smith, Phys. Rev. 62, 48 (1942); 69, 96 (1946); 73, 543 (1948). 


4C. J. Gallagher, J. Appl. Phys. 21, 768 (1950). 
4G. J. Himler and G. I. Cohn, Elec. Eng. 67, 1148 (1948). 


F5. An Equation for the V-I Curve of the High Current 
Argon Arc. T. B. Jones, The Johns Hopkins University, AND 
J. W. Dzimtansk1, Allis-Chalmers Manufacturing Company.— 
A study was made of the fundamental properties of the high 
current dc arc in argon at atmospheric pressure as the elec- 
trode materials were varied. Rod electrodes of tungsten, 
tantalum, molybdenum, titanium, iron, and copper were used 
over current ranges of 25 to 100 amperes for precise measure- 
ments and 25 to 200 amperes for free burning measurements. 
These arc studies made it possible to develop a new empirical 
equation which depicts the electrical characteristics of the 
arcs investigated over a wide range of currents including the 
positive slope region of the V-I curves. With this equation as 
a basis the distribution of power and voltage in the arc was 
calculated. The melting rate data seemed to support the 
conclusion that in arcs of this type over the current range 
studied the anode drop is zero or extremely small whereas the 
cathode drop may be affected materially by deposition of 
anode metal on the cathode surface. For each of the metals 
tested the appropriate constants were calculated for insertion 
in the empirical equation. These constants showed that varia- 
tion of the electrode materials had a significant effect on the 
electrical characteristics of the arc but this effect was not 
nearly so great as that caused by different inert gases. 
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